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RADIAL BOUNDARY VALUES OF LACUNARY POWER SERIES

We strengthened MaclLane's theorem concerning radial boundary values of lacunary power se-
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Introduction

Denote by 'H the class of analytic functions on the unite disk D:={zgC:]z] <1} and let
C:=CU{oo0}. Asusual, avalue v € C is called the radial boundary value of a function/ € 'H
at a point eiB € 2KO if

limf(reld) = w.
rtl

By 7Z we denote the class of functions / € 'H having radial boundary values on a dense
set of points e of 3D. A value v € C is called an asymptotic value of a function/ € H ata
point w € 3D if there exists a path 7 :z = z(i), t € [0,1], such that z(t) € O forall t € [0,1),
z(l) = w and

lim/(z(f)) = v
ftl

By A we denote the MacLane class, i.e. the class of functions / € 'H having asymptotic
values on a dense set of points w of 3t0. Clearly, TZ C A. It is well known that this inclusion
is strict. Recall that, by the classical Fatou theorem, for any bounded function/ € H we have
f € 71 and therefore/ € A.

Let A be the class of increasing sequences that consists of nonnegative integers A = (A,,).
For any sequence A € A, let

A) = lim
aA oo An

Denote by 'H (A) the class of functions/ € 'H of the form

@

f(z) = X an2Xn* z € IO. @
n=0

G.R. MacLane has proved the following theorems (see [1, Theorem 19]).

YK 517.53
2010 Mathematics Subject Classification: 30B10,30B30.
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Theorem A. LeiA € A. Ifq(A) > 3, then Ti(A\) C TZ

Theorem B. Lei A € A. Ifqg(A) > 3, then for any function f € 'H (A) of the form (1) such that

®
S \n\e +°° 2)

there exists a dense set © in [0,2n\such that for any © € © the following relation holds

Ii][PRef(retO) = 4-00. €)

Note, that if for a function / condition (2) is not satisfied, then this function is bounded
in D. Therefore Theorem A is a consequence of the Fatou theorem and Theorem B. It is also
clear that in Theorem B the value Ref(re‘e) can be replaced by one ofthe values—Ref(re‘e),
Imf(re‘e) or —Imf(relS) (it is sufficient to apply this theorem to the functions— —if or if
respectively).

If we require only the inclusion Ti{A\) C A, then the condition q(A) > 3 can be essentially
weakened. This fact follows from the following Murai theorem [2].

Theorem C. Lei A€ A. Ifq(A) > 1, then'H(A) C A.

In connection with the stated results there is a question: does there exist q € [1,3) such that
the condition q(A) > q is sufficientfor the inclusion 'H(A) C T2?

From our results we can conclude that the condition q(A) > 3 in Theorem A is far from
being final. Despite this, an answer to the question posed above is not obtained.

Theorem 1. Forany q > 1 there exists a sequence A € A such thatq(A) = gand H(A) C TZ

For a sequence A € A let
t/i(A) = min { lim "2k \ lim "2Z&+2\/ g2(\N) —max ( lim — — 1, lim *"2+2
l/c—00 A-lk  k—o0"2fc+lJ Ife>00 A2k  J—>00 A2Jt+l

Theorem 1lis a direct consequence of the Fatou theorem and Theorem 2 stated below, which
strengthens Theorem B.

Theorem 2. LetA € A. If
(ii(A) —D<2(A) > 6, @

then for any functionf € Ti(A\) of the form (1) which satisfies condition (2) there exists a dense
sei © in [0,2r] such thatfor any © € © equality (3) holds.

Proof of Theorem 2
Let for any sequence A € A inequality (4) holds. Put
Pl=
K—00 J12k K—00 /'-2fcH

Suppose that < p2(in the case p\> p2our considerations are similar). Then qi(A) = p\
i”(A) = p2 and condition (4) can be written as {pi —1)p2 > 6. It is clear that p\ > 1 and
p2 > 3, therefore there exist constants g\ € (1, p\) and g2 € (3,p2) such that \—1)g2 > 6,
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moreover g\ < 3. From the definitions of variables p\and p2 it follows that there exists an
integer k0o € No such that for all integers kK > ko the following inequalities A2a+H > g\A" and
A2lcr2 > L2"2k+1hold.

In what follows for each segment | C Kw e denote by |i], a(l), and b(l) its length, the left
end and right end respectively.

Consider any segment | C [0,2n] and a function/ € 'H(A) of the form (1), which satisfies
condition (2). Let us prove that there exists a point ©in the segment | such that relation (3)
holds. Let © be the set of all © € [0,2r], for which (3) holds. Then the set © is dense in [0,2n].

Put

= ((mi-1)?2-6)7r
(i + 1)"2 —2
It is easy to check that

£< <217, (6)
gl +1
Take 6 = cos~5". Since € € (0, m), we have 6 > 0.
Letn € N, = arg an. Then we have cos(A,,0 +an) > $%on the union of segments
7T -¢ 2nm —an T - € 2nm - a,,i
+ + raez' @)
of length Obviously, if w, = min jn €N : N> } then for every integer n > no the
segment | contains at least one of the segments (7).
Fix an integer m > max {/o, and let I2n C | be a segment of length 4"~ such that

cos(A2m9 + d2m) > o for all © € 12m By 92m we denote the midpoint of the segment 12m Then

hm = ["2m- 1g ' BIT +2 ’
Let 02m+H be a point in the set {© € 1R : cos(A2n+i0 + a2m+\) = —1} that is closest to 62m

Clearly, p2zm+i ~02m\« and cos(A2m+i0 + K2m+i) > & for each segments
) mn4¢e 3n - €1
Si = eznl+\—2Aﬁ-_|—_|/, @2m-+l —7{5————._1; S2 — L@n—i—l + 2k_2__\$2m+| + O AT+
Put

= @ -\ @+ 1)
2A2W+i
Then, according to (6), X > 0. Let us show that there exists a segment I2m+1 C I2m of length X
such that cos(A2m+i$ + a2m+i) > Ofor all @€ I2mA\
If d2m - < @n~\< 02m, then let 12+ = @2+ \+ 28 “ / QAHH + 22v+ + x . Itis
clear that WXM™\= X and a(l2mH) = a(S2). Since 1< i < 3, we have

Hhm + 1) — 02m+1 + Ali—————— I X = 02m+1 + LrT-——--- — < #2m+| + A7 - = b(S2).
£N2rn+\ EN2rt+1 EN2T+H\

Thus I12m+1 C S2, therefore cos(A2m+i0 + a2m+i) > & for all © € 12m+\ In addition, 12m+\ C 12m,

because
. m+eg T m+E¢g m—¢ O A
A(sfcm+1) — P2T+1 +  ——oe—e > A2T — T A7 > y2T % A = d(1271),
An2t+1 A2;n+1 An2t+1 “n2T
b(hm+1) — "27+1 + yr— — + X < 027 + Wr:————- < 2T + — — - - b(I271).
A 2UK1 -N2t+1 An2T
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If 02m < &m\. < "2m+ XTT* then let 2mH = ~amH ~ PITT “ */ 02m+H “ T\'/'Zr;m . Itis clear
that J2m+il = xand b(l2Tt+i) = b(Si). Since 1 < UN< 3, we obtain
M N\ m+e qAUn—e) 3n-€_ .
a(l2t+1) = &2r+1 - IrsTal +1—— AT > H#2T+H ~ Nl fI(Si).

Thus/2ri+ C Si, therefore cos(A2m+10 + a2m+l) > o for all © € hm+i-In addition, 12+ C 12m,
because

|,:>/d-2T +i)\‘— E@2T+1 ~ H—T—S— : ﬁzn + T—D ————— T—[—_'—_—E— < (J)-IZT + ’\ﬂl:r?—E = I’:{IEZTj
%AZm—I—I Jot+H  "2T+\ A2m ’
a?12m+|)\— g2m+| }n rE * :‘\ me AK(.A - €) N$2m — ;[Hf © — a({\ET)-\
na2r+l N2T+1 2zr
From the aforementioned properties it follows the existence of segment |2m+1-
Further, using the inequality T2uH < A2+2/n2 and equality (5) we obtain
Ir I~ (ii = ~r7r- (+1i2ze 31r-¢
ettt o2 T TAam
whence we see that there exists a segment hm+2 C hm+\ of length such that the inequa-

lity cos(A2n+20 + a2uH2) >  holds for all © € hm+2-

The analysis of our considerations shows that by induction it is possible to construct a
system of embedded segments hm D hm+i 3 hm+2 3 hm+3 3 ... such that for every integer
n > 2m the inequality cos(An®+ an) > & holds for all © € /«. Let ©be the common point of all
segments I,,,n > 2m. Then ©€ | and

03]
Ref(rel9) = ~ YNncos(\n6+an) > - JT NNN+3 £ \ag\n,
=0 n<zm n>2m

whence, according to (2), we obtain (3). Theorem is proved.
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Introduction

Let Loo[0,1] be the space of all measurable complex-valued essentially bounded functions
on [01] with norm || = esssupte]o]|x()]. Let = be the group of all measurable transforma-
tions of [0,1], which preserve measure. A functional / : Loo[0,1]] —=C is called symmetric if for
every X € Loo[0,]]and 0 € =

f(x og) =f(x).

In [1, 2, 3, 4] symmetric polynomials are studied in ip and Lp[0,1] spaces when 1 < p < oo.
Gonzales, Gonzalo and Jaramillo in [3] proved that every symmetric polynomial on Lp[0,]] is
an algebraic combination of the elementary symmetric polynomials

RN(X) = me (x{t)ndt.

Proof of this result is based on the separability of Lp[0,1] spaces. That is why the idea of this
proof cannot be used in the case of symmetric polynomials on Loo 0, 1]

In this paper we restrict our attention to symmetric linear functionals as the most simple
case of polynomials. Our purpose is to show that every symmetric continuous linear func-
tional on Loo[0,1], like in the case of Lp[0,1] when 1 < p < oo, is proportional to R\

The main result

We denote by xa the characteristic function of the set A C [0,1], i.e. the function

,s_ 1 ifi€A,
N\ 0, otherwise.

Theorem. Every symmetric continuous linear functional f : Loo[0,1] —C can be represented
as f(x) = k/ [gg x(t) dt, where k= f{x [Ql]).

YAK 517.98
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Proof. Let A be a measurable subset of [0,1]. Define the function ¢A : [01] — [0,1] by

om=1Jud,AMA), _ ifte A,
N\ p(A) +u([o, f MNA), ifteA,

where A = [0,1] \A. Clearly, cA€ =. Let [0 b] C [01] and letd € IRbe such that [d,b+d] C
[0,1]. Since X[db+d] = Xab\.° a[dbtd} and / is symmetric, it follows that

fX[db+d])  /(/E[05])

Form € N we have
foXpod) = /(E 2% ',£]) = E"=i/lUbi,i]) = E'=1/(%']) = n/(%i]):

Hence,/(/f[o 1]) = k' TrForm € Z, 0 < m < n, we have

/(xp.f]>=/(£,” = k- -
Hence, forevery g€ [01] M Q
/(*[0*]) = "~ 1
Letr € [01] and let n € N be such that nr € [0,1]. Then
HX[QnrD)  /(E ;=1 A7-hr7=]) = w/(ia[or]) 2

Let us prove that for every r € [01]
/(*[0,r]) = kr-
Letg : [0,0] = C, g(t) = f(X[0A]). For b r2 € [0,1] such that \+ r2 € [0,1] we have
g(rl + r2) =/Uf0,ri1+rs]) = /(*[0,n]) + F(X{rbrl+r2\x

=f(X[O,r})+f(X[0,r2NY= g(n) + g(r2).
Hence, g is additive.
Suppose that there existsa € (0,1) such that g(cc) ¢ wc. Forn € N choose an € (0,a) NMQ
suchthata - an< i and t,, —u(a - an). By (1), (2) and (3)

g(tn) = n(g(a) -g(a,,)) = n(g(oc) —kan) = n{g(oc) - koc) + nk(oc - an)

Noft)\ > n\g{a) - kcl - Nn\Kcc - a,,) | > n\g{oo) - lk\- [id]
So, g is unbounded. This contradicts the fact that/ is continuous. Hence, for every re [01]
f(X[O,r}) = kr.
Let A be the measurable subset of [0,1]. Since XA = X[ou(a)\ dA, it follows that
/(Xa) = i(X[o,u(A)}) = ty(A). @

For every x € Loo[0,]] there exists a sequence {xM}*“=1 of measurable simple functions with

finite range of values, which uniformly converges to x. Every x,, can be represented as
*»(0 = ZZWHNXAY,M-
where Aj nare the disjoint measurable subsets of [0,1] and y;,, € C. Then by (4)
/(*A) = *E,"\ Yi,nl(A),n) = kJ  xn(t)dt.

By the continuity of /

fx) = lim f(xn) = KV!Lrng/gD] xn(t) dt = K;mx(t) dt.
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MPO HECKIHYEHHI SAJIMWKW TANACTOro 1TAHUKOITOBOIro ArPObY
HbOPAYHAOA OANSA FNEPFTEOMETPUYHUX ¢YHKL I AMMENS

JocnigxxeHo BigNoBiAHICTb, 36DKHICTb i CTIAKICTb 4,0 36ypeHb HECKIHYEHHUX 3a/TINLLKIB Fi/IIACTO-
ro naHutrosoro Apoby HbopnyHaa B nonikpyrosith o6nacti {({1,{2) € C2 : |af < r,j = 1,2},
0< r < 1/8, y BMnNagKy A0Bi/IbHUX NapaMeTpiB rinepreoMeTpuyHoi GyHKLiT Annesns.

KntoyoBi c/ioBa i hpa3un: rinepreomeTpryHa GyHKLUiS AnNNens, risiscTUA laHUorosmiAa api6.

1IHCTUTYT NpUKAaAHUX Npo6aeM MexaHiky i maTemMaTuku im. A.C.MNigcTpurava HAH Ykpainu, /lbBiB, YKpaiHa
2 HaujioHanbHWIA yHiBepcuTeT “JlbBiBCbKa noniTexHika", /ibBiB, Y KpaiHa
E-mail: hoyenko@ gmail.com (FoeHko H.M.), v_hladun@yahoo.com (FnaayH B.P.), lesly@ ukr.net (MaH3iiA10.C.)

BecTyn

EdekTnBHMM anapaToM Hab/VKEHHS rinepreoMeTpuyHmnX (yHKLUIA 6araTbox 3MiHHUX €
rinnacTi nadutorosi gpobu (FAL) [1, 12]. AnroputmMmu po3BuUHEHHA y TALL AesKkux BigHOLWEHb
rinepreoMeTpMUYHNX YHKLIA 6yayoTbCs MOCNiA0BHUMW BK1aAEHHAMN MEBHMX PEKYPEHTHUX
cniBBiAHOWEHb. Y AaHitA po6oTi po3rnsgaeTbea 10 HeopniyHAa, SKWiA € pO3BUHEHHSAM Bif-
HoweHb (yHKLUIi A Annens. MnTtaHHa 36ibkHocTi 14 HeopnyHAaa BUBYa0ca y BUNaaKy, Koun
napameTpn PyHKL,iT HeBig'eMHI, a 061acTb 36 KHOCTI — rinepokTaHT {(zi, z2) € C2 : ReZ <
1/2,y= 1,2} [1]. ¥ BmnaaKy A0BiNIbHUX NapamMeTpiB PyHKLUIT 0g4ep>XXaHo MoslikpyroBy 06/1acTb
30DKHOCTI, pagiyc K0T BU3Ha4aeTbeA napameTpamn pyHKLiT [9]. O4HaK rpaHMyHa nosediHKa
enemeHTIiB M1, fo3BoNse BKazaTu 06/1acTb {(21,22) € C2 : ¥Y\< 1/8,; = 1,2}, He3a/ieXHy
Bif, MapameTpiB QYHKLiT, B AKiLA MoYMHa04M 3 AesSKoro u, yci enemeHTn 14 3a00B0ONbLHS-
I0Tb 6araToBUMIPHUIA aHas1or TeopeMu BopniubKoro, ToMy HecKiHYeHHI 3aumwku ("xBocTu™)
Q™) NN [ € 36>KHUMWU. BUKOPUCTOBYHOUM MPUHLMN BiAMNOBIAHOCTI, B p060Ti A0BEAEHO, L0 He-
CKIHYEHHI 3a/11LLKN N4 HeopnyHaa piBHOMIpHO 36iraloTbes 40 BigHOLWEHHSA QYHKLLi A,
oAepXaHnx npu nNobyaoBi po3BUHEHHSA Ha vy MoBepci.

OpHieo 3 hyHOAMEeHTasIbHUX BaCTMBOCTEIA HerepepBHUX Ap06iB Ta iX 6araToBUMIpHUX
y3arasibHeHb € B/acTUBICTb CTIAKOCTI A0 30ypeHb. Y poboTax [3, 4, 13, 14] BCTaHOB/EHO OLLiH-
KN BigHOCHUX MOXNOB0K NigxigHnx gpobis umncnosux M4y BunagkKy Ao4aTHUX e/1EMEHTIB Tay
BUMaAKy KOMMJ/IEKCHUX e/IeMeHTIB, sKi 3a40B0/IbHAITbL 6araToBUMIpHI aHasorn Teopem Bopni-
LUbKoro Ta CnewmHebkoro-rpiHrcreiiama. Li peaynbTat chopMysibOBaHi B TeEpMiHaxX NpocTmMxX
MHOXXWH CTitakocTi M1, w0 Hakslagasio 06MeXXeHHs Ha 30ypeHHsT e/leMeHTIB, SIKi HasieXaTb
MeXi MHOXXWHW CTiAKOCTI, TOOTO TOUHI Ta 36ypeHi enlemeHTU 1, Hanexxann ogHiiA i TiA xe
MHOXWHI. Bnepwe BBogNTbLCA MOHATTA [J1[, CTiLAKOro Ao 36ypeHb, W0 NpUpoaHbO A03BOSISE
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36ypeHi efleMeHTU BUOUpaTM 3 WNPLLIOT MHOXMHU B MOPIBHAHHI 3 MHOXXUWHOK TOYHUX ene-
MeHTIB. 3anpornoHoOBaHUIA Nigxia AoC/TiAXKeHHS CTIAKOCTI A0 30ypeHb po3r/ISsHYTO Ha NMpuKsiaai
N4, eneMeHTU SKOMo 3a0BOJIbHATL YMOBU 6araToBMMIpHOIr0 aHas10ry Teopemu Bopniubko-
ro. Ogep>xaHi pe3y/ibTaTu 3aCTOCOBaHO A0 A0CAIAKHEHHS CTIAKOCTI 40 30ypeHb hYHKL iOHa 1b-
Horo M4 HeopnyHAa, Y SAKUA po3BUBAETHLCA BiAHOLEHHSA YHKLIEA Annens Py

1 PossBuHeHHs BigHOWEHHA rinepreomMmeTpMuHMx PyHkKUin Annensa Fi

y rinnactnia NAHUKOIOBUN OPIB

FnepreomeTpuyHa yHKUiA Annens Big ABOX 3MiHHMX PX 03HadeHa y poboTax [2 7] no-
[OBIIHVIM CTEMEHEBUM PSAA0M BUTSAY:

+ I
cobirands Ll S

de napameTpn K, BB,y €C,y ® 0,—1, —2,..., @* = a@ + 1)...(a &4k—1) — cmmBon Mox-
rammepa, K > 1, (a)o = 1, {X, (2— KOMMJIEKCHI 3MiHHI.
Y po6oTi [5] nobyaoBaHO PO3BUHEHHSA Y TF/UIICTUIA NaHLOroBUIA Api6 HbopnyHaa ans ae-
AKOro BigHOLWEHHS (yHKLUiA Slaypivennn ChopmyntoemMo Leia pe3ynbTaT y BUMaOAKY
= 2 onA BigHOWeEHHA pyHKLIT Annens Py

TeopemMa 1. Bianowennsa rinepreoMmeTpuuHux pyHkyita Annens

ENOLBR - T>Z\,22)
Px(@+ 1, +1B 7+ 1,2

PO3BMBAETbLCA Y T/UISCTUIA NTAHUOIOBUIA A pi 6 HbopyHAa BUrnagy

£L I Bi/M(Zi,Z2)

&ox) + b B b (o) z1.22 @

KoedilieHTN AKOro
Bolzirzoy 1--CF S-t—lzx - f;-zz )

Jr (a +fc)(0 + p)

.2 (7 +*-1)(7 +i)Zi(1~ Zi)' 9KWO,” = 1 3)
ST 20 =T ()=, ,
| "\TITTTUTTI)221 - 22) =
) i __a_:_ e_t;ﬁ::_&_l X - B‘ _’F'ZGZ AKLLO zZic = 1',1
Bifon2i.z2) — | Y a + A 0
1- i—y El-_k_ ZX————- )r;_:‘](— -2, akuwo lk = 2,

ae (X2 € C2 mynbtniHaekci(k) €2 = (i(s) = \N2—ism4y = 12; /= 15, s € N;z(0) =
0}, p Ta g — KiNbKIiCTb 0AVHULb Ta ABIAOK B MyJIbTUIHAEKCI i(K) BiAMOBIAHO>K = p +(, K =
0,1,2,....
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2 BignosigHicTb

BaxxnmBy posib y Teopii HenepepBHMX Apo6iB Bigirpae BigNoBiAHICTb MNOC/iA0BHOCTEIA MEPO-
MOPPHUX hyHKUiIA. [esaKi MeToan po3BUHEHHS (YHKLiA Yy HernepepBHi Apo6U I'pyHTYIOTbCS
Ha Bi4MoBIAHOCTI MiXK (PopMasibHUM CTENEHEBUM PALOM i MOCAIA0BHICTIO N-TUX anpPoOKCUMaHT
HenepepBHoOro gpoby [6, 8, 11].

Hexain {Rn(zi, z2)} — nocnifoBHICTb pauioHa/IbHUX (PYHKLiA, FO/IOMOPHHUX B NoYaTKY
KoopauHaT. Po3rnsaHemo hopMasibHUIA NoagilAHVIA cTeneHeBuia pag, (PICP)

(0]

P= E ckikzl 22 G)

K\,Kr>0
ae Q62— KOMMEKCHI Yncna, z\, z2— KOMMJIEKCHI 3MiHHI, KNK2 € No- NMo3Ha4uyumo yepes V
MHOXXWHY BCiX PTCP, s1Ka € KiJlbLIEM 3 0AVNHWLIEID BiAHOCHO onepauiii AoAaBaHHS i MHOXXEHHS
Ha ckansap. BusHaunmo BigobpaxxeHHs J1 :V —No U {00} HacTynHUM 4ynHom: VP € V

,\(P) = 100" akwo P = 0,
NI, AKkwo P ¢ O,

[e T — HalAMEHLLWIA cTeniHb 04HOPIAHOr0 NoAiHOMa, AN AKOro £5,jt2 ¢ 0, TO6TO T = R\+ K2.
Hexaia P(Rn) = P(R,,(zi,z2)) — po3BUHEHHA (yHKUiT Rn(zi,z2) B ®MNCP, n > 1.
MocnigoBHICTb pauioHabHUX GyHKUiIA {Rn(21,22)}, rosioMmopHMUX B NOYATKY KOOpAW-

HaT, Ha3Bemo BignosigHoo ao ®MCP (5) B Touui ({1,{2) = (0,0), aKwo I_Illl\rp0 vn = 00, ge vn —

A(P —P(Rn)) — nopaaok BignoBigHOCTI GYHKLiT RN@Z\ z2).

MocnipgoBHICTb pauioHanbHUX MYHKLUiIA {Rn(zi,z2)} piBHOMIpHO 36iracTbCs Ha KOMMaKTax

o6nacTi D, D ¢ C2, aKw,o ana gosisibHorokomnakTa K obnacTi D:
1) icHye Take yncioN(K), wo pyHKUiT Rn(zZ\,z2) € ronoMopHUMIN B AesKilA 061acTi, W0

mictntb K gna scix n > N(K);

2) ans 3agaHoro € > 0 icHye Take Ne > N(K), wo
sup JRn+k(zi,z2) - R, (zi,z2)] <€ pnan > Ng k> O
(2,2rneK
MocnigoBHICTb pauioHabHUX YHKLiIA {R,,(zi,z2)} piBHOMIpHO 06MeXeHa Ha KoMMaKTax
o6nacTi D, akuw,o ansa goeisibHoro komnakta Ko6nacTi D icHytoTb Taki uncna M(K) i B(K), wo
sup  |R,.(zi,Z2)] < B(K) agnan> M(K).
(2hzryeK

Copmyntoemo NpuHUMN BiANOBIAHOCTI /19 NOCAIAOBHOCTI pauioHa/IbHUX (PYHKLiIA OBOX

3MIHHUX.

Teopema 2 (MPUHUMM BiANOBIiAHOCTI). Hexali nocnigosnicte (R, (zi,22)} payioHa/IbHUX PYH-
KUjiA, ro/IoMOpHMX B MoYaTKy KoopAuHaT, € BignosigHotwo Ao ®MCP (5). Mpunyctumo, wo
iCHY€E TaKuiA oKifl moyaTKy KoopauvHat Dg = {(C1,02) € C2 : Ejl < 6,i = 1,2}, 0 > 0, wo
KOXXHa PYHKUIA R, (zi,z2), n = 1,2,...,ronomoptHa B Dsi 06nacte D(D ¢ C2) mictntb D&
Topi:

(A) nocniposHicTb {R,,(zi,z2)} 36iracTbcApiBHOMIPHO Ha KOMMaKTax 06/1acTi D Toaii Tisb-
Kku Togj, konm {Rn(zi, z2)} piBHOMipHO 06MeXXeHa Ha KoMnakTax o6nacTi D;

(B) akwo nocnigoBHicTb {RN(zi,z2)j 36iracTbca piBHOMIPHO Ha KoMNaKTax o6s1acTi D, To
f{z\,z2) — lim Rn(zi,z2) ronomoptpHa B Dsi P = P(f) epagom Teianopa pyHKLiif(zirz2) B
rnoyaTKy KoopamHaT.
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JloBeaeHHs i€l TeopeMy NPoBOANTbLCS aHas1I0rivyHO 9K i Bpo60Ti [10], 3 ypaxyBaHHAM TOro,
wo pyHKUIT R,, (X, -1),n = 1,2 ,..€payioHanbHUMU i rosiloMoppHUMU B Dj.

Hexatn
A N nhnk)bl,r2)
CO(ZI,ZZS-I+ D — T T 6)
— (PYHKUiOHaNbHUIA FUISCTULA JTAHLIOOBUIA Api6, KoedilieHTNn (zi,z2),viik)(zb z2) akoro

€ nosliHoMamm. AnpokcnmaHTun NN (6) BU3Ha4atoTb K CKiHYeHHI 1[0, HacTYNMHUM YNHOM:

i z?
A =D +D B~ heN-

fc=l it=1 4(fc)Vbb i2/
3ayBaxkumo, w0 anpokcumaHTn fn(@\ z2), n € N, A4 (6) € pauioHanibHUMM PyHKLiasMU B C 2.
FNA (6) 36iraeTbca piBHOMIPHO Ha KoMnakTax o6sacTi D, D C C2 AKWO NocnigoBHICTb
ioro anpokcnmaHT {/,,(C1,{2)} 36iraeTbcsa piBHOMIpPHO Ha KoMMakTax obnacTi D. /14, (6) Ha-
3MBal0Thb BIAMOBIAHMM A0 MoABilAHOro hopMasibHOro CTeNeHeBOro pAay P, siKLL0 NOCAiA0BHICTb

ioro anpokecumaHT {/n({1,Z2)} € BignosigHoto oo P.

Hacnigok 1. HexatA N4 (6) €sianosinnum s MOYATKY KOOPAMHAT A0 MoABILAHOIO (hopMasib-
Horo cteneHeBoropagy (5) i o6nacte D, D C C2 MiCTUTb N0YaTOK KOOpAUHAT.

Togai:

(A) 44 (6) 36iracTbcs piBHOMIpHO Ha KoMnakTax o6nacTi D Togi i TiNbKu To4j, Koau rno-
CNiJOBHICTb 0ro anpokcnmaHT (7) piBHOMIpHO 06MeXXeHa Ha KoMmnakKTax o6nacTi D;

(B) akw,o AN (6)piBHOMIpPHO 36iraeTbcs Ha KoMNakKTax 06/1acTi D 40 A4eAKoiros1oMopgHOT
OyHKLiTf(zZ\,z2), Topag P —P (f) epagom Teiinopa ans f(z\,z2) B Touui (Z\,z22) = (0,0).

Teopema 3. HECKIHUEHHWIA 3a/TULLOK Ti/1I1SCTOr0 SIaHLIOroBoro Apoby HeopiyHAaa Ans AoBifb-
Horo hikcoBaHoro mysnbTuiHgekca i(n) € 1, n € No,

QAn)(zirz2) = bifn)zl>z2)+ T) 2 (3]
k=n+1 =1 'W ' 1%"2)
KoediLiEHTU AKOro BU3Ha4valoTbeA hopmynamu (2)-(4), € BignosigHUm A0 GopmMasibHOro rno-
[OBILAHOr0 CTENeHeBOro psaay, B AKMIAPO3BUBAETHLCA BiAHOLWEHHS rinepreoMeTpUUYHNX QYHKLi A
Anneng

PIO*+n,B+p,B + 17 + ;21/22) (©)]
Pia +nNn+1LB+p+Si,B +q-—+;7 +n+ 1/Z1,22)

e p Ta g — KiNbKiCTb 0AMHUL Ta ABILAOK B MynbTWiHAEKCE i(N) BignoBigHO, n — p + q,
o' — cumBos1 KpoHekepa, i 418 KOXHOro horo nigxigHoro apo6y fm(z\,z2), m > n, nopagok
BignoBigHoOCTi vm —m —n + 1.

AosefieHHs. [O1a n = 0 TBepMXeHHSA Teopemun Bunameae 3 [5] npu N = 2. Hexaia i(n) — peskuia
thikcoBaHMIA MynbTUIHAEKE, i(N) € 1, n > 1 Mpunyctumo, wo in = 1y Bunagky in = 2
[0BeieHHS aHas10TrivuHE), NPUYOMY pig — KiJIbKICTb 0AMHULL Ta ABIAOK YMyNbTUIHAEKC i(N)
BigMoBigAHO, H = p +q.

NMo3Hauvmmo.

Q,i,(zi,z2) = bf(m)(zi,z2), Q[C}zLz2) = b/(jt)(zi,z2)+ £ (10)
@r+1=1 Q Nfc+I)(z1 ' 22)
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ge K= m—1m—2,...,n,m > n, i(m),i(k) € 1. Toai T -1y anpokcumaHTy F'AA (8) npu
T > N> 13anuwemo y Burnsagj

fm{zi,z2) = Q”n](zbz2) = bi(n)(zv z2) + d £
fc=n+liiil*(fc)(zb z2j
Hexaih pk i gk— KifIbKiCTb 0AVHULb Ta ABIMOK Y My/IbTMIHAEKC i(K) BigMOBIAHO, K = pK+
gk i(k) € 1. lNinepreomeTpuyHi yHKUIT Annensa Fi 3a00BOMIbHAIOTL HAacTYMHI PeKypeHTHI
cnisBigHoweHHA (amB. [5] onsa N = 2):

Fl(« + K,B+ nN,B"+ ,t;7+ fc2,02) = (1- 1P £1+Ne =1 :i

N\ 7 +N 7+
XFi@+k+1,+ +1,ft+gk7 +k+1;zbz2) + ~ NN 21(1 ~ (D)
X ad-k+2,+pk+2,3" + LUK 1+K+2;(x,(2 + N n Noz2(l —z2)

(7 + (7 +k+1)
X ANa+k42p+pk +1,B3 +gk+ /7 +k 4  2;Zi,z2),

F«+r1Lp+w,fi'+gk7 +k-z2bz2) = (1 -“+B k" +*z22-¢+ £TA
\Y

7+N 7+t /
xfl(a +k+1,B8+prPkBl+qgr+ 1,7 +k+ 1;zi,z2) + 2ili ~2i) n
XFi(n +k+2B+p5+1L5+K+1L7+K+2,2\22) + ———2L §j(» N
(7 + /e)(7 + N+ 1)
X z2(1 —z2)Fi(a + k+2,B + pk B' + ok +2)u + k+ 2,2\, 22).
Mo3Haummo
X = RE+KB +pk B +gk}7 +k zv z2)
Ik  Fi(oc+ k+ I,B+ pk+ I,B" + ok, 7 +k+ 1;zi,22)7
x/ = F(@+kB+pkB +adl +kzbz2)

Fia+k+1,pB+p,Bl+ok+1/7 +k+ 1;Zj,22)

Togi, 3rigHo pekypeHTHUX opmyn (11)—€12) ana rinepreomeTpuyHoi GyHKUIT Annens Fi Ta
hopmMmyn ans enemMeHTIB MiIACTOro laHLUorosoro 4poby Tuny HeopnyHaa (2)-(4), maemo

XP4* = bf(fc2bz2) + @ —————- + N7 ,
Pr+1,<7* A UL

v/ , u, fli(fo)lz1/22) , Mi(fe)2(z1' Li)

Rdk=4yo®obB) + e
) R+ 17k Rt 1

Taknm YymHoMm, A4nsa in = 1 BigHoWweHHA GyHKUiA (9) X B po3BMBAETbLCA Y CKIHYEHHUIA TiNns-
CTUIA NTaHLOroBUiA Apié BuUrnsay

v i N fli(n+1)(Z1/ 22)
XM = "w (Zb22)+ L

vy 1A+ 1)<Z1" 22)+ 2 a((,, +D(,,C2)
L,,H=1
e
Ap wHli7w/ AKWO 2jn+i — 1,

W;(m+D)(zl/z2) =
X Pm<fm+1' AKLWO ri+1 = 2-
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AHanoriyHo go (10) no3Ha4YnMo:

Q inNl(zi,Z2) = 6W (21,22)+ £
fe+i=l VA (jt+i) (zI1/ z22)

e n < K< T. 3ayBaXumo, W0 BigHoweHHs (9) gopisHioe XpGi XAP = (Q,C2).
BunkopucToByOUM METOANKY BUBEAEHHS (hOPMYNU Pi3HMLI MK nigxigHumun apobamun [3],
Maemo

XM -fm{Z\rz2) = QW) 1>[ZbZ2) - QTMKz\.ZI)
m+1
2 n A7) (zl/ (2> (13)
—(-Dm A k=n+I
b=\ Wiim+1)(zb z2) n ONZ\(l,22) 0 ™ 1)(Li>22)

k=n+V 1 wvv

Ockinbkun BesimunHn W!(m+1)(0,0)/ Q (Mj(0,0), Q\"1}(0,0), n < k < m, piBHI ognH1L,
T0 Wi{m+\)(zbZi)' Q% j(zb z2)/ A (zl, z2) BigMiHHI Big HyNSA B AeAKOMY O0KOJ1i Mo4aTKy
KoopauHaT. Posknagawounm dopmMasnibHO Yy MoABilAHI CTENEHEBI pAan éV’V‘m-H\(z\,ZZ)j\_l,
(Q-"j(zi,z2)j _2, (o'™™itr,C,)) - i BpaxoByrUuM cTeniHb YncesibHUKa B (13), 04ep>KUMO:

Xp,g —fm{z\,z2) = E H25 4
11,1250, jl+Vim

ae 32— peski KOMMeKcHi KoegilieHT, vm = T —n + 1 ToMy HeCKiH4eHHUIA 3a/1MLLOK
Q™t)(z1,L2), 1,,= 1, 'NA (1) € sBignoBigHum o ©MCP, y iK1/ po3BMBaETbLCA BiAHOWEHHSA X M
3 NopsAaKoM BignoBigHoOCTI vm. |

3 36ixHicTb 3anuwkies N HeopnyHpga

Teopema 4. Hexah o, 3, B', Yy — A0BiNbHI KOMMAeEKCcHi uncna (y @ 0,-1, —2,...), r — AjilAcHe
umcno, 0 < r< 1/8, Togj icHye Take HaTypasibHe uucno w, =no(oc, B, B',y,r), Wo 4ans Ko-
XXHOro n > Hq i40BiNIbHOro hikcoBaHOro MynibTuiHAekca i(n) €l HeCcKiHUEHHUIA 3a/IMLLC
Q“m(zi, 22) (8) 44 HeopnyHga (1) piBHOMIpPHO 36iracTbCs B NOIKPY3i

Gr:= {({C,z2) e C2: X\ r,j = 1,2} 14
[0 rofioMopHOT hyHKL,IT (9).
AoBeaieHHs. Hexaia ((1,{2) € Gr (14). Po3rnaHemo nocigoBHocTi {£>} Ta {£wm):

X+ fo|(max{ 3], \BN\ + K) XN DN ON\+H2Kk - 1
7 +*-1)7 +9] H+fc-1] ' *15>

Nerko 6aunTun, wo Jim f* = 1, lim ~ = 2. Bubepemo g, 0 < € < er, ge
wo lim 1, lim . p A

3-Y 31T+ 1) (16)
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Toai 31K — liE{r) : VK > I = &k < 1+¢€, 3k = k{(r) : k> k¢ = ¢* < 2+ & lNoknagemo
no - max{kgk{}, Toai

Mc>no= (" <1l+e A(Nt< 2+¢). a7

Hexai1 i(n) — AO0BiNbHWIA (hiKCOBAHUIA My/bTUIHAEKC, i(N) € X, n > w,. 14 (8), sk1iA e He-
CKIHYEHHUM 3a/TnMWKoM T'AA HeopnyHaa (1), nicnsa ekBiBa/IeHTHUX MNePeTBOPEHb 3anmLiemMo y
BUrNS4j

~00 A N AL T\ ni'knN@1 “2) _ n \ (i , T~\ T’1ti(fc)zl/z2) "
Qi(n21"22; - "im)(*1/2r) + D E i- , T~ ~MNm)(CL/C2) 11+ 13 Z i )"
*=n+1li*=1 AN /c=n+1 r=1 1 /

Oe cr «(2br2) BusHavatoTbes dopmynamu: ci{k)(zi,z2) = a{k)(zi,z2)b-1)(zi,z2)b-1_1)(z1,z2),

i(K) € X, K> n. BctaHoBMMO ouUiHKK BUpasiB c,((zi,z2) ans [oBisibHOro MysibTUIHAEKCA
i(K) € X, K> n, Bnonikpysi (14). BpaxoBytouun hopmynu KoegiuieHTiB (2)-(4) Teopemn 1,
rno3HayeHHs (15) Ta HepiBHOCTI (17), MaeMo

(2122 ai(k) (zb z2) < I« + fe](max{|ft], Ift']} + A)
¢it9 (21.22) (ZI/ z2)™(fe—) (zi, Z2) 17 + £—1)(7 + 0|
XA _ W +g|+ 1"+ 2fc-i. 1 la + B\+ IiSI +2fc+1r\1
[ . PR i, ——Tj
4 17+ — 1] N+ R\ /
< &Ki +r) < @+e)r(l+)
2 (1-& +1r)(1-&r) - 2(1-(2 + e)r)2:

Jlerko nepekoHaTmcA, WO Npu 3agaHoMy Bmbopi €, 0 < € < eI, ge I'mr BUSHa4YaeTbCA 3ri-
[HO (16), BUKOHYETbCS HEPIBHICTb
@+£r@a-+rn 1

(1- @+er)2 - 4
TOOTO

Cf(fc)(zi22) < I, i(K) €EX, K> (18

Ockinbku ansa enemeHTiB M1, (8) BUKOHYIHOTbLCSA HepiBHOCTI (18), TO HECKIHUEHHUIA 3a/IU-
wok (8) F'AA HeopnyHpa piBHOMIpHO 36iracTbca 40 AesKoi rosioMopdHoT hyHKLITF{z\,z2) 3a
6araToBUMipHMM aHas10rom Teopemu Bopniubkoro [3, Teopema 3.14].

3 TeopemMu 3 i HacnigKy 1 BUNIMBAE 30DKHICTb HECKIHYEHHOI 0 3an1nLKy Q—n((2\ z2) oo Bia-
HOLEeHHS GyHKUiA Annens (9). [

4 CTitAKicTb A0 36ypeHb

Po3rnsiHeMo 4nMcnoBUIA MiISCTUIA NTaHUIOroBUIA Api6

ai(K)
bo+ 0 ¥ (19
X — 1bi(K)
Mo3HauYMMO MHOXXUHWN MYbTUiHAEKCIB Jq = {JOF- = 1,/cj,
K= 1,2,... OueBngHo, wo X = [j XK HAYKOBABL NIOTEKA

k=0
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FAL (19) Ha3vBalOTb BiAHOCHO CTiLAKMM A0 30ypeHb, AKLL0 A5 A0Bi/IbHOIo € > 0 iCHYE Take

0 > 0, wo gna koxkHoro aw, € C,i(k) € lk k= 1,2 ,..ikokHorobuyy € C, i(k) € 1K
— a: - e
K= 0,1,2,..., TaKvix, L0 (k) = 8K <9, b'(k)lu_ i) < 8, BUKOHYHOTbCA HEPIBHOCTI
aik ui(k)
s =1Is <¢ s—12,...,
/s
i
he/ss = + E) E 1-—/s- flo+ D E .
fcA i1 ci(k) bl1 ki bnk)
FnsacTuia naHugorosuia api6
bo+ O X Lg 1 (20)
K=i i*=i bHR)

HasnBaloTb 36ypeHnM 'J1A o apoby (19), a tioro esieMeHTU — 36ypeHMMIN A0 efIeMEHTIB Apo-
oy (19).
MpunycTrmo, Lo

N@K) ® O/ VI) DO, i (K ELKK 1,2,..

bi(K) ¢ O, $®0,i(k €Elkk =0,1,2,...,
Q:(p) 70, JP\® 0,2(p) €Elp, p=10,5,5= 1,2,...,
) 0, 1 i\ Ve ne) _ 1 Coon o f
i I . il = "5 A
e i) et DA T Y T R G i Biw
Mo3HauMmo 4epes ocL, BiAHOCHI NOXM6KK enemeHTIB «.(it)/ bH) BignosigHo, a(f)‘}—
BiAHOCHI MOXMOKM 3a/TNLLKIB nigxigHoro gpo6y /srnn (19), To6To

NS - aif) (i +ai(K) / b = bi® (r+&w) 7  i{K) EIk, K= 1,2,...,

Qf(p) = Qi(p) li +¢€i(p) " r EXp,p=0,s,s=1,2,...

)

Po3rnsiHeMo BeMunHM — - LLIO BU3HAYalThCA CiBBIAHOLLEHHAMN

Q%) =pB'(H (i +4710))" i(P)€lp,p=0Ss=1,2,...

Jdosenemo, W o ans noxmbok $¥Z\Y'gg) CNpaBO)KYHTbCS PEKYPEHTHI hopMyn

YA V oo ap+L)) pie) + . El new) 0EA (14APH) +2EH) &0

\

O _ 9 o+ E it ag(p+1) _ © 1
) =IO P+ APl =i <p+H1)\ 1+ “(PH) (1 +Ep+Hi)) +EMP+D Y
22)
npni(p) €lp,p=0,s—1,s= 1,2,..., oe
(s) _ am (23)

© XiB-)qip)
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2(s) _ ai(p)
r)(s) /S(s)

z(p) elp,p = L,sinpup=s

P(s) _ a ?(s) _ ; w \_
£(5) — P/(*)' £/(S) — i + B.{p+i) (5>e xs- (24)

dopmynu (24) pns poBiNibHOro MysbTuiHaekca i(s), s € N, o4yeBUAgHi.
[Ana gikcoBaHoro mysnbTuniHaekea i(p), i(p) € Tp, 0 < p < s—1, maemo

() _ Qlp) Q/p) _ _J_ ( (., B X fif(p+1;
«(P) q(s) a(s) N\bWp) [i + PKp)) + X |1 )Y 1+ £(s)\ |
4(p) ~i(p) V P+i-14(p+1) \L+ g1(p+T)) )
- b,ir" il P b f + (i +~+.))
-DKkK1 4i+ 4, E_ ,———————- n‘a>n'Vv ————————- 1
~mi(p) TP+1 ~Ni(p) M(p+ D)

= (i-!fwrtl-lc I"'/I A)-I-\'/+E|"1Cj-I O0+700+C ))_])

AHaI0rivYHO OTPUMYEMO PEKYPEHTHI hopmynu (22) ansa BigHOCHUX MOXUGOK i (p) € 2p,

p=0s—1,s=1,2,...
MoyeproBo BUKOPUCTOBYOUM criiBBigHOWEHHSA (21), (22) Ta cniBBigHOWEHHS (24), 0TpUMYE-

MO (hOPMY U BigHOCHUX MOXMOOK

C) =(1- ¢ Cwn |1
) ( i=1

VH= 25)
+fc:|EH-I upn,%*:l (e + kl' i*TE:I C CM/ )/ ml;L C-
i(v) €1 0 —0's s —12 ae a9 - 0 «*>» -1 AKL 0 * HenaPHe'
(P) " ' Y * - } C »,-napHe,
@ il‘l'(P—P") ( ‘H_é'H_D' AKLL,0 §4enapHe,
w I ~i+C t)(1+en))-

r _ B_iw_, AKLLO KHenapHe,

Hi(p+4)
fii(PH> SAKL,0 KNapHe,
i(p+kK) €lp+k, k= 1,s-p.
Moknasewmn B (25) p = 0, oTprMyeMO POpPMY Y BiIAHOCHOT MOXMOKM S-ro NigxigHoro apo6y
rnag (19
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Jlema. BennuumHm i(p) € 1p,p = I,5, s = 1,2,..., W0 BM3Ha4YaoTbCA 3rigHo 3 (23),
iHBapiaHTHI BigHOCHO NMepeTBOpeHb EKBIBa/1IEHTHOCTI

@7
M 2PiFiV bW

ae — [0BiNIbHI KOMMeKcHi uncna, i (k) € Xjt, = 1,2,. . T'w, ¢ O,lo= 1

JNoBegeHHs. HexalA s— A0BifibHe HaTypasibHe uncso i ¢)d — 3anmuwkm s—ro nigxigHoro opody
/g\ O\ i

ri/1IASCTOro NaHUroBoro Apoby (27). Mokaxemo, w0 = ri(p)Q™py i (p) € Zp, P = 0O,s, ge

Qj*" — 3anunwkn s-ro nigxigHoro gpoby M'\A (19). 3acTocyemMo MeTod MaTeMaTUYHOT iIHOYKLiT

BiAHOCHO p, p = s,s—1,..., 0. Npn p — s piBHICTb oveBNgHa. MpnNycTUBLWIN, W0 PIBHICTb

cnpaBmXyeTbes ana geskoro p = k+ 1,0 < k< s—1, npu p = Kk maemo:

_(s) y vl ri(k)ri(k+NDai(k+1) l. , T aik+1l) \
Gik) = ri(k)bik) + >  ——— (1 “ril <Y+ = .70) i “ TiK®i(kY
= @+1)
Topi
() _ ri(p-Nri(p)ai(p) _ aHp) .
i ow M=y Hp)EXp,p = 0,3.
Np) T ® 1O _ (T=Hn'pyHp)€Xp.p
~i(P-N)~i(p)
!
Teopema 5. Hexaih enemeHTun NN (19) 3340BO/LHATL YMOBU
ai(K) i N\
<SP 11- = FICH) ) IW K—1,2,, (28)
bi(k-1)bi(k) \% UcH=1 /
ae p, (i) — Taki gogaTHi cTani, wo
E Pi(k) < I/ r(~~ 1) e Xfc-i/ k —1,2,..
(=1
2 f 2 A1
sup E PFiQgfc) | 1 - E Pik+1) ) < 7
i(fc-N€2it_i, =1 N\ feH=1 /
fc=1,2,...
Toai A4 (19) BigHOCHO CTiILAKMIALAO 36YpeHb, AKLL0 36iracTbca pasg,
09)
=0w=0 V2m-+l

fei/c= max,(c. Deik 1{e?=iPikk)} [ = 1,2,... KpiMm TOro, sKuW,0 BigHOCHI MOXNOKWN efleMeH-
TiB TAJ1 (19) 3310BO/IbHAIOTHL YMOBU

M) <0 0< &< 1, f(fe) € X/ed = 1,2,..., (30)
I<B, 0<PB<1 ik) elkk=0,1,2,..., (31)
-1
/ \\
1+a ( 2
~N S 4 sup s pik) i - E pik+d) i (32)
M ) iifc-1Jelj:-!, k~1 v =1 /
N\ k=1.2,... /
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TOANA BIAHOCHUX NOXUOBOK S-TUX NiAXIiAHUX APp06IiB cNpaBAXYETbCS OL,iHKa

du'f‘(/z fol2e B soma

I -B to llo 1- 42mP\

o) (33)
AosefieHHs. 36ypumo eniemeHTU TAJ1 (19) TakumM YMHOM, W06 BUKOHYBasInCbL YMoBU (30)-(32).
MepeTBopmmo 14 (19) i 36ypeHniA Ao Hboro api6 (20) go N4 3 YaCTUHHMMW 3HaMEHHUKaMU,
L0 AOPIBHIOTb OANHNLII:

2 c-n\

+DETI;, 200+D L 4

" )
aifg ne9 , I(K) €1k, Kk —1,2,... Mo3Haunmo GH G"\ —
ni{k-1)bi(K) \Y; ®Y ()

3aIMLWIKK S-mX NigxigHux apo6is N4 (34) BignosigHo,

ne C(Y

@ Ci) AS) SR i) GXv,p= 1lss=12,..
**(P) r(s) r(s) " *«(p) A(s) A(s)
Bermumnn L =1 O FO® ) € ok = I,s, s = 1,2,..., NepeTBOPUMO 3 BpaxyBaHHSM
napHocTi uncna K Mpu K = 2m Maemo:
2
V" 1Sl ols) oy 2'(27) AH2T). 1 O\
L- I|(2m)4|(2m) L- Ms) Ms) 1+ a + £<2m)J
2m-| 2m-l L (2T-1)LL(2T)
Va | N(2m) . ri aEm @21
L - i
I2n 1 ~mi(2m—)"Pi(2m) I2n-

npu K = 2m 4-1 Maemo:

a
Vi B m+1) OemY1)it «i@m+1) (1 + */(2m+1))
2m+i=I MHA N (2T)Mr(2T+])
yi fl;(2m+1) ci(2m++l) ai(2m-+l)
) INE)] ai(2m+1)~ L - (s) -(s) 1+ B1(2T1+1)-
<2m—1 ><I(2m) **i(2m+1) R”7—1  iQia) i(2m+I) A (2'r+1)
J . . .
B cuny toro, ujo BennunHu Llﬂppr) €lp,p = 18s=1,2,..., iHBapiaHTHI BigHOCHO Nepe-

TBOPEeHb eKBiBa/leHTHOCTI, popmyna (26) HabyBae Burnagy

2
Est ft

<171
) / Bl (35)
+ E E i'-E s$« 9 =
fcd [\ ik+1=1 ) %) I;Inzi $o0 + |1_:02| E rlr?:i( >
A€ .
ri() AKLLO0 K HernapHe,
(9 _ J gi(ky akwo A'HenapHe, , () _ _ 1+te ) (! +&/(?)
&Ity — > -j P 7.vijt) —
1 gj(ly akwo k napHe, 1; , AKwo k napHe,

(i+%-1)) (i+e/r-1))

i(K) € K—1s, — BIiAHOCHI NOXNGKM 3a/TNLLIKIB
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BMKOPUCTOBYIOUMN METOANKY MHOXMH e/1eMEHTIB Ta BigMNoBiAHUX TM MHOXWUH 3HaveHb [3,

8], oiHnmo BesiumHM ETkei \Sid)N1  —1) e \>k = I,s,s = 1,2,... 1ns uboro posrssHe-
MO MNOCiA0BHICTb MHOXWUH

Yu = j2€€: | <Pi®}/ i E1kk=1,2,... (36)

2 2
MHOXWHa Vi{k) = 1+ = VYi(k+1) e KOYroMm 3 LEHTPOM B Touli 1 pagiycap,k) = = Pi(k+iy
‘k+1=1 - k+l=1l

OCKIMbKU Py < 1, TOO I VI(k) | PYHKLIA w = Cw /z Bifobpaxae MHOXUHY VI(kr B KPYT

it = |CeEC: z- pi{k

n 1
Ae Pi(k) = Gi(W) (1  (Pi(k rm = 2w PIK) (1—(Pi(Q) J wMHOXUHYK (36) € MHOXN-
HaMW 3Ha4yeHb BeSINYNH € ,AKWO  pigy T+ MK < Pt(k)- OcTaHHS HeEpPIBHICTb EKBIBa/IEHTHA
G
T

HepiBHOCTI (28).

13 ymoB (28), (30)-(32) ansa goBisibHOro ikcoBaHoOro MmysnbTuiHgeKca i (K —1) € Zfc-i, K —
1,2,..., MaemMo

2 .
L c« 2—F — L- . .
i CO 0 e b T bik-Dbi®
1+ a q, i
< - 172 Pi(k) 11 - =  Pi(fc+i)
" ( i-j8j \% kH—1 /
1+ 4 r-t / 2 \ 1
< / 2 SUpr 2N Pilky 4 - B Pi(k+i) I < J-
(1—p) i*=i N =]
v [ k=l2,...

Topi pna 3anuwkie G| cnpaBm4XyThes OLiHKN G-~ >1/2.

BenunuuHum £ 2=1 ,i(k=1) € 2, k= l,s,s = 1,2,..., 04iHUMO 3 BpaxyBaHHAM
napHocTi Yncna K Mpu k= 2T + 1 Maemo:

2 _ /(rr
- ‘ ‘.\_,21':’ ’\,;_ r1)1
1B = A N S bt

i | V4 n 727+1
) ., Pi2T+1) j L Pi2T+1) < —
Vo oam=1 /=1 2ur+l
npm K —2T MaeMo:
2 cr(2m ) _ < 1
E *r2zr) = E /-mE) z® s-* E ~i(2T) .
121=1 R”T=1 'i(2m—1) F(ZT) r2w=1

3HaAAeMO OLLIHKU BeIMUMH EN=1 'r ~1eit-I» = 1ss=1,2,..., i3 Bpaxy-
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BaHHSAM MapHOCTI uncna K MNpu K= 2T Maemo:

E ;/(?ZT)@I('E)ZT) EZ H(2r) ar(2T)
0 1 = A :
2T=1 '2r=1 (?()21-_1) pl'g)l_l_) 1+ Bin—
< © *i2T)
[{
1-B icem—1) Gi(m)
npu k- 2m + 1 maemo:
EZ &%mﬂ)@;ami—l) = E2 () p(s) @ rewr)
) 0 ! - . .
R2T+1=1 RT+1=1 Bl?ZT)Er?ZT+l) 1+ .£|||(2m+l)
< ~2T+1) 24
r (S A(s) -“ 2 1 Z Pi(2mt)
i2m)  i(2mH) “"P N k=1 y
* E PI_( 1) ( 1 s P(2 2)\ < _2n '72T+1
A1) 1 - 2T+
<2m+l=I \ 127+2=1 >) 1- B 1- 721+l

13 hopmynnm (35), BpaxoByOUM OLLIHKN BENNYNH
E j(9) s FI»() J»)

o BIK) Z | TiRXi{i
OTPUMYEMO OLHKY (33), 3 AKOI BUMNMBaE, W0 30DKHICTL pAagy (29) 3abesneyvye BUKOHAHHA
YMOB 03HauYeHHS Bif4HOCHOI CTIAKOCTI A0 36ypeHb 14 (19). [

Hexaii B Teopemi 5puw, = p/2,i(K) EXKK= 1,2,..., 0< p < 1/2. Toai npaBU/IbHNUM €
Hacnipok 2. Hexais enemeHTu IMNA (19) 3300BO/bHATb YMOBU

A pr12 PN 0<p<\, (K EXK K= 1,2,..

bi(k-1)bi(K)
Toai MNA (19) € BigHOCHO CTitikuM A0 36ypeHb. Kpim Toro, AKW,0 BigAHOCHI MOXNOKM e/fleMEHTIB
330BO/1bHAITL YM0oBU (30), (31) i

1+a 1

2= ap(1-p) =)
TO AN BiAHOCHUX NOXMBOK S-TUX NiAXiAHUX AP06iIB cnpaBaXKy€ETbCA OLiHKa
w N B(2-n+2* ( 2pf 2p |1+ (-»+ w
() s= 1,2,
1-4 \1-2p VI-2,0 1-p
Hexaia nuwy, (zi, z2),i(k) € Xk k= 1,2,...,Vvi{k) (zb z2), i(k) € Xk k= 0,1,2,..— QyHKWL,iT,

BM3HayeHi Bobnacti D ¢ C2
dyHKUioHaNbHWIA 1/, (6) Ha3BEMO BiAHOCHO CTilAKMM A0 36ypeHb B Touli ((M,{?) € D, akuwo
/ ‘- co 2 £ti@ir)
yncnosuin API6 vg (ze, z2 ] + D Z BiHOCHO CTiLAKMIA [0 36ypeHb. Akuwo 14
k=1 ik Luzf) \zl'z2y
(6) € BigHOCHO CTiAKMM A0 30ypeHb B KOXHIiA Touui (z°,zS,’) € D, To 06iacTb D HasBemo 06/1a-
CTHO BiAHOCHOI CTiAKOCTI fp 30ypeHb TN (6).
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Hacnigok 3. Hexak q, 3, ', 7 — A0Bi/IbHI KOMMeKcHi uncna (y ¢ 0,-1, —2,...), r — AilAcHe
umcno, 0 < r < 1/8, TogjicHYe Take HaTypasibHe yncsio w, —uy (o, B, B, y, ), W0 47189 KOXXHOr 0
n > IN\i goBisIbHOro hikcoBaHOro MysbTuiHAeKca (M) € X HecKiHYeHHWIA 3anuwoK M4
HeopnyHpa Q“ ((2\.z2) (8) € BiAHOCHO CTiIKUM [0 30ypeHb B Noaikpy3i (14). Mpnyomy, AKLLLO
BiAHOCHI NoXM6kKun enemeHTiIB TAJ1 (8) 3a40B0sIbHATL YM0BU (30), (31), (37), To 4NN BiAHOCHMNX
noxm6oK s-Tux NiaxigHux apobis 44 (8) cnpaBayKyeTbCs OLLiHKA

M ( 2p H L T 1)/ P
'W I -B N\1l-2p V1-2p 1 2 J\1-p
ges=nn+1n+2,..,
. I=VI-
D -—— ———8—r. (38
JoBepeHHs. AKuWL0 B foBeeHHI TeopemMun 4 BUGpaTtn g, 0 < € < €', pe
, 1+ 5r —8r2 —\J/I + Or +r2—8r3
A S o i3 m———m e ' 39>

TO iCHY€E Take HaTypasibHe uncao N\= nu(a, /SB',7,r), W0 BUKOHYETbLCA cNiBBigHOWEHHS (17).
Hexaia i(n) — poBiNbHUIA (hiKCOBaHMIA MynbTUMiHAEKC, i(N) € X, n > 0\ Toai, nicna eksi-
Ba/IEHTHUX MEPETBOPEHb, Ana €/IEMEHTIB HECKIHYEHHOI0 3a/IMWwKy Q~n)(z1, 22) (8) o4ep>XUMo
OLLIHKY

at(k)(z1/z2) (+Erd +n p(l-p) 1
bi{k i)(21,22)b.(it)(Zi,Z2) - 2(1 - (2 +g)v)2 - 2 8"

ne r(it) € Xfcfc= n+ 1, m+ 2,..., BEZIMUMHA p BM3HAYaeTbCA 3rigHo 3 (38). OTxe, 3a Hac/igKom
2, HECKIHYEHHMIA 3anunoK Q—~ (((Z\ zi) € Big4HOCHO CTiIAKMM [0 36ypeHb B MNOIKPY3i (14). O

3aysaxeHHsa. OCKI/IbKM AN BE/INYUMH €T, €', W0 BU3Ha4aloTbca hopmynamu (16), (39) signo-
BiJHO, BUKOHYETbCS HEPIBHICTb €r < £, 0 < r < 1/8, To uMcna L, W, 3a40B0JIbHATbL CMiB-
BigHOWeEHHA ni > nQ OTXe, 419 KOXHOIo n > L i A0Bi/IbHOI0 (hiKCOBaHOI 0 My/IbTUIHAEKCA
i(n) € X HeckiH4YeHHUIA 3annLwok AT HeopnyHaa Q—n;{Z\.z2) (8) € piBHOMipHO 36XXHUM A0
ros1IoMopgHOT QYyHKUIT (9) i BiAHOCHO CTIAKMM A0 30ypeHb B MOJTiKPY3i (14).
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loeHko H.M., TnagyH B.P., MaH3nii A.C. O 6eCKOHEYHbIX OCTaTKaX BETBALEMCA LIEMHOA apobu Hép-
NyHOa oS runepreoMmeTpudecknx gyHKuma Annens 11 KapnaTtckme matem. ny6n. — 2014. — T.6, Nel.
— C. 11-25.

ViccnepoBaHbl COOTBETCTBME, CXOAVUMOCTb M YCTOMAUMBOCTb K BO3MYLLLEHUSAIM GECKOHEUYHbIX 0CTaT-
KOB BeTBSLEMNCS LernHoiA apobu HEpnyHAa B HEKOTOPOMA MOMKPYroBotA o6siactu {(zj,z+H) € C2 :
N\< r,j = 1,2}, 0 < r < 1/8, Bcnyyae Npon3Bo/ibHbIX MapamMeTpoB rmMnepreoMeTpuyeckoii yHK-
uun Annens.
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INTERPOLATED SCALES OF APPROXIMATION SPACES FOR REGULAR ELLIPTIC
OPERATORS ON COMPACT MANIFOLDS

We define the interpolated scales of approximation spaces, generated by regular elliptic opera-
tors on compact manifolds. The appropriate Bernstein-Jackson inequalities and application to spec-
tral approximations of regular elliptic operators are considered.

Key words and phrases: approximation spaces, Bernstein-Jackson-type inequalities, regular ellip-
tic operators, compact manifolds.

Vasyl Stefanyk Precarpathian National University, lvano-Frankivsk, Ukraine

Introduction and preliminaries

One of the problems in the approximation theory is to characterize the set of functions
which have a prescribed order of an approximation by a given method of an approximation
[31, [7]1, [8] [11]. The classical results in this subject are the Jackson and Bernstein inequalities
that express a relation between smoothness modules of functions and properties of their best
approximations by polynomials.

From direct and inverse theorems it follows that certain classical function spaces can be
viewed as special approximation spaces and this is one of the best mathematical expression of
equivalences between the degree of smoothness of functions and the behaviour of their best
approximation errors [1]. In many instances the approximation spaces can be identified with
the interpolation spaces obtained by the real method of interpolation [9].

Approximation spaces and appropriate Bernstein-Jackson inequalities, generated by an un-
bounded linear operator A in a Banach space, are considered in [4]. Such inequalities are
applied to a best approximation problem by invariant subspaces of exponential type entire
vectors of A and to spectral approximations of an operator with the point spectrum.

The aim of the paper is to investigate a best approximation problem by subspaces of ex-
ponential type vectors of the regular elliptic operators on compact manifolds. Approximation
spaces associated with such operators coincide with the Besov-type spaces (Theorem 1). The
Bernstein-Jackson-type inequalities, estimating the minimal distance from a given element to
a subspace of exponential type vectors and application to spectral approximations of regular
elliptic operators are shown in Theorem 2

Let a compact manifold has the form of the infinitely smooth boundary ©Q of an open
bounded domain Q ¢ IR" (see [12, Definition 3.2.1/2]). On 3Q we consider a regular elliptic

operator A, that in the local coordinates y(i) = (YN'\..., ;= 1,...,N) has the form

Au= X as]DIju’ 4']Jec,
Isl<2m

YK 517.98
2010 Mathematics Subject Classification: 47A58, 41A17, 47F05.
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where fl=si+... +s,_i,§e Z+ (z=1,..n—1).

We assume that € IRfor | = 2m and there exists a constant ¢ > 0 such that for all
¢ € IR'-1 we have ()mTN\emay £s > ¢ XN (see [12, Definition 5.2.1/4]).

Let A with the domain CXA) = C°°(32IN) is the symmetrical operator in the complex space
L2(dQ). Then by [12, Theorem 7.6.1]) the operator A has a point spectrum and Ck(A) =
Wfnfoan) fork= 1,2,..., C°°(A) = Mr=i Ck(A) = C°°(g).

LetUj c IR"-2 (* = I,.,.,N) be open balls that covered ©Q and Xj € C°°(3Q) is the
partition of unity that corresponds to the covering {Uj}: LjLiXj = 1on 0Q, Xj € C*(Uj)),
O0< Xj < 1L ForO< a < oandl1< r < oowe consider the spaces B?1(0Q) = {n €
b2(aMn): U/M)(*_1(y)) e B“T(R"-1),; = I,.,.,N} with the norm

N

IMIB*T(aM) = E IO (" a)-1(y))IBrT(ke—i)

(see [12, Definition 3.6.1]).

We use the real method of an interpolation (see [2 Section 3.11]). Let (X, |- Ix) and (Y, |- 1y)
be quasi-normed complex spaces and {0 < < 1, I<i*<o0o0}or{0<i?<lIl, g = oo}. Thein-
terpolation space can be defined as the set (X, Y)#iP = {u € X + ¥Y: [m](xy)a < oo} endowed
with the quasi-norm

, Y\
b AT Y oy MY g < oo,
Tl (X,Y)#
, suPo<r<oo T~°K{T, n; X,¥), = oo.

where K(t, M X, ¥) = inf (" Ix + T 1yly.

4

M ain results
Forany t > O0we define the normed space

3(Nn) = {nmeCc*N):IMr,T <™},

1/2
where IMIE((Q) = (Lkez+ A /1Y 1™N\N(BQ)) - e’ements °f can be called the

exponential type vectors of A (see [10]).

Lemma 1. (i) The following embeddings £2(A) C £2(A) C L2(dQ) withT > thold.
(ii) Each space £2(A) is A-invariant and the restriction A\t is a bounded operator over

££(A) with the norm IAI()INJT) A L

Proof, (i) The inequalities JWl2(0) < IMIE‘() ancl IM I7a) A lullf'(A) with T > 1VYielcl the
embeddings £2(A) C L2(dfl) and S2(A) C SJ(A), respectively.
(ii) Using A(A/t)ku —t(A/t)k+lu, we obtain \MNX" < NS y O

On the subspace £(A) = Uoo £{(A) we define the function

M g(A) — IMK2@E) +inf{i > 0: ne £2(A)} . 1)



28 Dmytryshyn M.i.
Lemma 2. The function (1) is a quasi-norm satisfying the inequality
IM+VvS(a) - M e{A) + W\a)
forall u,v € S(A) and the embedding £ (A) C £2(3Q) holds.

Proof. Let r(u) = inf{t > 0: n € 82(A)}. The values IMI*"m+r”", IMIE'N+Hn) are ~nil:e for
each u,v € 5(A) and € > 0 and the inequalities \x+ u]|gr+A)

with r = max{r(w),r(y)} hold. It follows that r(u +v) < r+¢ < r(u) +r(v) + & Since

€ is arbitrary, r(u +u) < r(u) +r(v) for all u,v € S(A). Evidently, r(u) = r(—u) for all
n € g(A). So, (1) is a quasi-norm. The embedding 8 (A) C L2(9Q) follows from the inequality
IMIbon) < M g(A) forall u e £ (A) D

Given a pair of numbers {0 < a < 00, 0< T < 00} and {0 < n< 00, T = 00} we consider

the scale of spaces B2AA) = |» € L2(0Q) : 1M p«t(X) < °°}/

M ., =/ (Jo"[I*E(,-»)]TF)I/T" 0<T<cc,
21 ) j supf=0taE(t, u), T—o00,

where E(t,u) = infj llu - M]JL2(@N) : u° € 5(A), I»0"*) < i], n € 12(0Q).
The space ~2t(A) can be identified with the interpolation space. If [B*A)] ¥is the space
B>T(A) with the quasi-norm Jw|* ~ then by [2, Theorem 7.1.7] the following equality
KT(A)1' = (ENe ,1.2(30))", = 1/(* + 1), T-= gtf,
holds with equivalent quasi-norms.
Theorem 1. i/a > 1/2, 1 < T < 00, then the following isomorphism holds
BIM) = B, TY2(9Q). (@)

Proof. Consider the space
£o(D) = {ne 0—~(3Q) :Dsm€E 12(99Q),IB] = KE Z+]j

endowed with the norm

1/2
*:eZ+ [s|=fc
The union 5(D) = Uf>05](D) we endow with the quasi-norm
IUIE(D) = 'MI2(3Q) +inf {f > 0: u € 52(D)}.

Ifl > (n —1)/2 and u € £2(D ) {hen the Sobolev embedding theorem yields

> S IDSU;M(AW_13i/N)I < ¢ Tax{14,... "} | [n] ]*(0) < Otk )
=1 i/eR"-1
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It follows that

EJU/IO(Cw_ Ly +>7)] < T Z T IDS(M)(M)-uy) I @
1=1 keZ+ \s\=kj=!

forall n € R"_1, where the constant c\is independent of A€ Z +.

Let a function u satisfy (4). Then the inequality £\s\KI Dsm1n230) < c2(,2(h - 1)2t)kholds
and we have

4 |S|z_* [ Dsmz(du)
> Z (Mn-=-D2tr 2ANNGBUIN{m < - sup iS,2' 2)a = (5)
fceZ+ |s|=fc J teZ+ vAvn A I

It follows that u € £2m ~ f(D) and consequently n £ £(D).
Using the inequality (3), (5) and the Paley-Wiener theorem, we obtain the quasi-norm equi-
valence

M*D)~ . inf  i.{JMIIZR-0)+ SUP ICI},

plan— 1 fesupp Fv

where supp Fv denotes the support of the Fourier-image Fv of a function v € L2(R'1“1).
Applying [12, Theorems 3.6.1, 4.2.2], [2, Theorem 7.1.7] and Bernstein-Jackson inequalities
from [2 Section 7.2] for / € N, we obtain

1 W20 - 11 i(D) IMIE2(9Q)"
K{t,u;£{D),L2{dn)) < ¢, t¥(,+DH I (w|3n), « € PY'-1/2(0Q). @

We define the space

«, (D)= |u € i,200Q) : M4i(0) = (jT ((*E((,u))r*) 1Ur < col,

where E(t,u) = infj lly - =|f2(an); u° € £(D), WH{ < f}+ Using [2 Theorems 3115
3.11.6, 7.1.7], [12, Theorems 2.4.2/2, 3.6.1, 3.6.3] and the inequalities (6), (7), we obtain

atd
Sf,(D)=((f(D),Z,20 n))v(a+1Wa+1)) )
(
= (L2(an),wi-1/2(sn))e/lr = B*;1/2(3n)

By [12, Theorems 5.4.3, 7.6.1] for any A€ N there exist positive numbers c and C such that

c ImIw?&3n) — I “ Lie(an) A M1wlivwnieQ)' 1A Ck(A).
It follows that we have the inequality

> (G((n - DH)2m) NWNANm) < Ci A I 1 4mUDsIN{my
k&Z+ k(zZ+ \s\=2rk

Thus, the embedding £2(D) C £2{A) with T = C((n —I1)t)2mholds. Conversely, let u €
£2{A). Then

SO t=2NNN2(dri)> = = (c_,f)" 2fc] |Dsul|RXan).
KeXKE N\e\k

It follows that £2(A) C £2 If(D). So, we have the equality £(A) = £(D). Using (8), we obtain
the required equality (2). O
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The distance between n € 1r(3l) and 52(A) we denote by
d(t,u) = inf |]Im - m°]k2(an): u° € 5~(A)}, u e L2(dn).

Let TZlbe the complex linear span of all {K(An): W\« t}, where ‘IZ{A\n) is the root sub-

space of A corresponding to An.

Theorem 2. Leta > 1/2 and 1 < T < 00. There are constants c\.and c2 such that the

following inequalities

IMIB*;1/20M) ~ cilMH(D) W K 2(n)/ 1 € 5(D), )

d(t,u) < QT a|Im]ie«-1/2(am)" Ue B2,71/2B Q)" (10)

hold. In particular, there is a constant ¢ such that

inf{]ju- ]lman): ' € K'} <cl« |MuTw (3N).n € B;-1/2(3aMNM). )

Proof. By [4, Theorem 5] for some constants c\and c2we have

HBETN) —CIIMF(A) IMK2(3M)/  Ue 5(A), (12)
d(t, v) < 2 a [KIB<T(N) / U € 22t (A). (13)

The inequalities (12), (13) and the isomorphism (2) imply that the inequalities (9), (10) hold.

the

[

=1
[

6l

Using [6, Theorem 2.2] and [5, Proposition 2], we obtain the equality 52(A) = TZL Hence,
inequality (10) directly implies the estimation (11). |
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AmMuTprwnH M.l IHTepnoNsAUiAHI WKa/IM anpoKCUMaLi AHMX NPOCTOpPIB 41 PErynsapHUX eninTUYHUX
orepaTopiB Ha KOMNaKTHUX MHoroBngax // KapnaTcbki matem. ny6s1. — 2014. — T.6, Nel. — C. 26-31.

Bu3aHaueHo iHTepnoaauiiAHI WKanm anpokecuMauiiAHMX NpocTopiB, acouilioBaHUX 3 perysisipHu-
MU eNinTUYHMMK onepaTopaMy Ha KOMMNAaKTHUX MHoroBugax. BcTaHoBMeHO BignoBigHI HEPIBHOCTI
TNy bepHwTeliHa i [)KeKcoHa Ta MokasaHo X 3aCTOCyBaHHS [0 CMeKTpasIbHMX anpoKcuMaLiii pe-
rynsipHUX eninTU4HMX onepaTopiB.

KntouoBi c/oBa i (pasn: arnpoKCMMaLLitiHi NpocTopu, HepiBHOCTI Tuny bepHwTelAHa i [I)XeKCcoHa,
perynsapHi eninTUYHI onepaTopn, KOMMNaKTHI MHOroBUAM.

OAMUTPUWNH M. . NHTepnonauuoHHble LUKaslbl annpoKCMMaLMOHHBIX MPOCTPAHCTB A/ PeryspHbIX
ANIMNTUYECKMX 0MepaTopoB Ha KOMMaKTHbIX MHOroo6pasusix // KapnaTckue maTem. ny6a. — 2014.
— T.6, Nel. — C. 26-31.

OnpepgesieHbl MHTEPMNOSIALMOHHbIE LWKa1bl anmnMpoKCUMAaLMOHHbIX MPOCTPAHCTB, acCcoLUMpPoBaH-
HbIX C PerysigdpHbiMn a3/ IMNTUHECKNMU onepaTopaMn Ha KOMMaKTHbIX MHOF006p33I/IFIX. YcTaHoB-
J1eHbl COOTBETCTBYHOLWINEe HepaBeEHCTBa TuUMa BEpHmTeﬁHa n [1>kekKcoHa 1 NnokasaHo ux npmmMmeHeHumne
K CMNeKTpas/ibHbIM arnnpoKCMMaunam perynapHbIX a/I/TMOTUYHECKNX 0MepaTopoB.

KrtoueBble ¢/10Ba U (hpasbl: anmnpoKCMMaLMOHHbIE NPOCTPaHCTBa, HepaBeHCcTBa TUNa bepHwTeiHa
n [KeKcoHa, perynsipHbie a/i/IMNTUYECKME ornepaTopbl, KOMMaKTHbIE MHOI006pasus.
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CALCULATION ALGORITHM OF RATIONAL ESTIMATIONS OF RECURRENCE
PERIODICAL FOURTH ORDER FRACTION

Recurrence fourth order fractions are studied. Connection with algebraic fourth order equations
is established. Calculation algorithms of rational contractions of such fractions are built.

Key words and phrases: periodical recurrence fraction, triangular matrix, parapermanent, parade-
terminant, rational approximation.
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Introduction

Continued fractions are generalized by quite a few Ukrainian [12, 13] and foreign mathe-
maticians [1]-[11], [24].

The important conditions for generalization of continued fractions are following:

- construction of an easy-to-use algebraic object, the form of which would be similar to the
form of continued fractions, would make it possible to naturally introduce the notion of their
order and to single out the class of periodic objects generalizing periodic continued fractions;

- the algorithm for calculating the value of rational contractions of mathematical objects is
to be simple in realization and efficient;

- by analogy with periodic chain fractions, random periodic algebraic objects of higher
orders are to be of the forms of some algebraic irrationalities of higher orders.

In [15] it is suggested new generalization of continued fractions — recurrence fractions,
which satisfy the above-mentioned conditions. In addition, the connection between singly pe-
riodic recurrence fractions of order n and algebraic equations of order n has been established.
Recurrence fractions of order three have been studied in [16].

This article focuses on recurrence fractions of order four, proves their connection with cor-
responding algebraic equations of order four and determines algorithms for constructing ra-
tional approximations of order four.

YAK 51114
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Calculation algorithm of rational estimations of recurrence fraction of 4-th order 33

Periodic recurrence fractions of order 4

A recurrence fraction of order four takes the form

9i
.
1 Py
P3 h B
A = g4
*i Pi A
«5 a El 1
0 r5 Ps B 95 @
m ljn_ EI
0 m Pm tfm Q.
Its rational contractions
Hi
EQI 92
n El
P3 B 93
*4 Ei
on U pi 4 94
Li El
0 s B B B
L L B,
m pn gn
satisfy the recurrence equations
Pn —qgnPti—1 PnPti—2 ‘b fnPti—3 "b StiPti—4/ mn—1v23 ,, 2
Qn = gnQn-1+ PnQn-2+ rnQn-3 + snQn-4/ n=2,3,4,..

with the initial conditions

Definition. The recurrence fraction (1) of order 4, the elements of which satisfy the conditions

Prk+m = Pm, Yrk+1 = 4T, rrk+m = ?71r Srfc+m Sm, m= 1,2,... k, r—0,1,2,... (3)

is a periodic recurrence fraction of order 4 with the period k

We shall determine the connections between periodic recurrence fractions of order four
and real positive roots of quartic equations.

1 Consider a singly periodic recurrence fraction of order four. Let us decompose the para-
permanent of the numerator of the rational contraction
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A
v A
dE
e 7o
E
r P (i] i
S
Pn_ 0 r P 1 q
Qn
0 0 0 0 O . A
0 0 0 0 O - 5 .
L E
0 0o 0 0 O s EoA
S r
0 0 0 0 0 " p 2?2 7-n1
by the elements of the first column. We get the equality
Pn P r s p
0:-n+ <A TP +1v7 = 7+ vl F Pt pne2 T ofii, fii-2 . Pi-3 )
’ Qn-1 Qn-2 Qn-3 Qn-1 Qn-1 Qn—=2 Qn-1 Qn-2 Qn-3

Let us take the limit
limA~Af= lim B3~
n-K*>Pn- 1
then the equality (4) iswrittenasx = g+ f + £ + p, or x4 = ?*3+ px2 + i+ s. One of the
roots of this equation is

VU4 2Y 4t (30 +2Y+ T 0 5)
A
* = 1 +
where
5 3/ Q 1IQ2 P3
y=—~6a+V*“2 +VT +27-
3-tf-WP -+ 7
3c/4  pq2 i M« R
8 2 v 256 16 T ) o ) )
It is easy to establish thatifq = 4, p = -6, r —4, the singly periodic fraction will represent

the irrationality \Jl +s.

Example 1. If
q=4,p= -6, r=4,s= 2
then the recurrence fraction is written as
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The relevant algebraic equation of order four is of the form x4 = 4x3 —6x2 + 4x + 2. The
rational approximations to the maximum modulo rootx — 1+ \3 ~ 2,31607401295249246 of
this equation can be found with the help of the linear recurrence relations of order four

Pn= 4Pn_i —6Pn 2 +4Pn_3 +2P,_4, Po= 1,
lim
m—>001m-I|
Here are the first 35 rational approximations to this root:

while x =

=% «g = 1164, U = 404736, u22 = 144235520, 10 = 51545829376,
u2 — 10, w = 2704, UNs = 937104, n23 = 334031360, u30 = 119382376448,
m3 - 20, 10 = 6136, mil7 = 2165568, n24 = 773463744, usi = 276492099584,
mwda —38, i = 13936, «18 — 5006752, uS= 1791122688, wuR = 640367841536,
V6= 80, m12= 32072, W19 = 11591488, u26 = 4148304768, w33 = 1483139933184,
Us = 192, 3 = 74624, uD= 26861920, u27 —9608400640, u34 = 3435085834752,
U7 = 480, .14 = 174080, wm21 = 62256896, u28= 22255192192, wu3x = 7955959305216,

whileg =H 1 W « 2.3160874.

2. Consider a doubly periodic recurrence fraction of order four

9i
£2
Yio) 92
11 a .
Pi a 2"
2 £2
) P2 2 92
a L1 El .
0 Pi 4i 9i

7Z 12 E
g n rp 4 92

where L, pi, I, sj are some rational positive numbers.
Let us decompose the parapermanent of the numerator of the rational contraction by the
elements of the first column

Pll« _ <a@2w—1+ Pi[@l]1»—=2 + ri[a2In-3 + S2[*i],.-4
©2]«-1 ©2]«-1
P2 n Sl ®

—0j +
O + 42 n-| Wy n-1  fal n-2 1 2 Hin2  LIN3
ki n—2 4in2 En-3 an2 a2n3 A4

In this equality, the parapermanent of order i with the upper element ¢j, j — 1,2 is denoted

by [qlj. Likewise, we decompose the numerator of the fraction i_i —, by the elements of the
. 1N
first column
2 n—1 Pi r2 Si
eI P > . ©)
[91]n—2 [ii n-2 o n-2 42 n—3 4i n-2 42 n—-3 H n—4
Ne n—3 Rn-3 4i n-1 42 1-3 41 n—4 42 n-5

Let us take the limits
lim _ [o21m
= X i -
m~> [ \m— HofgNn P Y
passing n to infinity in the equalities (5), (6), we get simultaneous equations

X
1

9i +y +8§ + 1

Y=92+ T +8§ + ">
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from which we find that
g2xX + pi +y/(2X +riy2 + Lr2x +sx)
2x
and x is the positive root of the equation of order four

Y =

(@2p2r2+r2—~ghi)*4 = (qig2p2n + p2r2+ L} i/1 +"-qipisi + 2r2s2- pip2r2- g2nr2
- 2r2Si - g2p25\- (iq2s2 - q2p2s2)x3 + (qipip2r2 + g\RAN2 + 2p2TA2 + p\sx + q\Rp2S\
+ 4i?ir2si + p2s2 + 2S1S2 - gN\NO\- pN\a2 — g2r\S - pip2sx - sj — S\- 20pg2p>s2 ™
- 20N\I252 - pN\pP2s2 — g2\2)x2 + (qip\p2si + gNRMAS\+ 2p2rxsl+ N2 + g\Pinr2
+ 20isS\ - 20\I2Si — ps—i — qipjs2 - 2qlsis2 - pins2)x + si(i?fsi - g\p\x - rf).
Thus, the following theorem is proved.

Theorem 1. Ifqi, pi, r7 s, are some rational positive numbers and there are limits

fim FUY o jm 2 -

. ’
iH—00

then x is the positive root of the equation (7) of order four.

Example 2. Ifqi = 3,px= 3,rx= 3,sx= 3,02= 2,p2= 2,r2= 2,52 - 2, then the recurrence
fraction is written as

O NNUTWNN
DWW N
WNN W

Olmy W N

and fhe rational contractions, which approximate the maximum modulo real root

1 1 87 27
*= 24 2 - %9 +2 y+ j-2vy + 3,978743113,
>/=P+b

where

= J- (145+ v/—63197 + 97277226 - —=
24y N _ 63197 + 97277226
of the fourth order equation

4x4 = 8X3 + 23X2 + 27* + 27,

are equal to
429
% 3,9722,
! 1138/\ 2 56397 ) 24 13520 108
Se = - 397892, B = 3,97881,
cocez ™ 168854 oo
55,
= 3,978711, <io= 3,0787455, &n = ATilm « 3,9787442,
| e .
12 479566 ~ ' ' 13 2147853 5697170
101522250

* o= N 3978743118 = r " 3,9787431129.
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2 Algorithm for calculating rational contractions of periodic recurrence

FRACTIONS OF ORDER FOUR

Let us construct a new algorithm for calculating rational contractions of periodic recurrence
fractions of order four.

Let k be the period of a recurrence fraction, and n — the order of the parapermanent of its
rational contraction, whilen = sk, s= 1,2,3,...

Then the following theorem is true.

Theorem 2. The rational contraction

Qn
of the periodic recurrence fraction (1) of order four, with the period Kk * 2, the elements of
which satisfy the conditions (3), is equal to the value ofthe expression

ds—1 s—'Sfl rys—1
o+ Pl- —0F 4. T2 40 USKS ®)
N sk ‘I

where Ask Bg*}v Cdd2and p *~ 3 are defined by the recurrence equalities

rsfc=s3Pfe-ID ~ _ 1)3+ (S2<pk-2+ r2<Pk-C%(l_ly 2+ (sI<Pk-3+ rl<Pk-2+ Pl <Pk-I) + fk-~kd-1)*
©)
Kk-1=530k-2DK(I-1)-3+ (52'Pk-3+ r2tyk-2) )_2+ (S1<Pk-A+ Mtyk-3+ Pi'Pk-1)Bdh-1)-1+ M-l A Kk(I-1)'
(10)
€ sh2=53Tk-3 ). 3+(S24-A+ 24-3) 12+ @Y 5+ riT ~ + p1TK 3) Ao+ TK2
(11)

DE 3=s3 A~ D 7 1) 3+(s2’E 5+ r22)C~J_1) 2+ (si*_6+ri"_5-)-/31" ) B ~ 1) 1+~ _3A~]_1),

(12)
9i
5 @
I El
=T %ﬁ
n.
P8 2.
0 [ %
K = 5 s s (13)
0O 0 0 0 O -3
0O 0 0 0 O ;:22 ofc-2
- P4
c 6 o0 00 Pl A\ TRl
0O 0 0 0 O It &g
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and if k= 2,3,4, we assume that
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11
45

P6

o o o O

Pi
%)
rz

o o o o

o o o O

s

P6

o o o O

%
Pi

o O o o

77
PB

o o o o

o o oo

o o o o

o o o o

(14)
ey e
rk-1
Pk-1 S=f 9t-i
$K \ 4
rK I/I r 1
(15)
Lk- 3
Pk—2
k2 Lk—2
-1 Pk-i f |
P-1 4kl TMC=
£i n ft
@ Pk it X o2
(16)
k- 3
Ltk_-zz Uk- 2
£k=l
Plléfl A
n Pit Vi 74 Lik fo-3

?<0 = T<0 = YP<0 = Y<0 —O,

Proof. If n = dfg then the numerator and the dominator of the n-th rational contraction of the
periodic recurrence fraction (1) of order four, with the period of Kk~ 2, the elements of which
satisfy the conditions (3), are respectively in the form
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STGRES
AR S

?
quA
OOOOO..%S
00 0 0 O . TR
Pk 00 0 0 O ._%%-lu(_l ., @an
000 O0O0.- hk
00 0O0OS..0 3
00 O0O00O 0O 0 0 0 0 ..es
000 00O 0 0 0 0 0 . 405
00 0O0O 0O 0 0O 0O noLo&sl A
000 0O 000002;}&;’1
m
?a
p343ﬂ3_
i B g
CE R RIb
OOOOO...L&_E
00 0 0 0. % 2
Qsk - ooooo._.%g-l%i-%u(_l
K
ooooo._pﬁI ﬁ
00O0O0O.. 0 f ﬂ:qm
00 0O0O 0O 0 0O 0O L 3
00 0O0O 0O 0 0 0O < oo
000O0O.. 0O 0O 0 00O el £ 1
i 1
000O0O.. 0O 0O 0 00O %Tqﬁ

Let us denote the parapermanent, formed from the parapermanent (17) as a result of delet-
ing the first column, by Ask the parapermanent, formed as a result of deleting the first two
columns, — by BsK}v the parapermanent, formed as a result of deleting the first three columns,
— by CK}2 and the parapermanent, formed as a result of deleting the first four columns, —
by Dd¢ 3 (in the four cases, the superscript denotes the number of complete periods containing
these parapermanents).

Let us decompose the parapermanent (17) by the elements of the first column and get the
equality
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Psk = ijo"sfc + Pilllk\ + M2C1k-1 + s3DsV-3 (18)
Let us decompose the parapermanent Askby the elements of the inscribed rectangular table
T(k + 1), then we get the recurrence (9). In the same way, let us decompose the paraperma-
nents BK}v CK}2 and Dsk}3by the elements of the tables T(k), T(k —1), i T(k —2). At that
we get the recurrences (10), (11), (12).
As Qsk = Ask considering (18), we conclude that the rational contraction én = ~ of the
periodic recurrence fraction is equal to
Pk 408k + PIBSK\ + r2Csd 2+ s3D i3 3 Bk\  cs\ ﬂ?i;_ﬂ

—————————————————————————————— = qo + pi + r2-
Qsk Ak AU 'K *

[

Example 3. Let us have a periodic recurrence fraction of order four with the period, where
q\N= Vpi=VUB—-—VUYUsA—VUqi—2VUP3 1/ wm/ Vi 2,p4 2,15 2,5 2
A= LPo=VUri=1Us2=19%B=2pi=21r2=2,s3=2

This periodic recurrence fraction approximates to the maximum modulo real root

33 0 =
3-2Y + 1,969558741906025,
nr+2y/

where
23

\/-2007 + 144n/622/
fhe equation of order four
x4 - 9X3- 9x2- 8x - 16 = 0. 19
Let us find the rational contractions (20) of the relevant recurrence fraction first with the
help of the recurrences (2), and then by the algorithm of the theorem 2.

"1
101
1

1 7 21

o 3 2 31 2

o 0 2 5 2 1
Pn—OOO‘ZLle

2 (20)

o o0 0 0 2 1 3 2

o 0o o 0o 0 1 3 2 1

o o o 0o o o 3 2 3 2

o o 0 0 0 0 0 2 5 2 1

o 0 0 0 0 0O 0 0 0O 0 0 ..2

By means of the recurrences (2) we shall have:
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AN - 2 -7 A 6 0 X 12 9 A 35 1.9444 = @ = 1.97142
1- 1 " 2= 3=2. *I=1 = 2 = 18 ’ '
e 134 - 197050, A7 39% 1970149, 4 7~ 19692308, Sy= %, __ « 1969618
68 ’ 201 ' ' 30U ' ’ 1152 ' ’
4469
Ao = . = A 1. 29, = % 1.96955017,
0= oygg L969590L  Bn = > 196955920, &2 2005 2 969
g = 10692 1.96956005 146807 196055015, i15= 2000 ) 9g055867
= ~ 1 4 = . = .
3= 5530 P 74538 ! 146807 !
316 200950 1.969558653, <7 = 1657236 1.969558784, {18 = 3215088 1.969558745
15 - boelg — + ’ T 841425 ' ’ T 1632300 ¢ ’
9498457 1969558730, f0 = 0107789 ) oeossg7300
4822632 ' ’ T 9498457 ' '
36293635 10695587426, oz = 07223678 1.969558741948
18427294 1 ’ T 54440457 ' ’
208017180 106955874185, o4 = OrA003083 ) osos5874189
2= 105616134 ’ = 312025770 ° ’
1210398397 2348209518
o5 = 1.969558741926, 2) = .
2 = 614553083 A= 10po5157g > 1:9695587419051,
6937404876 13458775392
527= 1.9695587419044, &8 = .
3522314277 * 6833306285 ¢ 1-I09°°8741906103,
o = 761773093 106955874190628, &0 = | OoLoiAr789 1.96955874190598
99 = 50188163088 ’ T 39761773093 ' '

Let us do similar calculations with the help of the algorithm of the theorem 2.

We shall calculate £ 1, {0, 0\.€2 To, T\.T2 T3, Y1, N2, ip3, ips, Yi, Y3, Yo, Ps from the equalities
(13), (14), (15), (16);

1 1
1
2 2 1, 1
y5 = 212 1 =35 (M@= % = 18,3 - k =6,
2 2 2 1 i L2
1 2 242
0 2221
2
9 2
w2 — =3 W=, =24 ¢3= 2 =12,
2 2 2
g2 - 1 =4, P1= 2 13 - 2 = 6, T2 = =3, =1 10=1
2 1
2 r
e = - -4, 0 -2, fo=1C-i=0.

Consequently, the recurrences (9), (10), (11), (12) wi7i be written as:

S-2
Be-8* 3n55~7 + 33SF B+ 35451V

B£11=12D5% + 20qr_27* 22Bs7-h + 2iA£}s.
Cdslp =314 3B+ 5 qeg27 + 68*r N + 6 neh k.

S B - s—1
NEsls =7"85% 4 4cos 7 + «IT-26+ 4Abg s>
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The s-th approximation to the value of the given recurrence fraction, by the algorithm of the
theorem 2 is of the form

1.969558672,

1.969558741926,

Thus, from this example it is clear that the s-th approximation j s found by means of the al-
gorithm of Theorem 2 coincides with the (5s)-th approximation 63 found by the algorithm (2).

3 Conclusions

Therefore, recurrence fractions of order four are natural generalization of chain fractions.

Periodic recurrence fractions of order four are connected with corresponding algebraic equa-
tions of order four and show irrationalities of order four, while Theorem 2 provides an effective
algorithm for constructing rational approximations to these irrationalities.
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INbKIB B.C., BONAHCbKA 1.1.

HENOKA/IbHA KPAWOBA 3AOAUYA ANA AVNPEPEHLIAIBHOIO PIBHAHHSA 3
YACTUHHVMMW MOXIAHVMW Y KOMMJIEKCHINA OB/IACTI

JocnigykeHo HeroKasibHy KpalioBy 3ajadvy A/1s PiBHAHHSA 3 YaCTMHHMMMW NOXiAHUMU 3 onepa-
TOpPOM y3arasibHeHoro gudepeHLuitoBaHHS B = {(—, SKMIA Alie Ha PYHKLiT CKaniApHOT KOMMJ1EKCHOT

3MiHHOT {. [loBeaeHO TeopeMy EAMHOCTI Ta TeopeMU iCHYBaHHS PO3B'A3KY 3a4adi 'y npocTopi H 7 (T>).
BcTaHoB/1EHO YMOBY GIEKTUBHOCTI 0nepaTopa HesloKa/IbHUX YMOB 3aiadi. MoKa3aHo KOPeKTHICTb 3a
Apamapom 3agadi, Lo Bigpi3HAe i1 Big HEKOPEKTHOI 3a AgamMapom 3adadi 3 6araTbMa NpocTOpPoOBMMU
KOMIMJIEKCHUMW 3MiHHUMU, PO3B'SA3HICTb SIKOT MOB'sA3aHa 3 Npo6/1eMO0 MasInX 3HAMEHHUKIB.

Kntouosi crioBa i hpasn: PiBHAHHSA 3 YaCTUHHMMMW MOXIAHMMMW, oNepaTop y3arasibHeHoro Agunde-

peHLitOBaHHSA, y3arasibHeHi PYyHKUiT, ANCKPUMIHAHT MHOro4YsieHa, pe3ysibTaHT MHOro4vseHis, Mmani
3HAMEHHUKMU.

HauioHanbHMA yHiBepcuTeT "JlbBiBCbKa MosiTexHika", /1bBiB, YKpaiHa
E-mail: ilkivvSi .ua (InbkiB B.C.), syluga@ mail.ru (BonuHcbka l.1.)

Bcrtyn

B ocTaHHI pOKM 3HAUYHUIA iHTEepec BUK/IMKaTb KpalioBi 3agadi An1a audepeHuiaibHUX piB-
HAHb 3 YaCTUHHMMMW MOXiAHUMW. 30KpPeEMa, 0AHUM 3 HalABaXK/IMBILLMX MNTaHb 3arasibHoi Teopil
AngepeHuiaIbHMX PiIBHSAHb 3 YHaCTUHHUMMW MOXiAHUMW € BCTaHOBJ/IEHHS YMOB KOPEKTHOCTI LMX
3a4a4. Y UbOMY MJ1aHi MopiBHAHO A06pe BMBYEHI KpalAoBi 3adadi 4718 NiHIAHNX | HeMiHIAHNX
PIBHAHb K/1aCUYHUX TUMIB Ta IX y3arasibHeHb, SKi 36epiraloTb B/IaCTUBOCTI BiAMNOBIAHOO TUMY.
Lo cTocyeTbca NobyaoBu Teopii 6e3TUMNHUX PiBHSAHbL, TO BOHA JasieK0 He 3aBepLueHa, 6arato
3a/1a4 NOTPedyTb MNOAANILLIOIO peTesIbHOr0 BUBYEHHS.

Cepef, HEKJTaCMYHUX KpaioBUX 3aa4u 4/1 PiIBHAHb 3 YHaCTUHHUMW NOXiAHWUMUW Ta s ange—
peHNia/IbHO-0MepaToOpHUX PiIBHAHbL BaXK/IMBE MicLLe NoCifanTb 3a4a4di 3 Hes/IoKa/lbHUMU Kpaiao-
BMMW YMOBaMWU, SIKi NOB'A3YI0Tb 3HAYEHHS LYKaHUX PO3B'A3KIB Ta IX MOXiAHUX Y PisHUX (ABOX
abo 6ifiblue) rpaHUYHUX YU BHYTPILWHIX TOYKax po3rnsayBaHoi 061acTi. Y 3arasibHOMy BU-
NagKy Taki 3adadi € HEKOPEKTHUMU 3a AfamMapomM, a iX po3B'A3HICTb 3a/1eXXNTb Big, Npodsiemu
Ma/IMX 3HaMEHHMUKIB, AKi BUHMKaOTb Npy Nobya0Bi 3arasibHOro po3B'A3KY.

KopeKTHICTb HesToKasIbHMX KpataoBUX 3ada4u Ans AondeperHyia/ibHUX PiBHSAHb 3 YaCTUHHUMU
noxigHMUmMmM aocnifgpkyBanuca y poboTax 6araTbox aBTopiB (ave. [2, 10, 11]), Nnpu HakNafaHHiI
[00aTKOBUX 06MEXeHb Ha PiBHAHHSA, KpalAoBi yMOBM Ta 06/1acTi po3r/isay 3agad.

JocnigxeHH0 3a4a4 3 HesTIOKa/IbHUMU KPaiaoBMMM YMOBaMM 3a 4acoM Ta ymMoBaMu repi-
O4WNYHOCTI 3a NPOCTOPOBUMM 3MIHHUMM A8 PIBHAHb 3 YaCTUHHUMMW MOXiAHUMMW NPUCBAYEHO,

YOK 517.946+511.37
2010 Mathematics Subject Classification: 35G15, 35E05.
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30kpema, poboTu [1, 6,12], y AKUX ANA aHaNi3y oyiHok 3HU3Y MaJiMX 3HAMEHHUKIB 6Y/10 BUKO-
pucTaHo MeToAW i pe3ynbTaTU MeTPUUYHOT Teopii Yyncen.

PaHilwle HEKOPEKTHI 3aa4i 3 HE/IOKa/IbHUMM YMOBaMW AN1S PiIBHAHb 3 YaCTUHHUMMW MOXi-
OHVMMW BUBYa/TUCS JTULLE Y AiACHNX 06/1acTAX, a Y KOMIJIEKCHI A 06/1acTi He BUBYaincA. 3adavy
Kowi ana audepeHuia/ibHUX PiBHSAHb 3 KOMMJIEKCHUMMW 3MIHHUMUW BUBYaB Ay6incukuii 0. A.,
pe3ynbTaTu AKOro ony61ikoBaHo y npausx [3, 4].

Y cTaTTi Aocnig)XeHO HenoKas/ibHYy KpabioBy 3afady Ans AndepeHLuiasibHOro piBHAHHSA 3

y3araJibHEHUM 0MepaTopomM AudepeHuitoBaHHA B = z*- 3a yMOBU 0AHIET KOMMNJIEKCHOI 3MiH—
oZ

Hol. BcTaHoBMEHO KpuTepil 04H03HaYHOI po3B'A3HOCTI 3adadi y npocTopi H'(T>). JosBegeHo

BGIEKTUMBHICTb onepaTopa HesloKaslbHUX YMOB 3agadi. NokasaHo, Wo 41a o4HIiel NpocTopoBoi

3MiHHOT Bi4MoBigHI 3HAMEHHUKN He € MaJIUMU | OLIHIOThCA 3HU3Y AeAKUMU CTa/TUMUA.
OTpuMaHi pe3ynbTaTu y3ara/ibHOTb A0C/iAKEHHS pobiT [7, 8, 9].

1 lNMocTtaHoska 3apgaui

Mo3Haummo S — o06nacTb 3 MHOXKMHU C \{0}, V = [OI] xS, ge T > 0. Hexala W —

JNiHIAHWIA NMPOCTIip CKIHYEHHUX cyM (OCHOBHUX (BYHKLitA) Burnsay P(z)= X]Pkzk, oe zeS, Pk—
K
KOMMJI1EKCHI KoeilieHTH, /ceZ. KoXXHY 0CHOBHY hyHKL,it0 P(zZ) MOXHa nogaTtu ik CymMy TpbOoX

OopaHkiB: P(z) = Pgq+ Pi(Q) + P2i-), ge Pr({)= Z h ZK i Pr(m;)= = P_kwk— mMHorousieHn 3
K K

XZ]j
HY1bOBMUMU BiflbHUMM YnieHamun (P1(0)=P2(0)=0).

MpocTip W '— cripsbkeHMEA NpocTip 3 npocTopoM W; Le NpoCTip y3ara/ibHEHUX PYHKLiIA

(NiHIAHWMX HenepepBHUX yHKLUioHaniB Q : W -» C), fAKi € jopMasibHUMU pagamm (psagamm
@

NlopaHa) Q(z) = X Qkzk — X Qkzk>Ll° giloTb Ha 0OCHOBHY yHKLUit0 P € W 3a npaBusiom

fcez K= —00
(Q,P) = LQKkPK.
K
BBegemo e WKasim MpocTopiB {H ()(5)3} (?ek | {H " (P )} (?ek, A€ H,,(»S) — Fi/IbOEPTOBMIANPO-

CTIp DYHKUIA ¢ = @(Q) = = ipkzk, AKMIA OTPUMaHUIA NOMoBHEHHAM W 3a HOPMOIO
Kez

= (EMNW*12)Z K= Vi+K,

fcez
" : . o .. &u(t,z)
a H'(Z>), n € Z+, — 6aHaxiB NpocTip Takux ¢yHKUita u(tfz), wo noxigHi ¢
atr
r=0,l,.,.,n, 9Ki BUSHa4eHi popmMyi00 n € Zul™\t)zk, ona koxxHoro t € [0 T]
at

HanexaTb Ao npoctopie HE r(»S) BignoBigHO i HenepepBHi 3a 3MiIHHOK t y LMX NpocTopax.
KBagpaT HOpMM PYHKLIT 1Yy npocTopi H” (%) 064ncntoeTbes 3a opmMy ok

.2 \% i cYu(t,-)
EUH(TS) « T-1 Tax dtr  haers)
3ayBakumo, wo Bsp € H,, s(5) ana Bcixs € N, akwo Y € H,j(«S), ae B— onepatop y3a-
rasibHeHoro gugepeHyitoBaHHSA, TO6TO B\p—z'E'IR, a cTerneHi onepaTtopa B BM3HayeHo popmy-

navmun B°Y — , Bsip= B(BS 19) npus € N \{1}, (3okpema, maemo Bs(zk) —kszK).
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B 06/1acTi T>po3rnsiHyTo 3a4a4vy 3 HeJI0KaslbHUMK YMOBaMu

asan
Lu= £ oM 1B5m, = O i1)
DS dtso
M _dmu A A dmu | 01 1
mu —ji o MmiEF—yp m—01...n 1 ()
fea)d € C, y € C\{0},all0= 1, u = u(t, ) — wykaHa pyHKLis, a @0, @,—\— 3a4aHi

MYHKLIT 3MIHHOT z.
AKLL0 BUKOHYETbCA YMoBa «€EH"(P) ansa enemeHta = > WK(t)zk>T0 BipHUMU € hOpMY -
ez

mBn = X kuk{t)zk€ H" r(P), Lu € Ha-ni'D) * € Hg-m(S) pna w = 0,1,...,n - 1
kaz

O3HayveHHA. Mig po3B'a3koM 3agadi (1), (2) 6yaemo po3ymiTn dpyHKLito u = u(t,z), AKa 3a40-
BOJIbHAE PIBHAHHA (1) | yMOBWU (2) Ta Ha/leXXnTb 0 npocTopy H 7 (T>).

Ans icHyBaHHS po3B'A3KY 3agadi (1), (2) HeobxigHo, Wo6 hyHKLIT @n Hanexanm go npo-

ctopiB HI?Z. m(»S) npuym = 0,1,...,n—1BignoBigHo. Lie TBepaXXeHHS € HacNiAKOM 3 03Ha4YeHHS
po3B'A3KY 3afdadi Ta BfacTMBocTelA npoctopie H'(X>) i (5).

2 MNob6yposa hopMasibHOFO po3B'A3KY. TeopemMa €AUHOCTI

Po3B'sa30K 3agadvi (1), (2) wykaemo y Burisgi paay:

u(t,z)= £ u k(t)zk, (©)]
=z
Oe KoegiuieHTn uk = uk(t) — HeBigomi GyHKLIT, SKi Tpeba BU3HAUNTWN.

I
3anuwemo onepaTop L 3 piBHAHHA (1) y BUraagi cymum Lu = go i Oe onepatop

= otn i

I

b:(B) = X~ an-j,siBSI>l = 0,1, -+, N, € MHOrO4YJIEHOM He BULLE Y-T0 CTerNeHs Big onepaTopa B,

si=0
30KpeMa, bo(B) — oguHNUHMIA onepaTop.
dyHKUis W, 3 hopmynn (3) oA KoXHOro k € Z € knacuydHMUM po3B'A3KOM BignoBigHOT
3a4adi 419 3BUYalAHOro AndepeHLUia/IbHOro PiBHSIHHS, a caMe 3adadi:

¥ TG :

(m) (m) _ _
_ =<k m=0,1,....n-1, 5
. K f=0 Uk =T ()

Ae bj(k) = X an,SkI — MHorousnieHun cTeneHs He Bulle j, (IMk— KoegilieHTN dyp'e PyHK-
SI=0

LT (om To6TO KoediiuieHTw pagy Y@ = fZ <Prezk.
oez

E€QMHICTb po3B'a3Ky uk 3aaadi (4), (5) y npocTopi C'[0, T] Ana BCiXx k € Z € HeOO6XiAHO
i 4OCTaTHLOK YMOBOK €AMHOCTI PO3B'A3KY 3adadi (1), (2) y npocTopi H " (P) 4Na A0BISIbHOIO
g € 1R Came TOMy, AKLLO0 X04a 6 4/19 04HON0 k iICHYE HETPUBI/IbHMIA PO3B'A30K ik = uk(t)
oaHopigHoi 3agadvi (4), (5), To ogHopigHa 3agaya (1), (2) TakoXX Mae HETPUBIA/TIbHUIA PO3B'SI30K
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n = u{t,z), KA BM3Ha4vaeTbca gopmynoto 0(i,0) = uk(t)zk i po3B'a3ok 3agavi (1), (2) He
MOXe OYTU EAVHUM.

Ana nobynosu po3B'A3Ky 3agadi (4), (5) y piBHAHHI (4) npoHopMmyeMo KoediuieHTU bj(k),
j = 1,.,.,n, i nogamo ix y surnagi godyTky bj(k) = kibj(k). ®yHkuii bj(k), 9K i KoegiuieHTHN
bj(k), niHilAHO 3anexaTb Big NapamMeTpiB an-j,i>... ,an—j,j i piBHOMipHO 06MeXXeHi 3a K
OueBMAHO, BUKOHYETbLCA HEPIBHICTb

1301 < E WU\ Ur < max \\aA4rsx\f
spo K! 1 sfro Kl

AKW,0 KoegiyieHTM A505 € C piBHAHHA (1) po3rniggaT y Kpy3i Aeskoro pagiyca A 3 LEHTPOM
Yy MoyaTKy KoOpAUHAT KOMMIEKCHOT MIOWMHWU, TO OTPUMAEMO OLIHKN

341 = ol < A, )\ < (/+1)2-iA < BA,

IMSI <£]ipT <1~ T Ni-1,0,11%,
T06T0 \bj(K)J < 2A Ana BCix K € XK 3Bicn BUNMBaE, WO A5 BCiX (3 BpaxyBaHHAM KpaTHOCTI)
KopeHiB J1i (K), ..., \. N(K) MHoro4seHa

Y T4

P = WA- A-1) = A"+ £ IB)A-1

M -1

BUKOHYIOTbCS HepiBHOCTI [5]:
IA @)l < 1+ wax{]5i]/....|B,|} <1 +2A. (6)
OueBngHo, wo umncna yj = k\j(k) € KopeHIMUN BigMNOBIAHOI0 XapaKTePUCTUUHOIO PiIBHAHHA

yn+ bi(A:)7"-1 + ...+ b,(K) = 0 419 gndepeHLuiasibHOro piBHAHHSA (4).

Mo3Haunmo vepe3s K MHOKUHY TUX LISINX Yncen K, 418 aKnux MHorousieH Pit(A) mae Kpa-
THUIA KOPiHb.

[nsa pisHUX KopeHiB JTi(K),... ,\\N(K) 3ara/lbH1A po3B's130K PiBHAHHSA (4) Mae BUr/isAg,

uk{fty = t CH ~ Kt keZ\ K, @
1=1
ae CK — A0BiJIbHI KOMMEKCHI CTasli, | HA1eXUTb 40 NpoCcTOopy C " [0, T1.

Akwo uk(t) — po3B'a3ok 3agadi (4), (5), To umcna Gy = {y —ekA™ T)Cli, | = 1,2,...,n,
YTBOPIOIOTb P03B'A30K CUCTEMMU JTiHIAHNX a/TreB6pUYHUX PIBHSHb

EA®EM=17?, m=0,,.,.,.n-1 ()]
=1 K
3 MaTpuuero BaHgepmoHaa (K)) ” /=r HaBnaku, akwo uncna Q/, gel = 1,2,.,.,n, yTBO-
PIOKOTb PO3B'A30K CUCTEMU MIHIAHNX a/Ire6pNUYHNX PiBHSAHB (8), To dyHKUis uk(t), w0 BM3Ha-
ra
yeHa hopmynoto (7), BSkinQ/ = ———~~T~>¢€ po3B'sa3Kom 3agadvi (4), (5).

U — £41i{k)T
Po3B'a3ytoun cuctemy (8) 3a npasusiom Kpamepa, 04ep>XYEMO PiBHOCTI
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ne Akk) = M (hq(k) —Ar(fc)) — Bm3Ha4yHMK BaHgepmoHpa, a Au(K) — Aoro BiAnoBiaHi
I<r<g<n
anre6bpuyHi AoMoBHEHHS,j = 0,1,...,n—1,1= 1,2,..., n.

Ans Toro, wob 3agaya (4), (5) Mmasia €eAMHNIA KNacU4HWIA PO3B'A30K A1 KOXKHOIo K € Z \K,
HeobXiaHO i AoCTaTHBLO, W06 BUKOHYBas1ack ymoBa U o eN(fe)T aod ; _ ir..., u. 3 Liel ymoBu
Bunawmeae, wo Iny @ K\{(KT + I12mtn, a6o Ai(k) ¢ M~ ATA JoBifibHMX m € Z Ta
1=1,2,...,Mn.

Y npoTunexHomy Bunagky, Konv g = ek KT ana gesakoro /, icHye Take uncsio m € Z, wo

LN —i2nm L
KopiHb Al(K) BM3HauacThLCa 3a popmysiow: A/(K) W= lﬁ_——‘—— . TOMY BUKOHYETbCS PIBHICTb
an u-tzmmn -V b{'(k)— N O'q'vgle Bi_Ba.II'%enHml' gfl%pilghiCTb
Tnkn “1 TIM-)KM)
*
An® —i2nT)n+ X bj(k)V(Inpy —i2nT)N = 0. (©)]

=1

Ansa KpaTHUX KopeHiB (K € K) 3araibHMiA po3B'a30K PiBHAHHSA (4) TakoxX 6yae mMaTu BUr-
nap, (7), B AKOMY, 3a/1€)KHO Bif KPaTHOCTI KOpeHiB A; (K), 3aMiCTb UMC/I0BUX KoeiLieHTIiB Q;
6yayTb MHOro4Ys1ieHHi KoegiuieHTU Cjt/(f). MoxkHa nokasaTu, w,o ymoBa (9) 6yae Heo6XigHOM i
[0CTaTHLOK YMOBOIO EAMHOCTI Po3B'A3KY 3aaadi (4), (5) i 3a KpaTHUX KopeHiB [6,12].

Teopema 1. Ona egnHocTi po3B'a3Ky 3agadi (1), (2) y npoctopi H" (V) HeobxigHO i 40CTaTHbLO,
1,06 piBHAHHSA (9) He Mas10 po3B'A3KIB Y LiMX uncrax mi k.

AoBefieHHs1. HeobxigHicTb. Hexald ogHopigHa 3agadva (1), (2) y npoctopi H”(P) mae He 6inblue
04HOI0 po3B'A3KY. AKLLO0 iCHYe po3B'A30K 3agadi (1), (2), Toai BCi GyHKU,iT uk(t) 3HaxoaATbCA
04H03Ha4YHO, TO6TO ogHopigHa 3agada (4), (5) y npocTtopi C” [0 T] ana scix k € Z mae egu-

HWIA po3B'A30K. OTke, A(K) sl (U —" ANet) ¢ O, AKWoO K € Z \K, To6To U O ans
1=1
I —1,...,n TakumM YMHOM, pPiBHAHHS (9) HE MaE pPO3B'A3KIB Yy Li/INX uncnax T i K AHasnoriyvHi

HEepIBHOCTI OTPMMYEMO Mpu K € K.

AocTaTHIicTb. [loBeaemo Bif CynpoTUBHOI0. Hexai/ piBHAHHA (9) Mae po3B'A30K 4S1A K*, T*.
A i Inm - i2nT* i m.ky
Topai MoxHa BBaxaTw, Wwo Jli(k ) = —1—Kk=—_|7——— , a ogHopigHa 3agada (4), (5) Mmae po3B A30K

e*Al(fof _ plinu-em )j 3Bigcn Bunameae, wo 3agada (1), (2) y npoctopi H"(T>) AKLL0 Mae, To

6e3/1i4 po3B'A3KiB, OCKINIbKM U*(t,z) = CzK'e(K v—i2nT 'T, ge C — AoBiNlbHa KOMMJ/1EKCHA CTasa,
€ PO3B'A3KaMu BiAMoBiAHOI ogHOpPIAHOT 3agadi. TeopeMy AoBeAeHO. O

Ana gikcoBaHux Y Ta I piBHAHHSA (9) BU3HaYalOTh 3/1i4EHHY KiJIbKICTb MPSAMUX Y NpPOCTO-
pi KoegiuieHTIB a9 gndepeHUiasnibHOro piBHAHHA (1), a ana hikcoBaHUX a9 — 3/1i4eHHy
KiNIbKICTb TOYOK Ha MJIOWMHI 3MIHHOT In Y 3a pikcoBaHoro T, abo 3/1i4YeHHY Ki/IbKIiCTb TOYOK Ha
oci 3MiHHOT T 3a (hikcoBaHOro Y. ToOMy MHOXUHU KoediLieHTIB 4 napameTpiB 3agadi (1), (2),
L1 AKUX HE BUKOHYOTbhCH YMOBU €AUHOCTI, MalOTb HYJ/1bOBY Mipy.

3a ymoB Teopemun 1 gnda poBinibHOro K € Z poss'a3ok Wic(i) 3agavi (4), (5) icHye, a npu
K € Z \K Ma€ Takuia Burnsaga;

O, -1 An(K)

LL(I>=5,5 M MO -JFK) - | @

l<r<qg<n
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3a popmynoto (3) hopMmasibHUIA po3B'a30K 3aaadi (1), (2) nogaeTbesa y BUrNs4i pagy

u(t,z)= X>ffzfcr = E E AYOQ "R r W . 1)
KEK KKNKh k A<>H -e kST 9Kk

3 OuyiHwBaHHA po3B'A3KY. TeopemMa iCHyBaHHA

JoBenemo HanexHicTb po3B'a3ky (11) 3agauvi (1), (2) go npocTtopy H"(V). BpaxoBytouu, L0
K — ckiHYeHHa MHOXWMHa (Byae nokasaHo Aani), OLiHMMO abCoMOTHY BEMMUNHY YHKLLIEA W,
Ta X noxigHUX 0o nopaaky navwe ansa k € Z? \K, 3okpema

tr n N\r( , I tt-1
—1aw™M ()1 2] ;:Alun =2 1=bl > [1]
MigHecemo 06MABI YaCTUHWM HEPIBHOCTI A0 KBaApaTy i NepeTBoOpMMO 40 BUrIsay

2n—1

4°(MR< ML +2a)2rm 2 max|A;: Q]2 wax (12)

u- exm)t M1 K LPIK\

Ockinbkn Ajj(k) — BM3Ha4YUHUKM NopsaaKy M—1, o MaloTb 06MeXeHi eflieMeHTN, SKi € cTe-
neHaMu vncen At,..., A, To 3 (6) Maemo

AsKI< M—DY1 +2M)(_17/2. 13

Ana noganblioi ouiHKN \KN03rnsHemMo Bupas A2(K) y gopmyni (12), akmia € ANCKPUMIHAH-
Tom D(K) noniHoma Pk(A), i ANns SKoro cripaBea/vBi Taki ABa 300paXKeHHS:

021 = D(K) = M (A,(*)-Al(:))2 = N a#> - K\r(K)\
I<r<g<n l<r<g<n
1 h(k) « b, i(/c) bn(k) 0 0
0 1 « bn 2K bn-i(k) LI 0
D) = + 0 0 T b2(k) b3(K) bn(k)
n (n-Dbx{k) . m K-i(k) 0 0 0
0 n e 2bn.2(K) b\ 0 0
0 0 n (n - Dbi(k) (n-2)b2(k) . . bn-i(k)

[e 3HaK nepeg BU3Ha4YHMKOM BU3Hadae hoopmyna (—1)7™* ’1"/2.
AuckpmmiHaHT D(K) nogamo y BUrns4j MHoOro4sieHa:

Di D? /fe\wu(n-1)-2 P n(n-1)
i'i + X ( i) fen(n—)
n(n-1) / D\ Di D inh-1)4

'G) IDo+ T + W + —+ kn(n-1) ) (14)
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ne Do, Di, D2, ---, — KOMMMJIEKCHI Yncna, SKi € MHOro4Ys1eHaMmM Big aasi/ npnyomy Do —
n

OVNCKPUMIHAT MHorodneHa A" + > an-j,j*n~] (ueiA MHOrousieH 6yayeTbCcs 3a FOSI0BHOK YacTU-—
=1

HOIO piBHAHHA (1)):

1 Ap—11 e aln—1 ao,n 0 0
1 .« <2n-2 aln-1 Ion 0
0 0 an-11 rn—22 an-3,3 a0,
DO= (—I)- 2 . n-t n n
(ﬂ—l)l’l,,_l,l . al,n—l 0 0 0
0 n . 20Z'M-2 q1,M-1 0 0
0 0 n w-1)n,_in (n—2)a._22 . o\

0 n(n-1)— AUCKPUMIHAT MHoro4dsieHa A" + = an-j,0A" / (MHoro4sieH 6yayeTbecsa 3a Koeqiui-

7=1
EHTaMK 6iNa YMCTUX 3a t MOXiAHMX):

1 <*n-1,0 a1,0 50,0 0 -0
0 1 a2,0 21,0 20,0 -0

D o 0 an-10 2,0 An-3,0 . «0,0
n (n—1)a,_1/0 .. 41,0 0 0 . 0
0 n 2120 Ogo 0 . 0
0 0 n (u-1)a,_1,0 (n—2)an-20 - « s10

Hexata D0 ¢ 0, Toai auckpmmMiHaHT D{K) npn K¢ 0 haKkTopn3yemMo Tak:

DO 2Dj , 2b2 , 20,(n_1
mb
Do/k\n(n 1) ( 2/ D2 ;v DGR N\
= T W \% w n 1 T i-.iin-iin,1,1
. L IDO1 /Ifc\«(«-i) DO
3 0cTaHHbLOT POPMY TN BUMIMBAE HePIBHICTL DK\ > NAC] npy R\> ne
Do = 2(|Dil+ [D2[+ ...+ |D.(._N]).
Ana apoby RXK cnpaBeg/IMBOLO € OLiHKa
fc€ 2" \{0}. (15)
BpaxyBaBLUU HepiBHICTb (15), ouiHumMo moaynb D(K) 3HU3Y
DR\ > 2y- - (42)"1"v = (*2)_I("-)-2|D0} K> |DD(81’ (16)

. Do . . .
OTpVIMaHa OLUIHKa € TOYHOK 3a K Irnpu R\ > OCKUJTIbKWM OLIHKa 3BepXy, AKa BUINJINBaE 13

3
306paxxeHHA gnckpnmiHaHTa D(K), mae Takmia surnsag: DR\ < -|Dgl.
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3 ouiHKK (16) BUNAMBaE TaKOXX CKIHYEHHICTb MHOXXUHU K.
e\([Kit

Y topmyni (12) 3amWaeTbCa OLIHUTU 3BepXy Apobn —— = . Ana yboro BUKoOpUC-
b _ ekN/(K)T

Taemo Taki asi popmynu: JeAiNef] = ekReX (Kt < max | ;2 ReA()T} Ta ItRe Ay] — 00 npu
R\—»00. OueBUAHO, WO Tpeba A0BECTM NuLle Apyry hopMyy.

3 piBHOCTi 2ReAj(k)—Aj(k) + Xj(k)=\]j(k)-(-Xj(k)) i Toro, wo -AX(K),..., —=Xn(K) € Ko-
n n
peHAMWN MHoro4vsieHa PIKA) = M (A+ AHfc) = A"+ £ (-1)—~ib,(k)Xn—~i, oTpnmaemo, w0
7=1 /=1
nn
yucna 2ReA,(/c) € MHOXHUKaMm pe3ysibTaHTa R(kK) = M M (A.(x) —(—A/(£))) MHorousneHis
=1/=1

P< Ta P/, LieiA pe3y/ibTaHT A0PiBHIOE TaKOMY BM3HAYHUKY:

1 h (k) . bn-i(k) bn(k) 0 0
0 1 K -2(k) b.-i(k) bn (k) 0
0 0 b\ (k) b2 (k) h{k) bnik)
BA T 1 oy (-1 )nbn(k) 0 0
0 1 + (-1)n-2bn-2(k) (-1)n~4n"{k) (-1)nb,(k) . 0
0 0 -h(k) -b2(K) -4k m. (-1Tr=b, (K
Ansa poBinbHoroj = 1,..., M OLIHMMO MoAY/1b AaHOr0 pe3ysibTaHTa 3BepXyY:

IBOI < 2"Z(1 +2A)"2 1|ReA; }
A8 OUiHKKM 3HU3Y NoAaMO pe3ysibTaHT Yy BUrNSa4j
oA - o >+B|422+___+£), M o, 7

Oe Ro [0piBHIOE TAKOMY BU3HAUYHUKY:

1 an-11 vl aon 0 0
0 1 H2,n-2 A1 Jon 0
no - 0 © an—1 An-22 w33
1 Gn-ip - . (-D)n—7n-1 0
0 1 o (m1)w-22m 2 (—1)"-1nl (- 1) 7%, - 0
0 0 -tun-1/1 -in-2,2 ~i-33 ®me (-1)uBom

iy BunaaKy Ro ¢ 0 maemo gobyTok

Ba =1 ¢® "1 (2+uw (v, 7 +'=+ 1))

AKWO Ke Z i X\> ‘Ae Ro = 2(|Ri |4 |R2]+ ... + |R,2]), To cnpaBmKyeTbCs HepiBHICTb
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3 AaHoi HepiBHOCTI BUNMBae Apyra popmysa, ocKinbkuy fc—moo, konn | — oo:
KNReA](K)\>k-2-n2{l + 2A)1I-n2\RK\ > K my/2)-32-2(1+ 2A)1-m2\DO\ <=

JANsa wykKaHoT ouiHKM gpo6iB Bpaxyemo 3Hak ReAj(k). Akuwio Re Aj(k) > 0, To cnpaBaXye-
TbCs piBHOMIpHa Ha [0, T] ouiHKa

ekReNI(RT ekRe\ {k)T 1
< <2
b o_ exkN,(kK)T M _ ek\,(K)Tj e'kReX, (k)T M 1 V3 -K\I(K)T _ 1t
N (KT
npnk> if>ir.0eM, = Ini®I(V2)32( +2Ar!-1
AKwo X Re Ay(it) < O, To aHaNorivyHo
ekN(Kt
<
- ek\KT W _ ekNKT\ - W\
npuit>]"] iTl> | Ememr= m(qu/z)g" 2(1 + 2A)"2-\
OTxe, ’ I waailf > *L BMpasy
|Rol r|ROJ| 1«0l
M k)t
cnpaBAXXyETbCS Taka HepIBHICTb:
gtA,(K)I
G < 2max 18
b —PRNQT O1): (49

Takum 4mHoM, BpaxoBytoumn HepiBHOCTI (12), (13), (16) i (18), ana Bcix t € [0, T] oTprmaemo
OLLIHKY po3B'A3KY 3adadi (4), (5) Ta 0ro NoxigHmMx
ij-1
41012 7 '|'|Tr|r z M2(r-HW 2 KEZN\Koo, [I=0,1....1 (19)
°ol jZo

ae Coo — Ot (J1 u fi) > 0, Kgo— MHOXUWHa uinnx yncen fg ana aknx cnpaeseg/iMBa HEPIBHICTb
< max {%—r,—rKoa\é/o HepiBHICTb K Jr/nax — ‘rM#M 2)
11- VIDO] &g\ r Ig6I1L

Teopema 2. Hexai/i BUKOHYOTbCS YMOBMU:

(loo) Do ¢ O;

(lloo) Ro ¢ 0;

(Illoo) ANsa Beix k € Koo piBHAHHA (9) HE Mae po3B'A3KIB Yy L/IMX 4Ymnc/iax m; a TaKox
Yo € 11,(5), ot € H4y i(5),.q+i € H9 wHL(5). Toai icHye nuwe oanH Po3B'A30K 3a-
aadi (1), (2), akui HanexnTb Ao npoctopy H”(1>). Liei1po3B'a30K HEMepepBHO 3a/1€XKNTb Bif,
npaBmMxX YacTUH QO,P\,..., PI-\yMo0B (2).

AoBegeHHs. 3a ymoB (1o0) i (Moo) cnipaBoyKyeTbeA ouiHKa (19) po3B'a3ky uk 3agayi (4), (5) gnsa
k € Z \Koo- AKuo )X Ke Koo, To po3B'SA30K UKICHYE Ta Ha/leXXnTb A0 npoctopy Cn|0 ] 3a
ymooto (11100).
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BpaxoBytouu gpopmyny (11) Ta HepiBHicTb (19), oLiHMMO 3BepXY KBaapaT HOPMU PO3B'A3KY
3agadi (1), (2):

MHD< 2 \IN\IB)

kKeKoo

+ E n > llp/lh,.(S)< p°>
I 01r=0fceZz\ Koo 1=0 M \i=0 1

Oe popatHa BennydnHa Co 3anexnTb Big, KoediyieHTiB IS piBHaHHA (1) | napameTpa W, a Ta-

KOX Bif, uncen A Ta n. OcTaHHS HepiBHICTb Yy hopmyni (20) BUNAMBaE 3i CKIHYEHHOCTI MHOXMU-

H1 Koo- TeopemMy Oo0BeAeHo. |

I3 TeopemMu 2 iCHyBaHHSI PO3B'sA3KY OTPUMYEMO BaXX/IMBMIA HaCc/iA0K NMpo 6GIEKTUBHY Brlac-
TUBICTb onepaTopa 3agadi (1), (2).

Hacnigok. 3a ymMoB TeopemMu 2 onepaTop Hesl0KasIbHUX YMOB (2) € BIEKTUBHUM Bif00paXKeH-
HAM U i=> (epo, <pi,..., Qi) 3 MPOCTOpPY Po3B'A3KiB U piBHAHHSA (1), AKi HanexaTb go H"(X>),
Ha npocTip Hg(S) x H® 1(5) x ... x H,,+L ,,(«S) BeKTOop-(hyHKLIi 4 Qn-1)-

3ayBaXXUMo, L0 YMOBU TeopeMmn 2, Af1s Mabke BCiX, Yy CeHci Mipun Jleber'a, KoedillieHTIB
a305 aungepeHLianibHOro piBHAHHSA (1) BUKOHYIOTbLCS, TOOTO BOHM MOXYTb HEe BUKOHYBaTUCA
nuile A58 MHOXUHW HY1b0BOI MipU.

4 [Nocnig>eHHA ymMOB po3B ' A3HOCTI 3agaui

BcTaHoBMMO po3B'a3HICTb 3aaadi (1), (2) npy nopyLleHHi YMOB TeopeMun 2. Bcboro po3rnis-
HEMO 4YOTUPU BapiaHTU TeopeM iCHYBaHHS, SKi y3ara/ibHIOITh L0 TeopeMy. BukopucTaemo
BigNOBIiAHY HyMepaLito 3 iHgeKcaMmu ans gopmyn Ta nosHavyeHHs Ci, C2/ C3, C4 gna goaaTHUX
BEJ/INUMH, SKi 3a1eXaTb Big KoegiuieHTiB addd, napameTpa [, umcest A Ta n i He 3a1eXaTb Bij,
BEKTOP—-(YHKLIEA (0, <pi, . . ., yn-\).

A) Y nepwioMy BUNaAKy Hexail He BUKOHYETbcsl ymoBa (loo)/ To6To Do = O. MpunycTmmo
Takox, wo Di ¢ 0. Ans k ¢ 0 guckpumiHaHT (14) 3anniemMo y BUrNa4i 4o6yTKyY

nrumn - AWM "-1-1,pr /b "1-1)-* P n(n-r1)
* k bl K4) 1
~/h;M -UDI/ 2/ i D? , , D«(«=i) N\
-vyy KT[-+w N1 °2+T +--"tA"~"1Tl21)-
Toai ona R\ > Oe D\ = 2(ip21+ [E>3| + ...+ |D.(n_i)]), OTPUMAEMO HEPIBHICTb
IDi] /Wy «(«=-D -1 1
K) T

3 HepiBHOCTI (15) BMN/IMBaE TaKa ouiHKa 3HU3Y Moay s auckpmmiHaHTa D (k):

3 TOYHICTIO A0 CTas10i, OTPMMYEMO TaKy X OLiHKY 3Bepxy: \DK) e " 1.

2n!
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Lli oLiHKM NOKa3yloTh, W0 nopyLeHHs yMosn (140) 03Havae HeCKiHYeHHY MaslicTb (MepLuo-
ro nopsagky crocoBHo 1/K) anckpmmiHanTa D(k) npu K —* oo. OuiHKa (16) nokasye, uwo npu
BUKOHaHHI ymoBM (l100) Moay/ib ANCKPUMIHAHTA OLLIHIOETbLCSA 3HU3Y | 3BEPXY CTa/IUMM.

Ha ocHoBi popmyn (12), (13), (16i), (18) ans Bcix t € [0, T] oTpMMaeM0O HePIBHOCTI

[vEnN@O012< I n E ERMT_M)bl 2 ke Z\K10, r=0,1.... mn, (190
1°11/=0

[eC10= C10A,n,u) >0, Kio= {fceZ: < Tax (*,w ) YK< Tax(™® —-p )}.

Teopema 3. Hexaii BUKOHYETbLCA YMOBA (l1oo) TEOPEMU 2 Ta YMOBMU:

(Ito) Do = 0,Di ¢ 0;

(I1lio) Ans BCixK € Kio piBHAHHA (9) He Mae po3B'A3KiB Yy LiMX Yucnax m.

Toni 3aymoB g0 € H?+1(5), epi € H?(5), . . @~\ € H? ,,+2(«S) cnpaBaXyeTbCcsa TBep-
>XXEeHHA Teopemu 2.

AosegeHHA. 3 ymoBm DiRo ¢ O (ymosu (1to) i (1100)) BunnvBae ouiHka (19i) po3B'a3ky uk3agadi
(4), B5) anak € Z \Kio, a 3ymosu (I1110) — icHyBaHHSA W, ans Bcix k € Kio-

OcKinlbkn Ko — CKiHYeHHa MHOXWMHa, To 3 popmyain (11) Ta HepiBHOCTI (19i) BUN/IMBae
TaKa oLiHKa 3BepXxy po3B'aA3Ky (11) 3agadi (1), (2):

ci "4 >
IMIw(p) » > MK, ,-H(5)-
3 ocTaHHbLOT HEPIBHOCTI BUN/IMBAE 40BEAEHHS TEOPEMMU. O

B) Po3rnaHemo Apyrvia BUNaaoK, KosiM He BMKOHYOTbCA 06uaBi ymosu (loo) Teopemun 2

Ta (lto) Teopemun 3, a BUKOHYHOTbCA ymoBn Do = Di = ... = D, ! = 0, D, ® 0, gei €
{2,...,n(n —1)}. Lle o3Hauae, wo anckpmmiHaHT D(K) moniHoma i\(/T) He TOTOXXHWIA Hy/EBI
(ockinbkuy, Togi DO= Di = ...=Dn(n_2) i o4nakd O nogaeTbca GopMysioto
niH o, /K ,ii'i-n-i 1/ 2 / D2 D»(n-1) A\N
DW _TIA~ Fl w 1 “it- n:
191 /i \n(n-DH-i 1
3Bigcn BUN/IMBaE HepiBHICTb PA)] > — m Al Y- AE uncno
D; = 2(|DI+]| + D-R2]+ ... + 1). BpaxoByto4u L0 HEPIBHICTb Ta HepiBHICcTb (15), 4amo

Taky OuiHKY 3HM3Y D(fc):

IDO] s (V2) ..m = T0 1 ils A

BoHa 03Hauae HeCKiHYeHHY ManicTb AUcKpuMiHaHTa nopaaky (LN gei > 2, npu [ —» oo.
3 HepiBHocTelA (12), (13), (162), (18) ans Beix t € [0, T] BunmBae popmyna

“irv)I2< iw E A2'-"-0W 2 <t€Z\K,0, r=0,1....n (192)
W iN\j: o

neCo=Qo(A.MmM) >0,K,o= [keZ: HA<Ttax(y” Y uw), K<Smax (~ ~ 2)}
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Teopema 4. Hexaih BUKOHYeTbCSA ymoBa (/100) TeopemMu 2 Ta yMOBU:

(loyDo=Di=...=D, !'=0D,00,i €{2,...,n(n - 1)};
(111,0) pna Becix k € K,0 piBHAHHSA (9) He Ma€e po3B'A3KIB Y Li/IMX ymMciax m.
TogiszaymoB o €E HAS), yn € HAMNS), ..., <p,. i € HEH,+1(«S) cnpaBaXyeTbCs

TBEpPAXKEHHSI TeopeMun 2.

JoBeneHHs. OcKinbkm 3a ymoBamu Teopemu 0,70 i E-0pO, To BUKOHY€ETbLCA OujiHKa (19r) po3-
B'A3Ky W, 3agaui (4), (6) pna keZ \Kill a gna ke KIO— m*eC"[0, T] (3a ymosoto (IMo))-

OuiHKY KBagpaTa HOpMU po3B'A3KY U 3aaadi (1), (2) oTpmmyemo 3 popmynun (11), HepiBHO-
cTi (19r) Ta CKiHY4eHHOCTI MHOXMHK K,0, 30KpemMa

IMIn;;rp) ~ ||.|.|, _Zo H2/11 H,_ -
n Jj=
3 0CTaHHbOI HEPIBHOCTI BUMN/IMBAE A0BEAEHHS TEOPEMMU. O

B) Y TpeTbOoMy BUMNAAKy HEXalA He BUKOHYETbCS yMoBa (11oo) Teopemu 2, To6T0 Ro = O/ ane
Ri ¢ O. Togi pesynbTaHT R(K) MaTtume Burnsg;

/K «2-i R*, /k\n2-2 r 2
RA=T(f) +f(?
4 ©1(24 (AT +--N))-
AKLL0 BEKTOP Ke Z 3340B0J/IbHAE YMOBY R\> Th-, ae Ri = 2(|JR2|+ 3] + m- + K 1]),
IRi |

TO0, BpaxoByouu HepiBHIcTb (15), maemo R(k) \&
2 \k/

3eigev ana |ld > j—%i—j—OTpmmaeMO Take o6mMexXeHHs Ha Benmimuunny K |Re 14/c) |
KNRENKN\ > K-2~"C(1 + 2A) =™ \RR\ > +2Ay-r2mN\(O\s 0 > 0.

OuiHMMO OKpeMo BMpa3 ona Re Nli(k) > 0 T1a oana ReJli(kK) < 0. Y pasi W\<

L - ek\(KT
eal pns Re Ai(k) > 0 oTpmmaemo

eicRe\,(KT ST

1
<

U —ek*t(k)T Nd—epni (A)T] re—k\,(K)T < pof T "
AHasoriyHo, y pasi YN\> B~oT g/1a Re A/(/c) < 0 oTpuMaemo piBHOMIipHY Ha [0 T] ouiHKy
ek”, (k)t j 0T
<
M ekAMT - |~ eUFT] = \p\@T-T
TO6TO 3a yMOBN E—*T < M < CcNpaBaKYETbCA HEPIBHICTb

kNIt ( err el \ Ri
M _ ekAKT (183)
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Ha Bigminy Big ouiHkmM (18), noaibHa oyiHka (183) oTpMMaHa 3a 404aTKOBMX 06MEXeHb Ha
M, SKi BiACYTHI 3a BUKOHaHHsA ymoBU (1100)-
OTxe, gnaBcixt€ [0, T] iy € (e—aTeljT) oTpumaemo popmyny

foq2<17rr E m{—j)V]R& ke/\«o, - 0.1 x (193)

IDd /To

ge CalL = £01(A, N, M) >0, Kot — €Z: d< max (]™n:/|”]j) } — cKiH4eHHa MHOXWHa.

Teopema 5. Hexai/i BUKOBYETbCS YMOBA (loo) TEOPEMMU 2 Ta YMOBMU:
(1oi) Rg= O,Ri @ O; '
(Illoi) pna Bcix k € Kot piBHAHHSA (9) He Mae po3B'A3KIB Y LLIMX yncnax mi.

Topgi 3a ymoB go € HQq(S), Y\ € HA-ifS), ..., g\ € H”",,+11"), a TakKoX 3a YMOBU
e-0T < || < eaTcnpaBmXyeTbCA TBEPLAXKEHHSA TEOpEMM 2.

AoBegeHHA. CnpaBea/MBICTb OLiHKM (193) po3B'A3Ky W, 3agadi (4), (5) ana k € Z \Koi sunnum-
Bae 3 ymoB (loo) i (Moi) Ta Bu6opy umcna . 3 ymosu (llloi) BunnvBae icHyBaHHSA L, Yy NMPOCTOpi
C'1J0 T] pnsa Beix k € Koi-
Ha ocHoBi popmyn (11), (193) Ta 3i CKIHYEHHOCTiI MHOXUHU Kgi 0TpUMaemMo
n-1

MIH?(P) ~ IDB]S W H u
Teopemy aoBeneHo. |

N Po3rnsgHemMo 4YeTBEPTUIA BUMAAOK, konu He BMKOHYHTbCA ABi ymoBu (loo) | (1loo) Teo-

pemMu 2, 3aMiCTb AKNX BUKOHYOTbCA ymoBU (1o) i (lloi) Teopem 4 i 5 BignosigHo. Toai ansa auc—
ekNI(K)I
KpumiHaHTa D(k) cnpaBegnuvBoto 6yae ouiHka (162), a Ans BesIMUnHN 3a yMO0BU

L,
M € (e~aT,eaT) — ouiHka (183).

Ha ocHoBi HepiBHOocTeM (12), (13), (162), (183) oTpMMaeEMO OLLiIHKY KBagpaTa abCco/1toTHOT Be-
Nn4nHKM po3B'A3Ky Wt 3agadi (4), (5) Ta tioro noxigHMX Nopsagky r

NINON2 < TATE W{r-H )N, k€z\Ka, r= 0A4.... n, (1949
/=0

e Qi =Ci(An,u) >0 Ku= {c€Z: < max (yw,, j.

Teopema 6. Hexai1 BukoHytoTbeA ymoBU (ko) Ta (l1oi) TeopeM 4i5signosiano Ta ymoBa
(1) gnsaecix k € K,i piBHAHHA (9) He Mae po3B'A3KIB Y LiIMX yncnax L.
Topi 3a ymoB @0 € Hg+H(S), Yn € H,jH-_i(5),..., on-\€ HgH_n+I(S) izaymoBune—ar <
MW\ < 01 cnpaBAXY€eTbCS TBEPOYKEHHS TeopeMmn2.

AosBegeHHs. 3a ymoB (1t0), (lloi) Ta BUG0OpY vncna P cnpaBaXXyeTbca ouiHKa (194) po3B'a3ky uk
3agadi (4), (6) pna k € Z \K/i- 3 ymoewm (ITii) BUnamBae icHyBaHHSA L, o5 BCix k € Kii-
3i CKIHYEHHOCTiI MHOXXMHN K,i BUM/IMBAE HEPIBHICTb

C m==*
IWIh'Q&S) ~ 'II'I_II__I,I -|:o M H qH(sy

3 AKOT BUN/IMBaE A0BeJeHHSA TeopeMU. (|
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3 TeopeM 3-6 BUMN/IMBAE, LL,0 3a HEBMKOHaHHSA YMOB TeopeMm 2 AN po3B'a3HOCTi 3agadi (1)
(2) HeobXigAHO HakM1a4ATU CUMbHIWI YMOBM Ha YHKLLT <o, )\ s @n-t Ta 06MeXXeHHA Ha
rnapameTp L.

BucHOBKUK

Y po60Ti po3r/siIsHyTO HesTOKasIbHY ABOTOYKOBY KpalAoBY 3aauy A/19 PiBHAHHSA 3 YaCTUHHU-

MW MOXiAHVMUN, Y AKOMY 3aMiCTb onepaTopa AndepeHLLitoBaHHS BUKOPUCTOBYETbLCA OMnepa-

TOp y3arasibHeHoro andepeHuitoBaHHAa B = (A, Wo gie Ha PYHKL,iT CKasapHOT KOMMJ/1EKCHOT
SMIHHOT 2.

Y po6oTi:

1) BBeAeHO WKanm pyHKuioHanbHUX npoctopie {HIA5)}igRi {H, (M) }<®K;

2) BCTAHOBJIEHO A0CTaTHI YMOBM iCHYBaHHS Ta Heo6XigHi i 4ocTaTHI YMOBU €4AVHOCTI PO3-
B'A3KY 3agadi y npoctopi H"(£>);

3) AoBeAeHo, W0 A1 MabAke BCiX BEKTOPIB, CKNaAeHUX 3 KOeiLiEHTIB piBHAHHSA Ta napa-
MeTpa [, onepaTop HesIoKasibHUX YMOB 3a4adi € GIEKTVUBHUM Bif06paXKEHHSM;

4) nokasaHo, W0 Ha BigMiHY Bif, 3adadi 3 6araTbmMa NMPOCTOPOBUMM 3MIHHUMM, SIKA € He-
KOPEKTHO 3a AfamMmapoM, 3adaya 3 04HIE KOMMJIEKCHO 3MIHHOK € KOPEKTHOM, OCKiSIbKU
BigNOBigHI BUpa3n He NMOPOAXKYIOTb MpobsieMy Masinx 3HAMEHHUKIB | OLLIHIOIOTLCA 3HU3Y CTa-
MU,
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II'kiv V.S., Volyans'ka 11 Non-local boundary value problem for partial differential equation in a complex
domain. Carpathian Math. Publ. 2014, 6 (1), 44-58.

The paper is devoted to the investigation of a non-local boundary value problem for partial

differential equations with the operator of the generalized differentiation B = z-", which operate
on functions of scalar complex variable z. The unity theorem and existence theorems of the solution

of problem in the space H"(P) are proved. Correctness after Hadamard of the problem is shown. It
distinguishes her from an ill-conditioned after Hadamard problem with many spatial variables.

Key words and phrases: partial differential equation, operator of generalized differentiation, gen-
eralized functions, discriminant of the polynomial, small denominators.

Mnbkue B.C., BoninHcbka V.. HenokasibHas KpaeBasi 3aa4a /15 ypaBHEHUS C YaCTHbIMU MPov3BoAHbIMMN
B KOMIUIekcHolA o61acTu 11 KapnaTckue maTtem. ny6s1. — 2014. — T.6, Nel. — C. 44-58.

MccnenoBaHo HesloKasibHY0 KpaeByto 3agady Ansa avdhepeHunanibHOro ypaBHEHUS C YaCTHbI-

MU NpPoM3BOAHbLIMW C ONepaTopom 0606ueHHOro anddepeHymnpoBaHma B = ZE, KOTOpbIA Oeth
CTBYET Ha ()YHKL WU CKa/ISIPHOA KOMIMJ/IEKCHOM nepeMeHHoiA (. [loKasaHa Teopema eAMHCTBEHHO-
CTV 1 TeopeMbl CyLLeCTBOBaHUA pelleHns 3adadun B NpocTpaHCTBe YCcTaHOoB/IEHbI YC/10BUSA
GUEKTMBHOCTM oMnepaTopa HesloKasibHbIX YC/10BMIA 3agaun. MokKasaHa KOPPeKTHOCTb 3a AgamMapom
3aja4yn, KoTopas OT/IM4aeT ee 0T HEKOPPEKTHOM 3afadu €O MHOMMMW MPOCTPAHCTBEHHbIMU KOM-
NJIEKCHbIMW MepeMeHHbIMUN, peLleHNe KOTOPOIA BO MHOMMX c/ly4yasiX cBsidaHa ¢ Mpo6G/1eMOIA MasibixX
3HaMeHaTesein.

KrtoueBble c/ioBa U (hpasbl: ypaBHEHWE B YaCTHbIX MPOM3BOAHbLIX, orepaTop 06061 eHHOro And-
thepeHLMpoBaHUS, 0606LEHHbIE (YHKLUN, AUCKPUMUHAHT, Masible 3HaMeHaTe .
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KocosaH B.M., Macnwuenko B.K.

MPO MOMIHOMIANBHICTb HAPI3HO CTAIUX ®YHKLIN

BuBYaeTbCA, AKi HEO6XiAHI | AKi [O0CTaTHI YMOBU Mae 3a[0BO/IbHATM NigMHOXMHA E dncnosoi
naowmHn R2 ansa Toro, wo6 KoXHa Hapi3Ho cTana GyHKuia / : E — R 6yna noniHoMiasibHOHO i
pasom 3 TUM icHyBas1a Hapi3HO cTana i He cTasla PyHKLUia /o : E —¥R.

KntouoBi c/oBa i (hpa3n: MosIiHOMiIaNIbHICTb, Hapi3HO cTasla PYHKLiS.

YepHiBeLbKNIA HauioHaNIbHUIA YHiBepcuTeT iMeHi O pia deabkoBuya, YepHiBLi, YKpaiHa

1. Ana mHoxuHKM E C E 2 cumsonu So,0(E), Po(E) i P(E) 03HauawoTb BignoBigHO MHOXN-
HW BCiX Hapi3HO CTa/MX, CTa/IMX i NosliHOMiaNIbHUX OYHKUiA / © £ —ER. Y npausax [1, 2] 6yno
BBEAEHO MOHATTSA /LLI-3B'A3HOCTI MHOXUHM E i MoKasaHo, w0 piBHicTb S0,0(E) = Pq(E) BUKOHYE-
TbCA TOAi | TINbKM TOAj, KON MHOXMHA E € hv—-3B'A3H010. TaMm )Xe 6yB HaBeAEHWIA NMpUKsiad MHO-
XUHU E (rpagik dyHKLiT Aipixne), ona akoi So,0(E) Po(E), ane So,0(E) C P(E). Tomy nocTa-
70 MpUpoaHe NNTaHHA NPo onNmMc TUX MHOXXUH E, ana aknx So,0(E)  Po(E) i So,0(E) A P(E)-
Y Ujth po6oTi MM goBoAMMO AesKi HeobXigHi i AesKi gocTaTHI yMOBWU A5l LUbOro. BoHW Gynn
aHoHcoBaHi B [3].

2. Haragaemo, wo hv-naHutokkom B fo6yTKy X X Y, wo 3'egHye Touku p' = (X,y") i
p" = (X",y") 3 X X ¥, HasuBaeTbCs TaKa CKiHYEeHHa MOC/igOBHICTb TOUOK p* = (XKYK)r
k—0,1,...,N, 3Ub0Oro A0OBYTKY, WO po = pr,pn= p" i N9 KOXKHOIro K = 1,..., N BUKOHYETbLCA
xouya 6 ogHa 3 piBHOCTEM = x"abo M-\ — Yk MHOXWMHa E B gobyTKy X x Y HasmBaeTbCs
hv-3B'A3H0I0, AKLL0 A5 OYAb-AKMX 1T ToHoK p' i p" icHye hv—RHUIOXOK po,p\,...,pMn, SKUIA iX
3'eAHYE | CKIadaEeThCA 3 e/IeMeHTiB pmE E.

Jlerko nepesipuTK, W0 06'€e4HAHHA A0BISIbHOI CiM'T /LL-3B'A3HUX MHOXWH 6y ae hv-3B'A3HOI0
MHOXWHOI0, AKLLO0 MepeTUH 0yab—aKuX ABOX 1T HEMOPXHIX efleMeHTIB HEMOPOXHIIA. Tomy ans
KOXHOT TOUKM p 3 E ¢ X X Y icHye HalAGifbla /Tn-38's3Ha MHOXMHA C B E, ika MICTUTb L0
TO4UKy p. BoHa Ha3MBaeTbCs KOMMOHEHTOK hv—-3B'93HOCTI MHOXXUHW E. Pi3Hi KoMMoHeHTU hv-
3B'A3HOCTI MHOXNHN E 060B'A3KOB0O He NepeTUHAOTbLCA, a BCA MHOXMHA E NogaeTbes y BUrIs-
Ai AN3'IOHKTHOro 06'eAHaHHA BCiX CBOIX KOMMOHEHT /LLU-3B'A3HOCTI.

Ana nigMHOKMHN C C E2i+ouxu (X, ¥) € R2Mn0kNagemo Cx = {v € R : (X,v) € C} i
Cy = {M € IR: (n,y) € C}. Cumosiom |M] MU NO3HAHYATUMEMO MNOTYXKHICTb MHOXNHN M.

Teopema 1. Hexaii C — cucTema BCiX KOMMOHEHT hv-3B'I3HOCTi niam nox unn E AOOYTKY X X Y
HEMOPOXKHIX MHOXWH X 1Y, Z — A0BiNlbHa MHOXWHA, AKa Mae xo4va 6 aBa eneMeHTU. Toai hyH-
Kuiaf : E —Z 6yge Hapi3HO CTas10t0 ToAj i vwe ToAj, Konuv gns KokHoro C € C 3ByXKeHHS
/lc ecTannm.

YK 51751
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AoBefieHHS. AoCTaTHICTb. Hexaia 3By>keHHA F\c cTane gns koxkHoro C € C. 3ayBaxXmmo, W0
KOXXHa MHOXUHa PXx = {x} x ¥ un Py = X x {y} nepeTuHae LLOHaGINbLIE 0AHY KOMIO-
HEeHTY /l-3B'A3HOCTI MHOXMHM E. CnipaBAi, HexalA, Hanpukniaa, PxMCi ¢ 0 i PxMC2 ¢ O
ana pesknx x € X; Ci,C2 € C. lNoknagemo C = Ci UC2i nokaxemo, W0 MHOXNHa C €
hv-3B'A3HO0. 19 LbOro AOCUTb MOKasaTwu, Wwo Touky p' € Ci i p" € C23B'A3yl0TbCcA Ade-
AKUM /LLI-1aHLEOXKOM, L0 CKNAa[AEThesa 3 ToWoK 3 C. N4 uboro BisbMeMo Touku q° € PxIM Ci
i q" € PxINC2 Ockinnbkn MHOXKMHa Ci € /lu-3B'a3H0t0, TO i1 TOUKU p' i (' 3B'A3YI0TbCA AEAKNM
/W-naHHIOXKOM pA ... ,pnBC\. Tak camo, ToO4KM " i p" 3B'A3YIOTbCA AEAKUM /LLU-TaHLIIOXKOM
qi,...,qmB C2 Togi nocnigoBHicTb p\,..., pn, gi,———,gm 6yage /w-naHutoxkKom B C, W0 3'eq-
Hye To4kuM pli p". Takmm ymHoM, MHOXXUHa C € hv-3B'A3Ho0 i C C E. Toai 060B'A3K0OBO
Ci = C = C2 agxe Ci i C2— ue KOMMOHEHTU /1I-3B'A3HOCTI MHOXMHK E. OTxe, Ci = C2

Hexai Xq € prx(E). Togai icHye Takmi/i enieMeHT yo € Y, wo po = (*0/¥c>) € E. Po3rnsHemo
TY KOMMOHEHTY /Ww-3B'A3HOCTi Co MHOXXUHM E, wo po € Co- 3a goBegeHnm Buule Co° = E*O- To-
aifx = (/]c,,)X, oTxe, pyHKUiA f X cTana, 60 TakuMm € 3BY>KeHHs /| cO-Tak camo A4oBoANTbCA
CTas1iCTb FOPU30HTa/IbHMX PO3pisiB / yo.

HeobxigHicTb. Hexath / € So0,0(E) i C € C. OcKinbKn MHOXMHa C € hv-3B'A3HOlO, TO 3a
Teopemoto 13 npayi [2Z] 3By>keHHA / |c € cTasinMm. O

3. 3apa3 Mum OTpUMaEMO psag, HeoBXigHMX yMOB N4 Toro, wob6 So,0(E) < P(E) i So,0(E) /
Po(E). Haragaemo, w0 noniHomiasibHoto yHKuUjeto f : E — R Ha NigMHOXMHI E uncnosoi nsio-
WMHN R 2 Ha3nBaloTb 3BY)XEHHS Ha E gedkoro nosiiHoma g : R2 —» R. CyKYMHICTb TaKUX Py H-
KUj A No3HaYvaeTbes yepe3 P(E). Ana MHOXUHUM C € R BBEAEMO MHOXUHN

A{C) = {XER: X0 "0} i B(C) = {yER : |y|> KO}.

Teopema 2. HexalAE C R 2, C — cucTema BCiX KOMMNOHEHT hv-3B'A3HOCTI MHOXXUHU E, S0,0(E) %
Po(E) i SO'O(E) C P(E). Toni:

() 1 < X\< HO;

(i) akwo A(Cq) ¢ 0 gnageskoro Co € C, ToB(C) = 0 gnascixC € C \{Co};

(iii) akwo B(Co) ® 0 gnapeskoro Co € C, TOA(C) = 0 ansa koxxHoro C € C\ {Co};

(iv) mHoxunHa {C €C : A(C) ¢ 0 abo B(C) ¢ O} ckiHYeHHa.

AosefieHHs. (i) Ockinbku So,0(E) A Po(E) Togi i Tislbkn ToAi, Konm MHOXMHa E € hv-3B'A3HO10,
TOOTO KOJ/IM BOHA Ma€E fimLle 04HY KOMMOHEHTY /l-3B'A3HoCTI, a came C = {E}, To y Bunagky
S0,0(E) % J13(E) 060B'A3k0BO XN\> 1

MpunycTtmmo, wo cuctema C HeckiHYeHHa. Togi iCHye Taka HecKiH4YeHHa MNoc/iA0BHICTb
enemeHTiB E,, 3C, wo EN @ ET npu n ¢ T. OCKiNbKM Npn N ¢ T BUXOAATb Pi3Hi KOMMO-
HeHTW hv-3B'a3HocTi E,, i ET MHOXXMHKM E, TO Enf]JEm = 0. Kpim Toro, En ¢ O 4ns KOXXHOro
n € N, oTXXe, 4/19 KOXXHOIFo HOMepa n iCHye Touka p,, = (xn,yn) € E,,.

MpunycTmMMo, Lo NOC/IAOBHICTL TOYOK Pl MAOWKUHN R 2 Mae xo4ya 6 0gHY rpaHUYHY TO-
uky po = (*0/¥0) B LjiainnowwmHi. Togi icHye Taka nignocnifoBHicTe (p,K)%j nocnigoBHOCTI
(pn)n=V LW° Py PoMPk 00 Moknagemo gk = p,Ki ft = EMknpn k= 1,2,.... BusHauun-
MO pyHKUito / : E —R, noknagatounm f(p) = 0, akwop € A = (Im=i 2m i f(p) = 1V a9kuwo
p € B = ENA. OueBUAHO, L0 PYHKLLiS / € CTa/I0l0 Ha KOXHILA KOMMOHEHTI /1-3B'A3HOCTI
C € C. Tomy nobynoBaHa pyHKL,isi / € Hapi3HO CTa/10t0 3a Teopemolo 1

Mokaxkemo, wo hyHKuia f He € moniHOMiasIbHOK. Hexal/h ue He Tak, TOO6TO iCHYE Takuii
noniHom g : R2 -mR, wo #|e = /. OCKi/ZIbKN MOsTIHOMU — Le HenepepBHI PYHKLIT i gk —» po,
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Toigigk) = g(po)- Aneg{g2m) = f{g2m) = 0,60 g2n€ F2nC A, ag(g2n1) = /(<fem-i) = b
60 g2+ € F2m-1 Q B. BuxoanTb, wo nocnigoeHicTs Ymcen g(gic) po3bixHa, Lo nNpm3BoaAnNTb
[0 CynepeyvHocTi.

MpunycTrmMo Tenep, Wo NocAiA0BHICTb (Pn)~=1 HE Ma€ CKIHYEHHOT rpaHNYHOI TOYKM B NJ10-
WuHi R2. Ang Toukn p = (X,y) € R2po3rnsaHeMo MakCUuMyM—HOpMY

Il = T{IxL1yl}

i 419 KOXXHOI0 HOMepa K KBagpaT
Qk= {p€ R2: Inl < K}

3po3yminio, Wo Ana KoKHoro kK € N MHoxuHa {pn : pn € Qjt} 060B'A3KOBO CKiH-
yeHHa. CnipaBAi, AK6M AN OesKOoro K BoHa 0ysia HeCcKiHYeHHOK, To 3a siemor BonbuaHo-
BeliepwiTpacca noc/igoBHICTL (pu)~=1 mMana 6u rpaHUYHY TOUYKY B KBaapaTi Q7 wo cynepe-
UATb NPUNYLLEHHIO. OTXe, AN KOXXHOI0 HoMepa K iCHYe Takmia Homep W, wo .| > kKnpwu
n > nk Lle nokasye, wo |p.| +00, KO/ N 00, TOO6TO A4/19 KOXKHOTO ymcna A > 0 icHye
Takui Homep N, wo pn\e A, 9K Tinbkn n > N.
Bunbepemo uncna cn = €iPMi nodyayemo yHKuito / 1 £ —mR, gna akoi /(p) = cn SKLWwo
p € Engna geskoro ni/(p) = 0, akwo p € £ \J~=i En. dyHKUiA / 6yae Hapi3HO cTasor, 60
BOHa CTaJ1a Ha KOXHIiA KOMMOHEHTI /lW—-3B'A3HOCTI MHOXUHW E. MNMokaxemo, Ww,o MyHKLis / He
MoXe 6yTu noniHoMiasibHo Ha E. HexalZ ue He Tak. Tofi icHye TakuiA MoaiHoOM
T

g(oy) =k§ aKjxkyj

Lo glE = /. 3po6mmo ouiHKy g{X,y), AKWo Ansa Toukn p = {X,y) BMKOHYETbLCHA HEPIBHICTb
Il > 1 Ockinbkn XN\< |pl. M < Ipl, TO

m m T
o < B N E kv < E v 1r = mpua
kJ:O k,J:O kJ:O
Oe KOHCTaHTa 7 = 2*;=0 Wkj\He 3a/1eXXUTb Big TOYKMN p.

Mpnn > wn! 6ygemo matu, wo Ip,, 1> 1,0mxe, lap.)l < 7 Ip.12T.Anet(p,,) = /(p,,) =

ONnA KOXHOro n. Tomy < 7iPn|2T Npy N > w,. Ane, Ak gobpe Bigomo, limt~+oont —O0.
Tomy icHye Take uncsio Ao > 0, Wwo

M 1

e <7

nput > Mo~ Ane |m — +oconpu n —* 00. OTXxXe, iCHYE TakMiA HOMep N, Wwo N> w, i |p,] > Ao
Toai % < ( 3BiOKV BUNAUBAE, W0 €*"'1> 7 IpuRT, ase ue HeMoxXxmBo, 60 N > b

Takum YMHoM, MU 3'acyBann, Wwo |d < No-

(ii) Hexathn Cqg € C,A(C) ¢ 0 ixq E A(Cq). Bisbmemo C € C Take, wo C i Q, i mokaxemo,
wo B(C) = 0.

Hexai1 ue He Tak, To6T0 B(C) ¢ 0. BizbMemo yo € B(C). 3a 03HauYeHHAM MHOXUH A(C) i
B(C) 6ygemo maTu, wo |&f] > bbi Cy]> No-

PosrnsHemo gyHKuUito / : E — R Taky, wo /(p) = 0, akwo p € Co, i /(p) = 1, a9kuwo
P € ENCQ. Acuo, wo / — Hapi3HO cTaa PyHKLiAA, 60 BOHa CTasla Ha KOXHilA KOMMOHEHTI
/1W-3B'A3HOCTI MHOXUHU E. Ockinbku So,0(E) Q P(E), To icHye TakutAa noaiHoMm g : R2 —» R, wo
fie = /. 3a nobygosoto,

g*0") =g(x.y) = f(x0y) =0
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Ona KoxHoroy € Cg° = EX, oTXe, MHorousnieH gxX° : R — R MepeTBOPIOETLCA B HY/Ib B
HECKIHYEHHI A Ki/TbKOCTI TOYoK, a ToMmy gX (y) = 0 gng Bcixy € R.
Aani,

gyO(x) = g(x'¥0) = f(x,y0) = 1
ansa 6yab-akoro X € Cyo = Eyo. OT)XKe, MHOrousieH gyo — 1 nepeTBOPIOETLCA B HYS1Ib HA HECKIH-
UEHHI /1 MHOXUHI Cyo, a 3HaunTb gyO(X) —1 = O Ha R, To6To gyO(Xx) = 1414 BCiX X € R.
Ane Topi
0 = 80(Yo) = g(xo,yo) = gyo(xo) = h
oTxke, 0 = 1 Lla abcypaHa piBHICTb NOKa3ye, L0 Halle NMpUNyLWeHHs He BipHe, oTxe, B(C) =
0 pnascix C € (C) \{Q}.

Tak camo oBoANTBLCA | BMacTuBicTb (iii).

(iv) Hexain mHouHa {C € C : A(C) ¢ 0 ab6o B(C) ¢ 0} — HecKiH4YeHHa. ToAi HECKIHYEH-
Hoto 6yae ogHa 3 MHOXUMH {C € C : A(C) ¢ 0} um {C € C : B(C) ¢ 0}. Mpunyctumo, gns
nesHocTi, wo {CeC:A(C) ¢ 0} — HecKiHYEeHHa MHOXWNHa.

Bnbepemo HecKiHUeHHY MOCAIA0BHICTb TakMX Pi3HUX MHOXUH C,, € C, wo A(Cn) ¢ 0 gnsa
KOXXHOTO0 N. ToAdi 419 KOXXHOro nicHye eneMeHT XN € A(Cn). ANa uboro efleMeHTa MHOXMHa
CrninHeckiHYeHHa. MocNigoBHICTb TOUYOK X,, € R 060B'AI3K0B0 Mae xo4a 6 0gHYy rpaHM4YHy TOUYKY
*0, CKIHYEHHY uu HECKIHYEHHY, ana axkoi ICHYE TakKa niganocnigoBHICTb {Xnk)~Li MOC/IiA0OBHOCTI
(X,,), wo xu —>xqQ.

[na cnpoweHHs 3anucy noknagemo tk— X, Ki Dk= CI'k PosrnsHemo yHKuito f : E = R,
ana akoif(p) = L akwop € Ui D3, if(p) = 0, akwo p € E\L|~i DZ-OcKinibkn hyHKL,iA
/ cTasna Ha KOXHilA KOMMOHEHTI /in-3B'A3HOCTi MHOXUHU E, To / € So0,0(E)- Toai 3a yMOBOHO
/ € P(E), oTXe, iCHYe Takni/i MHOrouneH g : R2 —R, wo #|e = /mna AoBiNbHOro j MaemMo,

92(y) = g(hjy) = f(hj,y) = 1
Ona noBifibHoroy € Dy. OcKiZibKM MHOXMHa D' HeckiHueHHa, To gtlj(y) = 1 ana KoXXHoro
y € R i goBisibHoroj € N. Tak camo,

g2y-ly) = Q

onsa nosinbHoroy € R i; € N.
3alhiKCyeMO AKyCb TOUKY Yo € R. [N MmHorouvneHa g\o : R —R 6ygemo maTtun

gyo(bj) = g2() = b ay0(hj-i) = gt@~x(yo) = 0.

Tomy nocnifoBHICTL vncesn gyO(tk) po3biraeTbes, ane Le HEMOXIMBO, 60 ANs CKIHYEHHOT0
to mn 6yaemo matu gyo(ijt) — gj/0(*0) Ha oCHOBI HenepepBHOCTI PYHKLIT gyo, a 4/19 HECKiH-
yeHHoro XQ o6oB'a3koBo gyo(ifc) — oo, akwo gyO ¢ O, abo gyo(tk) = 0 — O, akwo gy = 0.
OTpuMaHa CcyrnepeyHicTb MNOKasye, W0 Hawe NpunyLweHHs XubHe, i TMM caMMM BlacTMBICTb
(iv) poBefeHa. [

4. MepeiAgemo A0 po3rnsay AoCcTaTHIX YMOB.

Teopema 3. Hexaihi MHOXXMHa E mMae piBHO M pisHUX KOMMNOHEHT hv-3B'sa3HocTi C\.. .., Cn, npu-
yomy n >2. Mpunyctmmo=>ww,o0 Bci npoekuiipr\( C i ,prr(Cn) Ha Bicb abcuuc abo BCi Npoe-
Kuiipr2(Ci),..., pr2{Cn) Ha Bicb opaAnHAT cKiHYeHHi. Toai Sqgo(E) % Pq(E) i SO0(E) C P(E).
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JoeeneHHA. Mpunyctumo, Wwo pr\(CK) — CKiHY4EHHa MHOXUHAa A1 KOXKHOro K= 1,...,ni/ €
So0,0(E)- Mokaxemo, wo/ € P(E).
3po3ymisno, wo

n

pri(E) = [J prr(CK).

k=1
3a YMOBOK A/151 KOXXKHOro K= 1|,.,.,n IiCHyHTb TaKi pi3Hi Toukn XK, ge; = 1,..., TK WO
PM(CK = {xki = 1,....,/u*}.
Ockinbkn/ € SO00(£), To/|q — ue cTana PyHKLIA N5 KoXXHoro K = 1,.,.,n 3a TeopemMoto
13 [2]. TobTO, icHYyOTb Taki umcna ck wo f(p) = ckHa CK 3a iIHTENoNALiLAHOK TEeopemMoto

JlarpaH)ka iCHY€ TakuiA noniHom g : R —¥R, wo

g(xkj) = cknpu; = 1,...,TK

ONna KokHorok = |,.,.,n. Moknagemo h(x,y) —g(xX) ona KoOKHOro Xx€E R i y €R. AcHo, U

PyHKUia h : R2 —mR — ue nosiiHOM, NPy LUboMY

hXki(y) = hy(xkj) = g(xkjj) = c k= fXi(y)

ONA KoOKHoroy € R i pgoBisibHMX K= 1,...,mTa; = 1,...,tnk Tomy hw = f - TaKMMUMHO

/EP(E). O
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We establish necessary conditions and sufficient conditions on aset £ C R2under which every
separately constant function/ : E —R is polynomial and there exist a separately constant function
/o : £ —R which is not constant.
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KocoBaH B.M., MacntoueHko B.K. O nosiIMHOMWasibHOCTW pa3aesibHO MNOCTOSHHbIX dyHKunta // Kap-
naTtckme matem. nyoa. — 2014. — T.6, Nel. — C. 59-63.

M3yyaeTcs, KaKUM HE06X0AVMMbIM U KaKMM A0CTaTOYHbIM YC/10BUSM [A0/1KHO YA0B/1ETBOPATb
MoAMHOXECTBO £ YMCIIOBOIA MJIOCKOCTU R 24518 TOro, 4Tobbl Kaxaas pa3fesibHo MocTosAHHas Yy HK-
uua/ : £ —» R 6bl1a NOIMHOMWATIEHOMA U BMECTE C TEM CyLLLeCTBOBas1a pa3aesibHO NOCTOAHHAas N He
noctosiHHasa GyHkumns /o : E —R.

KrtoueBble ¢/10Ba 1 ppasbl: MOSIMHOMMANIbHOCTb, pa3fAesibHO MOCTOsTHHAsA PYHKLUUS.
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MATEMATWYHE MOAENIOBAHHA TA UNCE/NIbHNIN PO3PAXYHOK
BUMYWEHMNX KOJTMBAHb NM'€E3OKEPAMIYHOIO CPEPNYHOIO CETMEHTA

Po3rnagalTbcs KOMMBaHHSA MO/1ipPU30BaHOr0 3a TOBLLMHOK M'€30KepaMiyHOro CerMeHTa, Lo
30y KYKOTbCA FAPMOHIYHO 3MIHHOK PI3HMLEK e/IeKTPUYHMX NoTeHuianiB. Po3B'A30K BignoBigHOT
LBOBUMIPHOT 3a4a4i e/IeKTPONPY>XHOCTI WYKAETbCA Y BUMNAA4I po3KagiB 3a nostiiHoMamMmu JlexkaH-
Apa y MoeaHaHHI 3 MeTOA0M cTerneHeBUX psaAiB. JOCNiAXKYETbCA YaCTOTHUIA CNEKTpP i KiHemMaTuKa
BiANOBIAHMX MOA4 AN NMepLInX TPbOX 3HaYeHb iHAeKca noniHomMa JSlexxaHapa. OcobnmBy yBary npm-
AineHo nosefiHui JocNigKyBaHNX XapaKTePUCTUK B 06/1aCTi OCHOBHOI0 TOBLUMHHOIO PE30HAHCY.

Knito4oBi c/oBa i hpasm: MaTeMaTUyHe MoAesItoBaHHS, N'e30KepaMiuyHUEA CHepUHHUILA CEFMEHT, BU-
MYLLIEHi FrapMOHiUYHi KO/IMBaHHS, YMCE/IbHUIA po3paxyHOK, YaCTOTHULA CAeKTp, KiHeMaTuKa Moj, Ko-
SNBaHb.

HauioHanbHWIA aBiauitiHnia yHiBepenTeT, KuiB, YKpaiHa
E-mail: kudzinovskayaOukr.net

BcTtyn

A5 pob60TM eneKTpoMexaHiYHUX NepeTBOpoBaYyiB eHeprii N/10CKoT abo BUKPUBIIEHOT hop -
MW CYTTEBUIA iIHTEpEC CTaHOBMASATb TOBLMHHI h0PM UM KO/IMBaHb 3a HasiBHOCTi /1MLUE HOpMaslb-
HOT [0 cepeAVNHHOT MOBEPXHi CK1aA0B0oI BeKTopa nepeMileHb. Ocob/imBe 3HaYEeHHS NPU LLboOMY
MaloTb MOAM 3 PIBHOMIPHUM MO NOBepXHi JoCAigKyBaHOro 06'eKTa po3noisioM HOPMaslbHUX
nepemilleHb (Tak 3BaHi «MopLUHEBI» Moan). Y UbOMY BUMaAKy po3B'sA3aHHA BignoBigHOI Kpa-
I10BOI 3aaadi, B cuny i1 04HOMIPHOCTI, HE BUK/TIMKAE 0CO6/TIMBOT CK/TaAHOCTI, | Y BUNaaKy, Kosuv
06'€KTOM O0C/IMKEHHS € Ky, MOXKe Oy Tn NpeACTaB/IEHNIA Y 3aMKHeHoMY BUrnsgi [4]. OgHak,
SIK NOKa3as/in eKcrnepmMeHTasIbHI A0CAIAKEHHA Ha AMCKOBUX pe3oHaTopax, 30y aKeHHS Takux
«MOPLUHEBMX» MO MOB'A3aHO 3 CYTTEBUMU TPYAHOLLAMU Yepe3 HasfABHICTb LLis10ro pagy He-
6aKaHUX 6/IM3bKO pPo3TalloBaHUX Pe30HaHCIB 3 IHWUMM popMamMm KonmBaHb, 3MiIHHUMMN M0
nMoBepxHi. [J/19 BUBYEHHS LIbOI0 MUTaHHSA, Ke Mae TeopeTUYHe i NpakTUYHe 3Ha4YeHHs, Heob-
XiAHO NPOBeCTM A0CNIAKEHHSA Pe30HaHCHUX XapaKTePUCTUK i KiIHeMaTUKM BIigNOBIAHUX popMm
KOJ/IMBaHb Ha OCHOBI MPOCTOPOBUX PIBHAHbL TEOpPiT eNeKTPOMNPY>XHOCTI 3 ypaxyBaHHSM SIK TOB-
WMHHNX, TaK | TaHreHuia/IbHUX NepeMilleHb.

1 [llocTtaHoeka sapgaui

Yy OaHilA poboTi po3rnsgacTbcs TOBCTOCTIHHA chepMUyHa M'e3oKepamivyHa 060/10HKa, fK
BigHeceHa A0 cChepnyHUX KoopaAuHaT v,0,P i BMpi3aHa i3 chepn KoHycom © = < = const.

YAK 517.958:534.1
2010 Mathematics Subject Classification: 97M10.

(©) KygasiHosebka 1.., 2014
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CthepunyHi noBepxHi r = Toxh BifIbHi Bif MeXaHIYHMX HaMpPy>XXeHb | NOKPUTI enekTpogamu,
SKi B 3ara/ibHOMY BUMNagKy MOXYTb 6YTW po3pisHMMU, a TopLieBa NoBepxHA @ = Bo, r € [ro—
h, vg + h] He Mae eneKTpNUHOro NOKpPUTTA. 30y MKEHHA KO/MBaHb NPOBOANTLCA FapMOHIYHO
3MIHHOIO Pi3HULLEIO eNEKTPUYHNX MOTEHUiasiB 3a 3aKOHOM 2Vo<"*' (0) cosa;i.

2 MaTtemaTununa MoOogenb BMMYyYUWEeHNMX KOJiIinBaHBbBb

MoBHa cucTema piBHAHbL 419 AaHOI 3a4adi, W0 CKNafaeTbCca 3 PiBHAHb pyXy, KBasicTaTu-
YHOro HabMXKeHHS piBHAHbL Makceesisia, cniBBigHoWweHb Kolwi Ta mMaTepiasibHUX 3as1eXXHOo-
CTelA, HaBefeHa Bpo6oTi [3]. Po3B'A30K L€l 3aaaui, K i y BUnaaKy 3aMmKHeHoi chepu [3], byae-
MO LIYKaTW y BUrNSA4i po3ksiaay B psaauv 3a nosiHomamu JlexkaHapa

®
Nr(r,0) = E ulk(r)Pk(cOSe),
k=0
w(r,9) = £ u2ﬂ<(r)u— PM{cos9) x <p(r,B) = £ wnd/1(r)P~ (cos0).

K=0 ao K=0

Ha BigmiHy Big [3], Ae iHAEKC vk HabyBae LiSINX 3HaYeHb, Y OaHiA 3afadi vk BUbmpasncs 3
ymoBu [1]

osO)|Je=eo= Q ()

3 ypaxyBaHHAM yMoBM (2) cuctema gyHKUiiA {P\cos0)} HabyBae HeoOXiAHOT B/1IaCTUBOCTI
MOBHOTU Ha A0C/iAXXyBaHOMY iHTepBasi 3MiHM © € [0, 00], | Tomy po3knan (1) Aae MOKX/INBICTb
0TPUMaTU KOPEKTHUIA pO3B'A30K MOCTaB/IeHOI 3adadi. CniBBigHOWEHHA (2) He [003BOJISE BU-
KOHaTW Ha MeXi [0BiJIbHI rpaHUYHI YMOBU, OCKi/TIbKW 3 HBOI0 (3 ypaxyBaHHAM MaTepiasibHUX
3a/1eXKHOCTE Ta po3knaay (1)) Bunameae, W0

w{r,so0) = 0, (@%(r,00) = 0, 06{1,00) = 0. )

YMoBU (3) MatoTb peasibHUIA i3UYHUIA 3MICT — Lie YMOBU M1aKoro KOHTaKTy 3 abCo/1t0THO
YKOPCTKMM HEernpoBiAHUM TisIoM. BusiBieHi Npu LbOMY 3aKOHOMIPHOCTI B 061acTi TOBLUMHHOIO
pe3oHaHCcy, W0 CTaHOBUTbL 0COBSIMBUIA iHTepec, 36epeXyThes i MpU IHWKMX TUnax rpaHUuYHUX
YMOB.

Po3paxyHOK 3HaudeHb iHAeKca VK, SKi 3a40B0SIbHAOTbL YMOBY (2), HE CTaHOBUTb 0C06/1MBOT
CKaAHoCTI. Tak, Ana cerMmeHTa 3 UeHTpa/ibHUM KyToM 0o = 40° Tpu neplli 3Ha4yeHHA Bigno-
BigHO A0PIBHIOOTb

M =0, ®=58, tB3= 104.
L5 BU3Ha4YeHHA GifibLUMX 3HAYeHb IHAEKCA vk MOXXHA KOPUCTYBATUCA aCUMMTOTUYHUMU
hopmynamu [1]
(' +0,5)9n= (HO0,25)n- n n

MigcTaBnsaun Bmpasm (1) B piBHAHHA BIAHOCHO MNepeMilleHb i eIEKTPUYHOro noTeHuiany,
0TPMMAEMO CUCTEMY 3BUYAAHNX ANtepeHLia/IbHUX PIBHAHb APYroro nopsaaKy BigHOCHO TPbOX
HeBiAOMUX
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C55 fuz2+ ~u2) — 1 ~2 4 cl2+ ClL(/'’k —1)] —  An2
1 f 2
H—  (C55 + 013)«! + “ (2755 + Cu + Ci2)ui + (B\s + €i3)ud + -e151M4 = O,
-
2, ri %% -
C38 AMi + - «1j - 1 72 LKB55 - 2(C13 - cy - Cl12) @3+ chn2

w oo \ 1Lk )

n
+ -(cis - C55 - cy - Ci2)M2  +°33w4 + —(A33 - el3jwh — 2615Mt = O,

n 2 i\
- £33 iu4+ FUA'/) IHJ%‘I/I 4 Lk (ei5 + €iz)n2 + (M3 - e15)-jr + e33ni
\ L]

2 M
+ ~(e\s+ e33)w + (2ei3 - Lkels) =0,
[e BBeleHO Mo3HaueHHsa = \jt(yjt + 1).
Cuctemy (3), sKa 3anmncaHa B 6e3p03MipHNX BENUMHAX
eij 4 _ ", _ ﬂeoi/coo> -2 2R

Mmoo/ up=— Sy g [ M lig Ne
w v yjeewe * & ° h' ¥ % h c00

ne coo = 1010H/m2 £g = 8,85 - 10-12 (h/ M, HEOOXigHO AOMOBHUTMU FPaHUYHUMN YMOBaMM Ha
MOBEPXHAX I = ro = h. Y HawoMy BUNaaKy BOHU Mal0Tb BUI/IS4

v=o0, (=0, ¢= x2Y0([E{ON\B). )
3 Poss'sasanHa kpaitioBol 3agadvi Ta yuncenbHMWN aHanis pesynsraTiB

[na po3B'a3aHHA KpaiaoBoi 3aadi (4), (5) ckopucTaemMocs MeToA0M CTENeHEBUX pAAIB, 3ri-

OHO 3 AKUM (DYHKUiT, W0 BXoASATb Y cUcTeMY AndepeHLuia/ibHUX PiBHAHb, LWWYKaOTbCA Y BU-
rnsagj

MiacTaBnsaoum Bupasn (6) y piBHAHHA (4) Ta NpUPIBHIOKYN A0 HY/I9 MHOXHUKU MPU ogHa-
KOBUX cTeneHsax (r —ro)/h, 0oTpMMaEemMo cUCTeMy PEKYPEHTHMX CMiBBIAHOLLIEHb, AKa [403B0OSIAE
BMPa3nNTK yci KooilieHTn B{k4uepes He3asiexHi KoediyieHTn BNk B K. INigcTaBnstoun Licnis-
BiAHOLWEHHS Yy rpaHn4Hi ymoBu (5) i BpaxoByroum Te, W0 pyHKLi0 @ [0>(60) moxxHa npeacTaBu-
TNy BUrna4i

@®
o(®)(©) = £ akPM{cos0), ak= J <p(*\0)P\{cos9)de,
K=0 0

0TPUMAEMO HEOAHOPIAHY MiHIHY CUCTEMY asirebpaluHUX PiBHAHb 4/19 BU3HAYEHHS HEBIAOMUNX
niJl njA
DO ' D\

s npoBeAeHHS uncesibHOro aHanisy 6yB BUOpaHUIA CHEPUUHUIA CEMMEHT 3 HaCTYMNHUMUN
reoMeTpmyHMmmM napameTpamun: o = 20cm; 2/i = 0,5cm;  0Og = 40°. B maTepiasibHUX cniB-
BiAHOLIEHHAX 415 N'€30KepaMiKn BUKOPUCTOBYBas/INCS KOMMIEKCHI MOCTiAHI MaTepiany LITC-
19 [4]. Mpwn po3paxyHKax AOCAi4KYBa/IMCb Pe30HAHCHI YacTOTM KOJIMBaHb Ta siKiCHa noeegjiH-
Ka BignoBigHMX POpPM MO0 TOBLUMHI A1 TPbOX MEPLUMX 3HaYeHb iHAEeKca NosliHOMY JlexxaHapa:

= 0; V2= 5,8, \3= 10,4. Be3po3mMipHa yacToTa () 3MiHIOBas1acb Npu LiboMy Big 0 ao 10.
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AK NokKasasin npoBeAeHi po3paxyHKMU, i3 36i/IbLUEHHAM iHAeKca VK, 3B'A3aHOI0 3 Ki/IbKiCTHO
BY3/10BUX JliHi/ HA MOBEPXHI CErMeHTa, 30i/IbLLIYETLCA TaK0X i YNC/I0 pe30HaHCiB NepeTBOPIO-
Baya. AKLo ana VW= 0 («nopLuHeBi» (POPMMN) XapaKTepHa HasBHICTb ABOX pe30HaHCIiB — pa-
AianbHoro (w —0,06) i ToBWWHHOrO (0 = 5,4), To ANa v2 Yoy AocnigyXyBaHOMy 4acTOTHOMY
[Aiana3oHi 3HaxoAMTbCA BigMNOBIAHO TPU | YOTMPU Pe30HAHCHI YacToTU, MPUYOMY HaIABINbLLIOK
B YCiX BUMafKax 3a/IMLAETbLCA YacTOoTa OCHOBHOIO TOBLUMHHOIO pe30HaHcy. AK NnoKasaB KiHe-
MaTUYHWIA aHani3 opm, L0 BiAMNOBIAaOTL LIUM Pe30HAHCHUM 4acToTaMm, BOHU € TOBLUWHHO-
3CYBHUMM.

HeobXxigHO TaKoX BiA3HAYNTW, LLLO 3i 3MIHOIO V pe30HaHCcHa 4YacToTa OCHOBHOT TOBLMHHOI
MoAW 3MIHKETbCA HecyTTeBO — Big 5,46 npn W= 0 go 548 npn 13 = 10,4. Liea pesynbTart
CTaHOBUTb 0COG/IMBUIA IHTEpPEC, OCKiJIbKM YaCTKOBO MOSICHIOE TOM (haKT, W0 npu cripobax 36y-
[KEHHS TOBLMHHOI MOAM 3 «MOPLLUHEBOIO» (POPM OO0 pyXY 30YA)KYHOTbCA TaKOoX i iHLWi, 6/113b-
KO po3TalloBaHi 3a YacToTaMum hopMu 3 piBHOMIPHUM MO NOBEPXHI PO3MO4i/I0M HOPMasTbHUX
nepemilleHsb 2]
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Kudzinovs'ka |.P. Mathematical modeling and numerical calculation offorced vibrations of piezoceramic
spherical segment. Carpathian Math. Publ. 2014, 6 (1), 64-67.

Vibrations of a piezoceramic segment polarized along the thickness, which are excited by a har-
monically time-varying difference of potential, are considered. The corresponding solution of a two-
dimensional electroelasticity problem is searched in the form of Legendre polynomial expansions in
combination with the power series method. The frequency spectrum and corresponding mode kine-
matics for the first three values of Legendre polynomial indices are investigated. Special attention is
paid to the behavior of the characteristics under studying in the area of main thickness resonance.

Key words and phrases: mathematical modeling, piezoceramic spherical segment, forced har-
monic vibrations, numerical calculation, frequency spectrum, kinematics of frequency modes.

KyasunHosckas N.M. MaTemaTn4yeckoe MoAe/IMpoBaHNE N YACSIEHHBIIA pacyeT BbIHYXAEHHbIX KosiebaHNiA
Mbe30KePaMMUECKOI0 chepmnyeckoro cermeHTa // KapnaTtckme matem. nyon. — 2014. — T.6, Nel. — C.
64-67.

PaccmMaTpuBatoTcs KosiebaHMs NosISspU30BaHHONO Mo TOJIMHE Mbe30KepaMUYeckoro CerMeHTa,
B036Y)XAaeMble rapMOHUYECKN MePeMEHHOIA pasHULEIA 3/1IEKTPUUECKMX NoTeHLMaNoB. PelleHne co-
OTBETCTBYIOLLEIA ABYXMEPHOIA 3aa4n 3/1eKTPOYNPYrocTy ULLLETCA B BUAE Pa3/fioXKeHUIA Mo MosInHo-
Mam JlexaHapa B coMeTaHUU C MeTOA0M CTEMEHHbIX PAA0B. VccneayeTcs YacTOTHbIA CMeKTP U Ku-
HeMaTuKa COOTBETCTBYIOLLMX Mo, A4J1s1 NepBbIX TpexX 3Ha4YeHniA nHaekca nosivHoma JSlexxaHgpa. Oco-
60e BHMMaHVe yesieHo NoBEAEHMIO UCC/eAYEMbIX XapaKTepUCTUK B 06/1aCTU OCHOBHOIO TO/ILLMH-
HOro pe3oHaHca.

KrtoueBble ¢/ioBa U (hpasbl: MaTeMaTUyeckKoe MofesiMpoBaHue, Nbe3okepaMnYecknia chepmnyecknia
CEerMeHT, BbIHYX/EeHHble FapMOHUYecKue KosebaHus, YANCMEHHbIM pacyeT, YacTOTHbIM CNeKTp, KuU-
HemMaTumKa Mog, KosriebaHuiA.
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NacTtieka 1.0.

BAPIALUIVHE BUBEAEHHA ANGEPEHLIANBHNX PIBHAHb KOJIMBAHb
M'€E30KEPAMIYHOT OBO/TOHKW MNMPU MEPUAIOHABbHIN MONAPU3ALIT

3anponoHoBaHoO NobyA0BY 04HOr0 3 BapiaHTIB YTOUYHEHOI Teopii n'e3oKepamiyHOT 060/10HKU Npu
i MepugioHanbHIA nonapusadii, 0oTPUMaHO cUcTeMY AUdepeHLia/ibHUX PiBHAHb KosIMBaHb 060/10H-
KM Ta FpaHWU4YHi YMOBU 3 BUKOPUCTaAHHSAM BapiauilAHOro npmHumny PelAaccHepa.

Knto4oBi c/oBa i hpasn: n'e3okepamivyHa 060/10HKa, MepuAioHasibHa nonspusay,isa, gndepeHui-
a/IbHi PIBHSAHHS KO/IMBaHb, FPaHMYHI YMOBW, Bapiaui/iAHNEA NMpUHLMN.

HauioHanbHWIA aBiauiliHnia yHiBepcuTeT, KuiB, YKpaiHa
E-mail: iola@nau .edu .ua

Bcrtyn

KonmnBaHHS n'e3okepaMivyHUX Tif, 9K MeXaHIYHNIA NpoLec, ONMMUCYETbCA PIBHAHHSAMW MeXa-
HiKN aedopmMiBHOI0 TBEPAOro Tifa, a 3 TOUKM 30py eNIeKTPUUHUX ABULL, — PIBHAHHAMW efie-
KTpoauHamiku. O6maBi rpynn piBHAHb € B3aEMO3B'A3aHUMM, BOHW PO3B'A3YIOTbLCA CYMICHO |
CK/1a4al0Tb PIBHAHHS Teopil e/IeKTPONpPYy>XHOCTI.

P03BUTOK Cy4acHOT TEXHIKM, eKcrslyaTalis aKoi BiabyBaeTbCs Y CK/IaAHUX YMOBaxX HaBaHTa-
YXEHHS Mpu B3aeMogii pisHNX PiBNYHUX HaKTOopiB, CTUMYJ/IHOE CTBOPEHHSA Ta PO3BUTOK Teopil
CAPSHKEHMX MOAIB Y MPY>XHUX Tislax.

AHi30Tponis isKo-maTeEMaTUUYHNX BaCTUBOCTEIA M'€30e/IEKTPUKIB | B3aEMO3B'SA30K efle-
KTPOMarHiTHOro nosia 3 MexXaHiYHMM pyXoM CyTTEBO YCK/1aAHIOWTb OMUC npoueciB gedgop-
MYBaHHS i MILHOCTI. ¥ 3B'A3KYy 3 UMM 3Ha4Hy yBary npugisieHo po3BUTKY i CTBOPEHHIO Ma-
TeMaTUYHMX METOAIB KiSIbKICHOro aHasidy. 19 MogentoBaHHA KOIMBHUX MPOLLECIB €/1eKTPo-
MeXaHIYHNX CUCTEM, a TaKOoXX A1 POo3B'si3aHHS KpalaoBUX 3ada4y e/leKTPONpy>XHOCTI AoBoni
4aCcTO BUMKOPUCTOBYHOTbLCS KiHLIEBO—PISHULIEBUIA Ta BapialilAHO—-PI3HMLEBNIA MeToan. LLnpoke
3acTOCyBaHHA B TeXHiLi 060/10HOK i3 n'e3oKepaMivHMX MaTepiasiiB noTpebye nobyanosu ans
HUX MPUKIAHWX TEOPiiA CTaTUYHOIO | AWMHAMIYHOro AedopMyBaHHS.

1l lMoctanoska sapgadi

Y paHiA po60oTi CTaBUTbCA 3adav4a MaTeMaTUYHOr0 MOAE/IIOBaHHS KOJ/IMBaHb M'€30KepaMi-
YHOT 060/T0HKM NPU MepUAioHaNIbHIA Nonapusayii Ha 0CHOBI YTo4HeHOT Teopil Tuny C.M. Tu-
MOLUEeHKa Ta BapiauiiiHoro npuHuuny PeticcHepa [3], SKniA cTOCOBHO 3B'A3aHMX 3a4ad As1a 6a-
raTowwapoBux 060/T0HOK 6YB PO3BMHEHUIA Y poboTi [4].

YAK 517.958:534.1
2010 Mathematics Subject Classification: 97M10.
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2 BusBepenHsa aoudbepeHyianbHUX PiBHAHbL KO/IMBaAHbL MN'€30KepamMiyHOT 060M10HKMU,

NONAPN3OBAHOT B340BX MEPUAIAHY. TPAHWUYHI YMOBU

MonepeaHbLO NMoOAPM30BaHY MO MepugiaHy 060/10HKY BigHECeMO A0 TPUOPTOroHasIbHOI cu-
CTeMU KoopaMHaT @ a2, «3 = (. Ha noBepxHi npuBeAeHHs { = 0, NONIOXKEHHS K0T MOXe ByTH
BMUOPaHO A0BI/IbHUM YMHOM, KOOPAMHATHI MiHIil ai = const,a2 — const € NiHIAMW FO/I0BHUX
Kp1BU3H 060/10HKK, RNIRN\. — pagiycu KpnBu3H, h— ToBWwmHa 060/10HKU. Bick 0z cnpsimoBaHa
3a HOPMas1/1i0 A0 cepegunHHOT MoBepxHi 060/10HKM, A\ i A2 — napameTpu Jlame a6o Koediu,i-
EHTW NepLloi KBaapaTMYHoI hopmu dS2 nosepxHi z = 0, a came: dS2 = A2da2 + A2da2.

EnekTponpy>kHWIA cTaH N'€30KepamMivyHOro Tifla XxapaKTepusyeTbCA TEH30POM MeXaHiYHMX
Hanpy>XeHb 1, gedopmaliii € BEKTOpPaMM Hanpy>XeHocTi E Ta iHAyKuii D efleKTpnU4yHOro no-
na. B MiHIAHIA Teopii N'e30e/IEKTPUKN 3a/1EXKHOCTI MiXK BKazaHUMM XapaKTepUCTUKaMUn ere-
KTPONPY>XXHOro Tifla BBaXaOThCA NiHIAHUMW. Burnsg cniBeBigHOWEHb eNeKTPONpPY>XHOCTI 3a-
NeXnNTb Big BUGOPY He3aIeXHUX TepMogMHaMIYHMX MapaMeTpiB, L0 BM3HA4YalTb PYHKLLiO
BHYTPILLIHbOI eHeprii, a TaKoX Big HanpssMy BeKTopa nornepegHboi nosspusadii n'ezokepami-

AKLLO0 3a He3as1eXXHI TepMoAMHaMiIYHI napamMeTpn BUOGpaTU Hanpy>XeHHS 0 | HaNpy>XeHiCcTb
eNeKTpuU4YHoro nons E, To piBHAHHA CTaHy MnorepeaHbLO NOMSpM30BaHOl Mo MepuaiaHy 060-
NoHKU Mae surnsag, [1:

en = snan + Bi3(<"2 + 0qq) + dn Ei;

c22 = SI3C7n + S33(72 + "31Ei;

ezz = 31N + 532(722 + $33°7Z + ~31Eli

20z = SEEP1Z + "53E2 2%7 = SMT2

2M2 = $H5012 + N53ET; D\ = (iii(7y + di3((72 + €z2) + CuET;
B2 = 53721 + £5372; Dz = T\ + €33£2

Y AKOCTi OCHOBHUX CAPOLLYOUYNX NPUNYLLEHb Bi3bMEMO BiAOMI KiIHEMATWUYHI rinoTesun Tuny
C.IMN. TmolleHkKa, BigNOBIAHO A0 SAKUX TaHreHujasibHi nepemiweHHA u[zZ\ul' 3MmiHIoTbhCS 3a

NHIVHMM 3aKOHOM, a MnornepeYHi LLEZ)‘ He 3a/1eXXaTb Bi4 TOBLMHHOI KOOpANHATN:

ufZ\ai,a2z)
uiz\ab a2 z)

Uj(alfa?) +z'yj(ala2} (j = 1,2),

W (ab a2).
CniBBigHOWEHHSA (2) 4ONOBHUMO TiNoTe3aMuy A0CTaTHLO 3araJibHOro XxapakTepy BiJAHOCHO po3-

noAiny eNneKTpocTaTUYHOro NoTeHLiasy 3a TOBLLMHOK 060/T0HKMN

o(ar,a2Q) = §¢0+/(Z)¢{a1,a2). ©))

Tyt ® = const, a /({), B3arasli Kaxy4du, oBiflbHa HernepepBHa PYHKL,ifA, L0 3a40BOSIbHAE
ymoBy/ "M%+ -" =0, gKa 003BO/INTb BUKOHATU FPaHNYHI YMOBU AN15 PO3rISHYTUX HUXKYe 060-

JI0HOK, MOBEPXHIi AKMX MOKPUTI eNeKTpoaamMu 3 NocTilAHOK Pi3HMLED MOTeHLaniB.
BeKTop HamMpy>XeHOoCTi eNeKTpU4YHoro nosist | noB's3aHMIA 3 PYyHKLIE e/1EKTPOCTaTUYHO-
ro noteHuiany Y popmynow E = —grad<p, Tomy B cuny npmnyuieHs (3)
A /_N>) oo /(Q) 00 /290 , en _ \
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[Ana BuBefeHHS angepeHLia/ibHUX PIBHAHb KOJIMBaHb | FPaHUYHNX YMOB 3aCTOCYEMO Bapi-
auitaHviA nigxig, [3], BuKoprucTaeMo hyHKLLiOHasT

1=[J (a?iViUj +Vjur+DiVicp+G ~D ) - ~ dvdt, @
oV

[e o'l — TeH30p Hanpy>XeHb, L, — MEePeEMILLeHHs, @ — MoTeHLjan, [>— BeKTOop esIeKTPUYHOI
iHOYKuiT, Gi (o, D) — npy>xHa pyHKLia [i66ca, T— KiHETUYHA eHepris.
3 YMOBM CTaLioHapHOCTI PyHKUioHany (4) oTpUMY€EMO

/=3 JJ (ijjSejj + Mndxn + 2QjSej + DjS (
o fi N1l 1 )]
+6Z5b- (phtifSUi + (N2 ) 7i77ij NdQdt = 0.

TyT BBeAEHI HacTYMHI IHTerpasibHi XapaKTepPUCTUKMN:

h?2 fil2 fil2
= j ona¢; Mn= 1 ondd; Qj= j opag
—h/2 -h/2 /1P
h/2 AR ®)
Dj= j Dijf(z)dz; D2= f Dzf(z)dz.
—h/2 -h/2

BenununHu en, Xn Ta € NoB'sA3aHi 3 NepeMileHHSAMUN Ta KyTamMm NoBopoTy BiAOMMMM CMiBBigHO-
weHHaMn [2].

Mepetanemo A0 Bapialliii nepeMilleHb, KyTiB MOBOPOTY i NoTeHUiany (He3anexHi Bapiaw,ir)
i, KopucTyrouncb hopmyotk MpiHa-OcTporpagcbkoro, 3 (5) 0OTpMMaEMO CMCTEMY PIBHSIHb

+Q‘k' -Pka' = 0

(Mi® i) + (~202) ~ ATlifcl + TIkIA~pll = O @

*=M,,) _+(i-AM, )" *"-"*wm , 1 ,-Q,-(f)r =o:

Dz-1"-Di -fi-D2r =0, [,/ =12), (i di
i KOHTYPHUM iHlerpan

j + T,j5uj + Ondw + D,Mm>j dCl = 0,
Q
Ha nigcTaBi AKOro HeobXxigHO chopMy1tloBaTU FPaHMYHI YMOBW. Y piBHAHHAX (7) 3anucm Tuny
() i o3HavaloTb gndepeHLitoBaHHA MO BiAMOBiAHIA KOMIMOHEHTI.
Bynemo BBaxaTW, L0 MOBEPXHi 060/10HOK BifIbHI Bif MexaHIYHUX Hanpy>eHb i MOKPUTI
es1IeKTpogamMu 3 3a4aHoto pisHMLUEo noTeHuianis. Togi rpaHUYHI YMOBM MalOTb BUMIS4,

tffz (*i,*2/+1) =0, ®)
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/ AN
¢ \XX\d2r+ -J = x=do-

Hanpy>xeHHs oy ( — 1,2), 3HailAgeHi 3 (1) 3a gedopmalismMmu, W0 BU3Ha4Ya0ThCA CNiBBigHOLLIE-
HHAaMU Ko, npn BBeAeHUX rinotesax (2) He 6yAyTb 3340BOSIbHATU FpaHU4YHI yMmoBU (8). Tomy
6yAemMo 000aTKOBO BBaXaTW, LU0

oy = M (z2)Qy(«i,a2), (=12,

/ h\ .1 h2 - .

npuyomy /(z) Taka, wo / - 1= 01 - / f(z)dz = 1, a Qj(oii,a.2) — nepepisyroya cn-
vV 1/ ft -h/2

na. NMpoTunpivu4a, NoB'A3aHi 3 330BOS/IEHHAM FPaHUYHUX YMOB (8), MOXHa 06IIATY, AKLL0 ABa

PiBHSAHHSA 3 (1) BUKOHATW iIHTErpasibHO

N2 / / T\ N

| {2elz - ox - Dzj doNal = 0, (©)]
2
| Ger - smaznseroadz = o (10)

~hi2
3HaxogMMo iHTerpasibHi XapakTepmucTuKmM 3a opmysiamu (6), NiacTaBMBLUN B HUX PIBHAHHSA
(1), po3B'A3aHi Big4HOCHO HaMNpy>XeHb:
B 30
Tu = Dji (v +\B1e2 + (M1 + "31131)) &E\

T2 = DT2(E 2+ WX\ + (<isi + Vi3iiii)) 3¢;

2h hd3 1 3¢ >/ h3 ,
lu ~sB5beu s A2da2?' 12~ 1 2 ~ Xu'(l)
= Dmi(XU + V31X22); M22 = Dm2(X22 + Yi3fin);

Di = T di3T2 A 2.

= T disT2- e UKER
02 = d53Ti2 - Dz= —33M\9,

[e rno3HayeHo:
h

Dt = spf—vime)® P27 ey —Naw3\

Dm = 125n¥—_\ﬁ§\7§)T'; IM2= o1 Buivai):
h/2 h/2
= \j f2(2)dz; W = | J [f'(z)] 20z
-h/2 -h2
Mepepisytodi cnnm 3Haxoanmo nicng iHTerpyBaHHs (9) i (10) 3 ypaxyBaHHAM (11):

_ 2h 2d33

Qi = —2eiz —2 0

s55>7i S55?/f

2 h [V)

Q2= ——-2°2.
672
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MigcTtaBnsatoum (12) i (11) B cuctemy (7) i 3aMiHIOOUN €L, XN Ta e, Yepes3 NepemMillleHHs Ta KyTun
MoBOPOTY, OTPUMAEMO PIBHAHHSA PyXY, B AKMX BU3HAYa/IbBHUMU DYHKLISMN 6yayTb nepemi-
LWEeHHS, KyTU NOBOPOTY Ta e/lIeKTPoCcTaTUYHNIA noTeHuian. B Ui piBHAHHA yBiAOYTb HEBU3HA—
yeHi MHOXKHMKM N\ N\ € gBa nigxoan npu Bu60pi BENNUNH KOPUTYHOUNX MHOXHUKIB, aHa-
NOrivHi TMM Nigxodam, Wo o6rosoptoBasivck B [5]: abo TeopeTMYHO 06Ir'pyHTOBAHO 3a4aumnCh
BMAOM (yHKLIT/({), ab0 WAAX0OM NOPIBHAHHA AMCMEPCiAHMX CMiBBiAHOLLEHb, 0TPUMaHUX 3a
NPUKIaaHO Ta TPUBUMIPHOK TEeopisMU.

3 BUWCHOBOK

Ha ocHoBi BapiauilAHOro NpPUHUUMY O0TPUMAHO cucTeMy AmndepeHLuia/ibHUX PiBHSAHb, W0
Onucye NoBeAiHKY MOSIAPM30BaHOl Mo MepuaiaHy n'e3oKkepamivHol 060/710HKM Nig, Aieo 3aga-
HUX cU | 3apsaaiB, 3aMKHeHY (i3sMYHUMM cniBBigHOWEHHAMW. [Na 3ab6e3neyeHHs €QMHOCTI
PO3B'A3KY CHOpMY/IbOBAHO Ta 3anmMcaHo rpaHNUYHI YMOBW.
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Lastivka I.O. Variational inference ofdifferential equations ofvibrations ofpiezoceramic shell with meridional
polarization. Carpathian Math. Publ. 2014, 6 (1), 68-72.

A construction of one embodiment of refined theory of piezoceramic shell with the meridi-
onal polarization was proposed, a system of differential equations of membrane vibrations and the
boundary conditions using the variational Reissner principle was obtained.

Key words and phrases: piezoceramic shell, meridional polarization, differential equations of vi-
brations, boundary conditions, variational principle.

NacTtuBka V.A. BapraunoHHbIA BbBOA, AnddepeHUMaribHbIX YpaBHEHNIA KO/ieGaHMIA NbE30KEPaMMNYECKOIA
060/104KN MU MEPUAMOHA/TBLHOA nosisipusauumn // KapnaTckue matem. nyon. — 2014. — T.6, Nel. — C.
68-72.

MpeA10XXKeHOo NOCTPoeHUe 04HOI0 N3 BapMaHTOB YTOYHEHHOIA Teopumn rnbe3okepammyeckoii 060-
JI04KM MpU ee MEPUAVOHA/IbHOIA Monspmsanmmn, noayyeHa cuctema AnpdepeHynanbHbIX ypaBHe-
HUA KonebaHUA 060/104KU M FPaHUYHbIE YC/I0BUS C MCM0/1b30BaHMEM BapuaLMOHHOIO MNpuHLMnia
PeiiccHepa.

KrtoueBble crioBa 1 (hpasbl: Mbe3okepamuyeckas 060/104Ka, MepuanoHanibHas noaspusaums, amn-
hhpepeHUunanbHble ypaBHEHUS Ko/ebaHWiA, rpaHUYHbIe YC/10BUS, BapuaLMOHHbIA NPUHLMIN.



ISSN 2075-9827 http://www.journals.pu.if.ua/index.php/cmp
Carpathian Math. Publ. 2014, 6 (1), 73-78 KapnaTtcbKi MaTem. ny6n. 2014, T.6, Nel, C.73-78

doi:10.15330/cmp.6.1.73-78

Neo6igs B.O.

CNEKTPANBHNN AHANI3 MOBHOIO N’PA®A 3 HECKIHYEHHUMM
MPOMEHAMN

Y paHiA cTaTTi NpoBeAEeHO AeTa/IbHUIA CMEKTPa/TIbHUIA aHas1i3 MOBHOM0 rpada 3 HECKIHYEHHUMN
npomMmeHAMU. OXapaKTepn3oBaHO CMEKTP CaMOCMPSAXXEHOro orepaTopa, KA MopoaKeHUIA MaTpu-
LIel0 CYMIDKHOCTI gaHoro rpacga, nobyaoBaHo CneKTpasibHYy Mipy, HaBedeHi y siBHiLA hopMi BiacHi
BEKTOPW Ta cneKTpasibHUIA po3KJsiaf 3a B/IaCHUMU BEKTOPaMMU.

KntouoBi crioBa i hpasn: 3niveHHUEA rpad, maTpuus AKobi, abcosloTHO HENEPEPBHUIA CMEKTP, chne-
KTpasibHNIA po3Kag, CeKTpasibHa WiNbHICTb.

IHCTUTYT maTemaTukn HAH YkpaiHn, Kuis, YKpaiHa
E-mail: lebiduk@ gmail.com

BcTtyn

Teopisa rpagis BUHUKIIA i3 KOHKPETHUX NPUKIa4HNX 3334 Y Teopil iHhopMaLiiAHNX, KO-
MYHIKaLi AHUX, eHepreTUYHUX, TPaHCMOPTHUX MepeXX, OpraHivHilA Ximil, KBaHTOBIEA MexaHiL,iLi
Ta iH. CyyacHa Teopis rpadiB € caMoCTiAHUM, aKTya/TbHUM PO3,i/10M MaTeMaTUKU, iIKa po3B's-
3y€e pafg TeopeTUHHUX Ta NPUKNaAHMX 3a4a4, BUKOPMCTOBYHOUM | 36aradvyroun aHaniTUYHI, an-
re6paiyHi, ToMoorivyHi MeTogn Ta MeToay OYHKLiOHa/IbHOI0 aHani3y, NiHilAHGI anrebpu, Teo-
piT uncen Ta Teopii QyHKLUIIA.

MpocTm HeopieHTOBaHUM rpaom G HasvBawoTb napy (V, E), y gkilA V — peska Heno-
POXHS MHOXMHa (MHOXWMHa BepwmnH), a E — MHOXUWHa pebep, KOXXHE 3 AKUX 04HO3HAYHO
BU3HAYaETLCA Mapolo BePLUUH, AKi BOHO 3'€¢4Hye. [eOMeTPUYHO BEPLUMHU 306paXKaloThCA TO-
ykamm, a pebpa — Bigpiskamu, L0 3'€AHYIOTb BigNoBiAHI BepwHN. 3 rpadom G 04HO3HAYHO
nos's3aHa mMaTpuusa cyMmikHocTi J1(G) = (a¢)°°=1, eneMeHTU AKOT §,, pPiBHI 1, AKLL0 BEPLUNHN
3 HOMepamu i Taj 3'€QHy0TbCA pebpom, abo O, AKLL0 TaKe pebpo BiACYTHE.

Y BuUnNagKy 3nivdeHHUX rpadis matpmnua A(G) nopoakye y rinsbeprosomy rpoctopi h(V)
caMoCrpsKEHU A omnepaTop A, CMeKTp AKOro Mae AUckpeTHy ap(G) Ta HenepepBHY KOMIMO-
HeHTy ac(G), sAka Mmoxe B6yTn abcosItoTHO—HenepepBHoO aac(G) abo HaBiTb YMCTO CUHIYSP-
Hoto (s(G) (ame. [6]). Mig cnekTpasibHUM aHanNi3oM rpaga G po3yMmitoTb CMEKTPasIbHNIA aHasTi3
onepaTopa A.

3a 0CTaHHI A Yac oaep>XaHo vncenbHi pe3ysibTaTu MPo CreKTp 3MiYeHHUX rpadis, AKi 3Haxo-
[OATb 3aCTOCYBaHHSA y Teopii HEBIA'EMHUX MaTpULb, FapMOHIYHOMY aHaslisi AUCKPETHUX rpyn,
aHaNiTUYHIA Teopil timoBipHOCTI Tow,o (avs. [1], [4]).
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2010 Mathematics Subject Classification: 05C50, 05C63.

Po6oTa BMKOHaHa B paMKax MpoekTy 03-01-12 "O6epHeHi 3adadi B CyyacHiiA MaTteMaTU4UHIA Giznyi” cnisibHUX
npoekTiB HAH YkKpaiHn Ta CnbipcbKoro BinigisieHHa PAH.

© Nebigb B.O., 2014


http://www.journals.pu.if.ua/index.php/cmp
mailto:lebiduk@gmail.com

74 Ne6ins B.O.
[MocTtaHoBKa 3apgaui

Hexatn K(n, 00) — noBHUIA rpad 3 N BeplwinvHamMu, 40 KOXHOT BEPLUMHN AKOro NpueaHaHo
04WNH HeCKiHYeHHNIA naHuor (aye. [5]). MaTpurusa cyMidkKHOCTI Takoro rpada nopoa)ye obme-
YKEHUIA caMOCMpsXeHMIA onepaTop b y rinbbepToBomy npocTopi /2(V), age V — MHOXWNHa Bep-
WwunH rpada K(n, 0o). Onepatop B aie Ha BekTop X = (XN € h(V) Tak:

M L L
[B)[= = A +x2' (B*i=AN\N+"N+v AAKokHoroj=1I,a,i>2 @
fc=U//
TyT KOMMNOHEHTU BEKTOPIB X Ta Bx i3 npocTopy h(V), Wo BiANOBIiAalOTb i-MABEPLUMHI Ha y-My
MPoMeHi, MO3HaYeHO HMXKHIM IHAEKCOM i Ta BEpPXHIM iHAEKCOM /.

3BeneHHs A0 AKO6GIiEBUX MaTpUuLlb

Teopema 1. NMoBHomy rpady K(n,co) 3 N HECKIHYEHHUMW MPOMEHSMW BiAMNOBIAaE 06MEXEHNTIA
camocnpshkeHniA onepaTtop B Buay (1), AKMiA BU3HavyeHUiIA Ha Becbomy npocTtopi h{V). IcHye
TaKniA yHiTapH1iA onepaTop 11, w,o

UB1Tl= /H— 0 /_10 ...0 7-i,
1
ae — MaTpuui 9kobi Bugy
n —1 10 0 0 ..\ /-1 10 0 0 ..\
1 0O 100 .. 1 010 0 ..
In-1= o0 10 10 0 10 10..
N\ R Vi ./

HoBeneHHs. Hexain {e-}=i ilBd — cTaHgapTHMIA 6a3uc y npocTopi h(V), NoB's3aHMIA i3 BKasa-
HOI HyMepaLiieto BepwnH V nosHoro rpaga K(n, 0o). PosrnsiHemo AjiAcHy yHITapHY MaTpuLO

U = |IM]['=1, y AKoI nepLunia psaokK cKagaeTbes i3 umcen 4., To06To ny = j=1,...n
OcKinbkun MmaTpuusa U aitAcHa | yHiTapHa, To

I

Yy . UKU-mj = dkm>

=1

ne 6km— cumBos1 KpoHekepa. 3BiAcy BUMNIMBAE, LLLO

n
> Uj=0 npui=2,,..«.

;=
PosrnsHemo y npocTtopi h(V) Takuia HoBMIA 6a3unc Lo

3 =E ukWi’ FEN,/=1,2,..nNn
k=1
3rigHo 3 (1) onepaTop B Aje Ha BUXigHMIA 6a31C HACTYMHUM YNHOM:

M . . . .
BE| = I ée\+e2 Be =e¢l_1+el+l pngakoxHoroj=1,n 1ai>2.

Ak
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BpaxoBytoumn 3B'A30K MiXK HOBUM Ta BMXigHUM 6a3ncamu, Maemo:
LN = (n- D)e\+e\ B =?m_!+ e},
BeM = — Brj = + N AN koxnoro ] —2,TAT > 2

Taknm ymHom, nignpoctopn Hj 3 6a3ucom {e”,...,e[,...} npn KoxxHoOMY j — 1, n, i3omop-
Hi /2(N), ¢ iHBapiaHTHMMU An1s onepaTopa B, AsKMA B H i 3B0AUTBLCA A0 MaTpuui AKob6i 7, _i,
a B nignpoctopax H2, H¥ ..., Hn— pgo matpuui /_i. Onepatop Uy npoctopi h(V), akuii
nepesoanTb 6asnc {"}’=i,.em Y 6a3uc {"}’=lielN, e yHiTapHUM | 3340BOJ/IbHSAE TBEPAXKEHHS
Teopemu.

BnacHe cnekTpanbHuih aHanis

TakMM YMHOM, CMEKTPasiIbHMIA aHani3 3ipkoBoro rpadga K(m, 0o) 3BoguTbCa A0 A0CAiAKEH-
HS CNEeKTPasIbHUX BMaCTUBOCTEA MaTpuLb AKo6i /,,_i, /_i, AKUIA MOXHa oaepXaTu 3a a/iropu-
TMOM, HaBeAeHUM Yy poboTax [2], [3]

Teopema 2. MaTpuusa AKobi /,, i MOpoaXKyey NPOCTOpPi /2 06MEXEHUIA CaMOCMPSXKEHUIA one-
paTop, CNEKTP AKOro CKadaeTbes i3 abCoNMOTHO HEMepepBHOT KOMIMOHEHTWU, L0 36iraerbes i3
iHTepBasioM [2,2], Tanpu n > 3 wWe i3 04HOro B/1aCHOr0 3Ha4eHHA A = |y + i, AKOMY Bigno-
Bija€ HOPMOBaHW A B/1aCHUIA BEKTOP BUAY
_y/n(n -2 2 3 v+ \
M—l L] LB B l.'.)l
e uucno g =
Mpwn yubomy, KOXXHOMY A € [—2,2] Bignosigae y3arasibHeHNIA BMIaCHNIA BEKTOP

WA = (PO(A),PI(A) = (1 = 1)Po(JT)......PM (JT) = (1 - 1)P;=2(J1),...), @

Je noniHomu Pjt(A) € noniHomamuy cteneHs K Big A, W0 BupaxatoTbca y surnagi Pk(A) = UK(j)

yepes noniHomu Yebuwiesa apyroro poay, ae Uk(z) = - A noniHomiB Pjt(A)
BipHEe peKypeHTHe cniBBigHoweHHA Pk+H(J1) = APMA) —Ppg i(A) 3 noyaTKoBMMW yMOBaMu
P_i(J1) = 0, PO(A) = 1, Pi(A) = A

CnpaBeg/mBi po3Ksiag 3a npmBegeHNMU BaCHUMM QyHKLisMK (2) Ta piBHIcTb MapceBans
31 CNEKTPasIbHOW winbHicTio P(A) = 210N Y2A-AHW 1)/ HenepepBHOro crnekTpy. To6To Ko-
YXKHOMY BEKTOpPY X € /2 BignoBigae Moro nepeTBopeHHS dyp'e X — $X 3a BIaCHUMU BEKTOPaMM
e, WA Burnsay x — ((x,e)i2x(\)),aex(\) = (x, ypx)i2

BekTop X HameXuTb rifibbepToBomy npoctopy S) — E O L2([—2,2],|0(A)M), ae E — eBkni-
ais npocTip, a L2([—2,2],p(A)GA) — npocTip hyHKLiIA, KBaApaTUYHO iIHTErpoBaHMX Ha Bigpi3-
Ky [2.2] 3a mipoto p(A)dA

BipHe o6epHeHe nepeTBopeHHA ®yp'e, BU3HAYEHEe Ha BCbOMY S :

X= £ _1x(A) = (x,e)e +J ~X(AWXP(A)EA. )

[Ana noBinbHUX X,y € /2 cnpaBeg/viBa piBHICTb MNapceBans:

(*IV)i2= %Y)b = {oeY€) + /1 i(A)Y(A)p(A)dA. @)
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HoBepeHHs. MaTpuus AKo6i /,, i mopoaykye y npocTopi /r(M) o6MeXeHNIA caMOoCMpsKEHU A
orniepaTop, SKMIA 6yAeMo Mo3HavyaTun Tiew X AiTepoto /,, \OnepaTop /n_i Ajie Ha BEKTOp X =
xIfx2,...) € /2(N) Tak:

IN\X= ((n - 1)x1+x2rx\+x3,-.—- , XK-i+Y+pb--)-

I3 BUrnsgy onepartopa /,,_ i BilwvBae, W0 BEKTOP €, W0 BiAnoBigae BAaCHOMY 3Ha4YeHHIO

n= , € 0ro B/1IaCHUM BEKTOPOM, i ANa KoXKHOro A € [2,2] dyHKuis \.3a40B0S/IbHSE
piBHICTb J—UN = AUYA-
Nerko nepeBipnTn, Wo (e, YN\I2 = 0. BekTop X € /2(N) 6yae opToroHasieHUM 0 e Todi A

TiNIbKWM TOAi, KON
00

£ /xfcH -0 ®)
k=0
Po3rnsaHemo nepeTBopeHHsA ®yp'e 3a BNacCHUMU BeKTopamu e, YiX. BpaxoBytoun sBHUIA BU-
rNs y3arasibHeHol BacHol PYyHKUIT a ana X € /2(N) Maemo

()
X(A) = {X, oA12= > (Xxk+1- (9 - DXk+2)PkW ©6)
b=0
PiBHicTb (6) MOXXHa po3rngpaTv K po3knag PyHKUii X(A) 3a opTOHOPMOBaHOK CUCTEMOIO
noniHomiB {Pfc(A)}LOy npocTopi L2([-2,2\, pO(A)4&(A)), ae po(A) = "\\/4 - A2. Tomy

IMX(N)PKONPoN)AN = XkHl - (n - D)xk+2, k= 0,1,2... @)

JToMHOX1MO BMpa3 (7) Ha UKi MPOCYMYEMO 3a K. Y BMMNaAKy, KOJIN X=%e i BUKOHYOTbCS PiBHO-
cTi (5), aHanoriyHo, AK y [2], i3 BpaxyBaHHAM haKTy, Wo hyHKuia r O+ = Eb=0 VKpk(J1) €
TBipHO ana cuctemu nosiHomis {Pfc(A)}ELO, oTpumyemo

Xk+L= j A XW<P\,k+\pWdK k= 0,1,2... )

TakuM YMHOM, KOXHMIA BeKTOp X € /r ("), opTOroHa/IbHUIA A0 €, PO3K/1afaeThCcsa 3a y3a-
ra/isHeHMMN BIACHUMU PYHKLIAMU @\3i CNeKTpPasibHOK Mipoto p(A)AA, W0 € aBCO/TIIOTHO He-
nepepBHOIO BiAHOCHO Mipwn Jlebera Ha iHTepBani [2,2]. Tomy cnekTp onepaTopa },,~\MiCTUTb
0A4HOKpaTHY abCo/IlOTHO HenepepBHY KOMMOHEHTY, W0 36iractbcs 3 iHTepBasioMm [2,2], Ta

npu N > 3 BnacHe 3HadeHHs A = ("~_i *- OckinbKkun e\, To ans gosisibHoro X € /2(N)
BeKTopi/ = x—(X,e)e opToroHasibHMA eTay(A) = (X —(x,e)e,cp\) = x(A). 13 Burnsgy smpasy
(8) maemo y = /=2NA)DNP(A)rIA, w o eKBiBa/IEHTHO (3).

PiBHicTb MapceBans (4) oTprMyeMO i3 piBHOCTI MapceBans 419 BEKTOPIB X+e 3a y3arasib-
HEHUMW BJIAaCHUMU YHKLIAMU PX, ockinbky cUcTeManoniHomis {PX,KH=1 yTBOPIOE OPTOHOP—
MoBaHWMiA 6a3nc y npoctopi L2([—2,2],p(A)d(A)). n

Teopema 3. MaTpuusa Akobi /_i nopoa)Xyey npocTopi 2 06MeXeHUIA caMocrpsdKeHUIA one-
paTop, CNeKTP AKOro YMCTO abCos/II0THO HEMEePepPBHUIA i 36iraeTbces i3 iHTepBasiom [2,2].
KoxHomMmy A € [2,2] BignoBigae y3arasibHeHWIA BNIaCHNIA BEKTOP

WA= (Po(A), Pr(A) + PO(A), P2(A) + PAA)........ PM (A) + Py 2(A),...). ©)
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CnpaBeg/mBi po3Ksiag 3a NpuBeLgeEHNMM BIaCHUMM PyHKLiasMU (9) Ta piBHICTb MapceBasns
31 CNEKTPASIBHOM W 1InbHICTIO P(A) = 2T(2+N) HenepepBHOro cnekTpy. To6To KOXXHOMY BEKTO-
py X € 2 Bignosigae iAoro nepeTBopeHHs dyp'e X = $xX 3a B/IACHUMU PYHKLISIMU QX BUTNS4Y
X(A) = (X, @\N)I12: BeKTOp X HA/IEXUTb FisibbepToBoMy npocTopy L2([—2,2],p(A)AA).

BipHe 06epHeHe nepeTBoOpeHHs dyp'e, BU3HaAUYEHe Ha BCbOMY Sj:

x=d_1x(A) = 1 X(A\)@AA)EA (10)

Ana poBinbHUX X,y € P cnpaBea/iMBa piBHICTL [NapceBansi:

¢7y)h = (*>¥)i2= 1 _2X(A)S(A)p(A)aA (11)

AoBefieHHs. MaTpuusa Akobi /i nopoaxxye y npocTopi /2(N) 06MEXEHUEA CaMOCMPSHKEHNIA
orepaTop, SKMMAOYAEMO  MNo3Ha4vaTu Tiew XX niTepoto /_i. OnepaTtop/_igje HaBeKTop X =
(xi,x2,...) 3/2(M) Tak:

J-IX = (-X\+X2,XI + X3,--->Xk-1+Xk+V:-.)
I3 BUrnaQy onepatopa /_i BiwMBae, Wo Ans KoXKHoro A € 2,2] dyHKuyia Y\3a4080/1b-
HsiE piBHICTb J~if\ = AQX.
Po3rnsHemo nepeTBOpeHHA Pyp'e 3a BAaCHUMU (QYHKLIiSMU @X. BpaxoByoun SBHUIA BU-
NS, y3arasibHeHol Bf1acHOi PyHKLUIT @x, ansa X € /2(N) maemo
(00]
I(A) = X, 0X),2= X (xw + Xk+2)Pk(JT) 12
k=0

PiBHiCTb (12) MOXKHa po3rnsgaTh K po3kniag PyHKLIT X(\) 3a opTOHOPMOBaHOK CUCTEMOLO
noniHomiB {Pfc(A)}*°=0y npocTopi L2([-2,2],po(A)i/(A)), ge po(J1) = "4 - A2. Tomy

I"X(N)PKONPO(A)IN = XK+l + xk+2k = 0,1,2... 13)

I3 3arasibHOI Teopii AKO6IEBUX MaTPULLb BUNIMBAE, L0 ICHYE TaKa LWi/IbHICTb p(A), W0

4+1 = L2SW iW W A, k=0,1,2... (14)

BUKopUCTOBYHOUM MeETOA MaTeMaTUYHOI iHAYKLUiT, OTPUMMYEMO BUpa3 4/19 06epHEHOoro ne-
peTBopeHHs ®yp'e (10), Ta nicas NigcTaHoBKM piBHOCTI (14) y Bupa3 (13) — BUpa3 ans WisflbHo—
CTIP(A) = 2Ny -

PiBHicTb MapceBansa (11) 0TpMMYEMO aHaJ10riuHO, K Y A0BeeHHI TeopemMu 2. [

BucHOBOK

I3 Teopem 1, 2, 3 BUN/IMBaE, W0 cNeKTp 3ipkoBoro rpaga K(m,00) cknagaeTbes i3 M—KpaTHOI
abCcoNTHO HernepepBHOI KOMMOHEHTH, W0 36iraeTbes i3 iHTepBasiom [2,2], anpu n > 3 we
i3 04HOIr0 B/IACHOI0 3Ha4YeHHA A = — jj+1L

MeToau NpoBeAeHHS CNEKTPasIbHOM0 aHasli3y NoBHOro rpafa 3 HeCKiHUeEHHMU NPOMEHS -
MW, LLL0 BUKIAaAEeHI Y AaHIiA po6oTi, AaloTb 3MOry AocAiaKyBaTu CNEKTPasibHi B/1IaCTUBOCTI LLN-
POKOro Ksiacy 3B'A3HUX rpagiB 3 HECKIHUEHHUMM NPOMEHSMM.

ABTOpP BUCM0BIOE WPy noasky J1.IM. HmkHMKy Ta HO.C. CaMOIAMIEHKY 3a KOHCTPYKTUBHI
3ayBaXKeHHS.
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B gaHHOA cTaTbe NpoBeAeH AeTa/lbHbIMA CAeKTPasibHbIA aHaIM3 NOSIHOro rpada ¢ 6eCKOHeYHbI-
MK fiydamm. OxapaKTepr3oBaH CMEKTP caMOCOMNpPAXXeHHOro oneparopa, NMopoXXA4eHHOro MaTpuLoiA
CMEXHOCTW TaKoro rpadga, NocTpoeHa cnekTpasibHas Mepa, NpuBeaeHbl B ABHOM (hOpMe COGCTBEH-
Hble BEKTOPbI N CMEKTPasIbHOE Pa3/I0XKeHWE N0 cO6CTBEHHbIM BEKTOPaM.
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CMeKTpasibHoe pa3fioXXeHMe, cneKTpasibHas N/I0THOCTb.
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NOMYWAHCbBKUW A .0 .1, TONYWAHCbBKA I.M.2

OBEPHEHI KPANOBI 3AAAUYI ANA ANGYIINHO-XBU/TbOBOIO PIBHAHHSA 3
Y3ATATbBHEHUMUW o YHKLUIAMW B MPABNX HACTUHAX

JoBeneHo oAHO3HAYHY PO3B'A3HICTb 3a4a4 NPo BU3HA4YeHHS Napu yHKLitA: po3B'aA3Ky u(X,t)
nepLoi KpalaoBoi 3a4avi o5 piBHAHHSA

uf -a(0mx = Fo(x)-g{t), (x,t) e (0,/) x (0,I],

3 apo6oBoto noxigHow MNP nopagky B e (0,2), ysara/ibHEHUMU PYHKLLISIMM B MO4aTKOBUX YMOBaXx,
a TaKoXX HEeBIAOMOro HenepepBHOro KoegiuieHTa a(t) > 0, t € [0 T] (a6o HeBigOMOT HEMepepBHOT
hyHKLiTg(t)) npu Bigommx 3HadeHHsaX (a(t)ux(-, i, @0(:)) (m(:, N, @o(:))) BignoBigHOT y3arasibHe-
HOT (DYHKL,iT Ha 334aHi/1 OCHOBHIIA (hyH KL iT <po(X).

KntouoBi coBa i hpasn: noxigHa apo6oBoro nopsagky, ysarasibHeHa PyHKLisi, 06epHeHa KpaiioBa
3afava, BeKTop-(yHKLia ['piHa, onepaTopHe PiBHAHHS.

1MpuKapnaTcbKNIA HauioHa/IbHUIA YHIBEpCUTET iMeHi Bacnna CTedaHuka, IBaHoO-®paHKiBCbK, Y KpaiHa
2 NbBIBCbKMIA HauioHaIbHUIA YHiBEPCUTET iMeHi IBaHa ®paHKa, /1bBiB, YKpaiHa

BcTtyn

3apava Koli Ta KpatioBi 3afaui A1 piBHAHHSA ANQY3il Y Andy3iAHO-XBUIbOBOI0 PiIBHAH-
HS 3 Perysiaprn3oBaHoO0 noxigHow gpobosoro nopsgky [2], [4] suByanuck y 6araTtbox npausix
11, [2], [B] [6], [20H15], [20] Ta iHWnX. AKTUBHO BMBYalOTLCA B OCTaHHI POKM 06epHeHi Kpa-
VoBi 3aa4di ana Takux pisHaHb (avs. [3], [7], [8l, [26], [17], [21] Ta 6i6niorpagis Tam).

Y paHilA cTaTTi BCTaHOB/THOEMO 0HO3HAYHY PO3B'A3HICTb ABOX 00EPHEHUX KpaiAoBUX 3a-
aau a8 angysilAHO-XBUIbOBOI0 PiIBHAHHS 3 3a4aHNMM y3ara/ibHEHUMU PYHKLLISSIMW Y MpaBUX
YacTMHax NpsMoi 3a4aui.

BA0AYA 1 nonsrae B BU3HaYeHHI napun (yHKLUiA (1,a): po3B'A3KY M nepLuoi Kpalaosoi
3agaui

MA - a(t)uxx = FO(x) my(t), (x,t) € (0,/) x (0, T], @
n(0,0=0, ul,®=0 fG[0,T], 2

n(x,0) = Fi(x), xe [0/], (©)]

ut(x,0) = R2(x), xe[0,/], 4

i3 3a4aHUMN y3araibHeHUMU GyHKUisMu By, j = 0,1,2, HenepepBHoto g(t) (Y NpaBiiAa YacTUHI
PiBHAHHA (1) Kpankow Mo3HavyeHo MpsaMniA 00y TOK y3arasibHEHMX (PYHKLLiEA), a TaKoX HeBi-
Aomoro KoegiuieHTa a(t) >0, t€ [0 T], 3a 404aTKOBOI yMOBU

(a{ux(x,1),(p0(x)) = F3(1), t€ [OT], ®)

YOK 517.95
2010 Mathematics Subject Classification: 35K55.

© JlonywaHcbknia A.O., flonywaHcbka .M., 2014
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T0o6TO 3a4aH0 3Ha4veHHs PR(i) ysarasibHeHoi pyHKLIT a(t)ux(X,t) Ha AesKilA ragkiia QyHKLIT
<po{X), x € [0/].

Posrnagaemo Biwagok B € (0,2). YmoBa (4) BigcyTHS y Bunagky (3 € (0,1].

3ayBaXXmnmo, Wwo npu B = 1 Ta 3agaHuUX perynsapHux QYyHKLIiSX y npaBuX YacTUHaX Tako-
ro Tuny obepHeHi KpaloBi KoedillieHTHI 3a4adi 3 IHTErpoBHUMU YMOBaMM NepeBU3HaAYEHHS
BUBYa/IUCbL, 30KpeMa, Y [9]

3A0AYA 2 nonsirae B BM3Ha4YeHHI Napu QyHKUiA (U,g): po3B'A3KY WM MepLloil KpataoBoi
3agavi (1)-(4) npn 3agaHnx ysarasibHeHUX pyHKUisax Fj = 0,1,2, Ta HEBiAOMOI HEMEPEPBHOI
hyHKLiT g(t) 3a 4ogaTKoBOI yMOBU

(u(x,t),cpo(x)) = K40/ te [0, ©)

T0o6TO 3a4aH0 3HauYeHHs P4(i) y3arasibHeHoT PyHKU,IT n(X, t) Ha AesKilA rnagkith pyHKLUIT (po{X),
X € [0/].

Bu3HauYeHHI0 peryasapHoi NpaBoi YacTUHM PiBHAHHA (1) Npuy pisHUX yMOBax NepeBnU3HaYeH-
Hs1 MPUCBSAAYEHO0 Halb6ifbLUe Npaub. 30KpeMma, y [7] BCTaHOB/IEHO 04HO3HAYHY PO3B'A3HICTb 3a-
Aadi Npo BU3HaYeHHs po3B'A3KY M 3agadi Kowi gnsa abcTpakTHOro piBHAHHA Y ri/ib6epToBOMY
npocTtopi X 3 gpo6oBOO NOXigHOK 3a YacoMm nopaaky B € (0,1] Ta perynsapHoi (3anexHoi
BiJ 4acoBOT 3MiHHOI) NpaBoi YaCTMHN LIbOIr0 PIBHAHHSA 3a YMOBU nepeBuU3HavyeHHsa (U, Yo) = h
(po, h — 3apani), ge nig Ay>XKaMmm po3yMitoTb CKa/IApPHUIA A00YTOK e/leMeHTIB riib6epToBoro
npocTtopy X.

1 OCHOBHI nosHaueHHs Ta bopmynwBaHHSA 3apgau

BukopmncToByeMO HacTynHi no3HayeHHs: Qo = (0,/) x (0, T]; C+ [0, T] — knac HenepepBHUX
Ha [0 Il Ta 06MeXeHUX 3HM3Y AodaTHUM Ymciom yHKUiA; C+[0, T = C°°[0, I'T N C+[0, I7];
D(Rn) (N — 1,2), 2)(0,2), T>[01] — npocTOopn HECKIHYEHHO AUtepeHLLiLA0BHUX (YHKLLIA 3
KOMMaKTHMUMK Hociasmun BignosigHo B Rn, (0,1), [0/] ([18], c. 13); S(Q0) = {v € C°°(QO0) :
(il)kv T = 0, k = 0,1,...}; ®'(Rn), £5'(0,/), £5'[0,/], 2)'(Q0) — mpocTOpU NiHIAHNX He-
rnepepBHUX (yHKUioHaniB (ysarabHeHMX (YHKLUiIA) BignoeigHo Ha S(RN), 2)(0,/), 2)[0/],
D(Qo); (F, ) — 3HayeHHa F € ®4KN) Ha ocHOBHiIA pyHKLiT @ € T)(RN), a TaKoX 3Haue-
HHA F € 2Y(0,/)) na @ € 2)(0,/), F € 3)'[0/] Ha @ € 35[0/], F € S'(Qo) Ha ¢ € S(QUO0);
®'(Qo) MC[O, T] = {F € 3)'(Qo) : (F(x, -), ¥(X)) € C[0O,T] Nop€ ©(0,/)}— knac y3arasibHe-
HUX yHKLUi 4 i3 D'(QO0), HenepepBHUX 3a 3MiHHOWO t € [0 T] ([29)).

Mo3Ha4vaemo 4vepes i omnepawlito 3ropTKM y3arasibHeHOI PYHKLUIT g Ta OCHOBHOT OyHKL,iT
@ ([18], c. I): (g*(P)(X) = (gNo),<p(x + £)); uepe3 * — ornepaLiito 3ropTKN y3araslbHEHNX
YHKUiA / i g, TOOTO y3arasibHeHy ()yHKUito f *g € (/ *g,9) = (f,g*<P) ana Ko-
YKHOT OCHOBHOT (hyHKLiT @ € 2)(R); f(x) my{t) — npamunia o6y ToK y3arasibHeHNX QYHKLLiA
/, g € S'QR), To6TO y3aras/ibHeHy QpyHKLit0 / -g € 35'(IR2), BU3HaueHy popmysioto (/ my, @) =
(f(x), (g(t), (X, 1)) oNns KoXXHOT 0CHOBHOT PyHKLUiT @ € D(IR2).

3ayBaXXnUmo, Wwo y sunagky g € LN\, T) maemo
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BukopuctoByemo pyHKUito /g € 2)'+(K) = {/ € £>'(E) :/ = Onpnt < 0}

= gnni npnA>0 | = [i+a(Onpn n ™ °-
ae ' () — ramma-pyHkKuis, 0(f) — oanHMUHa PyHKLiS XeBicaiaga.
MpaBWbHI HACTYMHI CNiBBiAHOLIEHHS:
/NI = D\+y/ AN g = fAH

Haragaemo, wo noxigHy vA\Xx, t) PimaHa-JliyBinna pyHKUii v(X,t) nopagky B > 0 BU3Ha-
YyaloTb HOPMY 100
WB)(x.n = *V(X,t),

perysispnusoBaHy rnoxigHy Apo60Boro NopsaKy —

nor. rn - 1 i vi(x,T)"__ 1 af VE,T) A n(x,0)

Xn- Mrm)J -AHI Bl (FFWIT“~T-

= U0NS\x.) - i1-B(Du(x,0), B € (0,1),

= vB\x,n -/i_p(f)»(x,0) - /2 B(nvi{x,0), B € (1,2).

Hexatn C27(Qo) = {un € C(Qo) |vxQpv € C(QO0)}.

BBepemo onepaTopu

L: {LV){x,t) = V\B)(X ., —a(t)vxx(x,t), (x,t) € QO v € S)'(Q0),
(iregv”™ X/t* -= D?v(x,t) - a(t)vxx(x,t), (x,t) € Q0, p € C2#(Qo),

L: (LV)(x,t) =/ _PB*v(X,N -a(t)vxx(x,t), {x,t)eQ0, Vv ES)QO

Ta yHKUIiAHMIA npocTip X(Qq) = {y € £>(Q0) : v(0,i) = 0, u(/,f) = 0, t € [O,T]}.
[na n € C2M(Qo), Y € X(Qo) npasunbHa popmyna I'piHa

[, 1y ey, mydyat= Tuevy, Dipgy, Ddydr

Qo Qo
r

+ |a(M)[v(0,Ni/>y(0,T)-u(/,T)NZ,T)]iiT @
0
i T i T

+ [ v(y,0)dyJ /i_B(T)yr,T)aTt + J vI(y,0)dyj /2-B(T)@&,T)AT.

MovnyueHHs:

(F0) g€C[TLFEST0,4,j=0,12,
(F) F3€ C[0, T] TaF3(f) ~ OHa [0, 7, 90 € 2)(0, 2.
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OsHaYeHHA 1. PosB'sizkom 3aaaui 13a npunyLeHs (FO), (FI) HasMBaeTbes mapa (yHKLibA
{u,a)em +:= (2>'(Qo)nC[0,T]) xC+[0,I1],

0 3a40B0sSIbHAE yMOBY (5) Ta TOTOXHICTb

T 2 T.
(n.i@) = [ g{O(FOip(-,1)dt + YA(Fj, j fh p)\p{-t)dt) W>€ X(Qa). (8)
0 =1 0

Movnyuers:

(F2) a€C+[0T],H €S'[0,/],/ = 0,1,2, F4 € C1[0, T], 90 € 2)(0,/), F4(0) = (Fi,<po)-
OsHaYeHHA 2 Poss'sizkom 3apadi 2 3a npynyuweHHA (F2) HadmBaeTbcs Mapa QyHKLiiA
(u,g)ew:= (D'(Qq) NCIO, T]) x C[O, T,
L, 0 3340B0J/IbHAE TOTOXHICTb (8) TaymoBy (6).

P03B'A3HICTL 060X 3a4a4 BCTAHOB/IIOEMO MeTOA0M PYHKLLiT I'piHa.

2 ChnpaxeHni onepaTtopwu r'piHa nepwoi KparoBoi 3agauvi
(O3HauEeHHs 3. BekTop-tyHKuUia (Go (X, t,y, T), Gi (X, t,y, T), G2(X, i,y, T)), Taka L0 Npu AocTa-
THbLO INaaKUX go, gi, g2 PyHKLiS

t | 2 1
)1 = j dxJ Go{xty,T)goly,T)dy +£ | Gj(x, ty,0)gj(y)dy, (x,t) €Q0  (9)
0O o0 /=10

€ K/lacnuyHuM (Kslacy C2db (Q o)) Po3aB'sA3KOM MepLu ol KpaiAoBoi 3agaui

DMu —a(t)uxx = go{x, t), (x,t) € Q0x (O, T], (10
u@©O,t) =0, u(,t)=0 x€ [0/]Ff€ [0T], (@hD)]
u(x,0) = gi(x), ut(x,0) = g2(x), x€[0,/], 12)

(3 BigoMoto yHKL et a(t)), HasnBaeTbCsA BEKTOp-hyHKLieto 'piHa Liei 3aaaui.
3 03Ha4YeHHs BUMNJIMBaE, LLLO
(LGO)(X, t,y, T) = d(X -Y,t- T), XU, (y.T) e QO pged— genbra-yHKuUiA [ipaka,
Gj(, t,y,r) = Gj(l,t,y,r) = 0,y € (0,/), i,T € (0,T],j = 0,1,2,
Gl (x,0,y,Q)=6(x-y), ]1G2(x,0,i/,0) =5{x-y), x,y € (0,1).
AK npu pgoeneHHi nemu 1i3 [12], nokasyemo, W0
G/(*.f,y,0) = fj-fi(t)*GO(x,t,y,0), (x,t) € Qo, ye (0,/), j= 1.2 (13)

Y [13] poseneHo icHyBaHHSA BeKTop—-(PyHKLi I'piHa nepuoi kpatiosoi 3apaui (10)—12) npwu
a € C+[0T]
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BukopuctoByemo gasi nosHavyeHHs Gj(x, t,y, T, a) 3amicTb Gj(x, t,y,T),j = 0,1,2
I3 MpuHUMNY Mmakcumyma [14] BunnuvBae aoaaTHiCTb PYHKLIA Gqg(x, t, Y, T,a), (X, t), (y,T) €
Qo 1a Gj{x,t,y,0,a), (x,t) € Qo,y € (0,1),t> 0,j = 1,2.

OLLiHKM KOMIMOHEHT BEKTOP-(PYHKLLi I'piHa Ta iX MoxigHux 3a 3MiHHOK0 X HaseaeHo y [13].
Besenemo onepaTtopu

i
{Gof)(y, t, 1) = f Go(x,t,y, T,a)<p(X)dx,
0

Gi(P)(y.1) = f Gj(x,t,y,0,a)ip(x)dx, j= 1.2, <pes)[0./].
0
3a nemoto 1i3 [13] npn a € C+[0,T], wax < R, poBisibHMX 0 < T < t < T npaBUSIbHI
i€[o,r]
OLLIHKM
N\(PHK(Go<p)(y,t, DO\ < cONN=km m(t - T)P/2~r[y/K+ (t- T)P/2},
3 - 14
NMKGIHYMIN < gNPNA'tT T = k=0,1,2,,
a TaKoXx
NAHK(Gof)(y,t, TIN< ORNNPNNK4 qi} m(1t - TY /2~N>
1C)4G 2)(y,01 <CiiK| | G-1M - [VAi-/3/2 +i/-A j=If2> k= 1/2....... (15)

d,c* (j = 0,1,2) — mopaTHi cTasli.

3 Po03B'AA3HICTb 3apgaui i

Hexah BUKOHYIOTbhCA npunyLeHHs (FO), (F1) Ta HacTyrnHe NpunyLweHHs

(F) cpo(x) > 0,x € (0,1),g(t) > 0, t€ [OT]
a TaKoX HexalA NpaBu/ibHa 0fHa 3 HACTYMHUX YMOB:

1 (Fo(y), 9t/(y,)) > O, (Fj(y),.cpy(y,t)) > 0 gna Bcix t € [0 T], KO)XHOT HeBig'€eMHOT
@ € 2)(Q0),j =12, F3(t) <0, te [OT];

2. (FO(t), cpy(y, 1)) < O, (¥i(¥),.a>y(y,)) < 0 agna Bcix t € [0 T], KoXXHOT HeBig'eMHOI
<peD(QO0),; = I,2,F3(f) >0, t € [0 T].

3rigHo 3 Teopemsto 3 i3 [13], 3a npunyLeHHs (FO) npu KoxHiA Bigomiia a € C+ [0 T] icHye
€AMHNIA P03B's30K N € 3¥Y((20) MC[O, T] nepwoi KpatroBoi 3agadi (1)-(4), BU3HaueHMiA hopmy—

n 2
(u(-,f,<p()) = 7 ~T)(FO(-),(GO(P)(-,i, THAT+F; (F/(-),(G;?)(-f,T))
0 (16)
Vp € 30/, t€ [0
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MigctaBumo pyHKUito (16) BymoBy (5). Ogep>Xyemo

«(QL i g(T)(FO,GolfO)(t, T)dT + ?Flz;,ey,,)(t)‘ =-w, teEM

abo

= _[fS(MO '»0)(t, T)YdT + E(P;,0;900)({) - F3(0 / fe€ [OT], 17
T

ae /it) = [«B] r-

3a BM1aCTMBOCTSIMU KOMIMOHEHT BEKTOp-(hyHKLii ['piHa

(Go<Po)(y.t,z2) = j Go{xty,T,a)(p'0(x)dx = - J — GO(x,t/y/ T/a) fO(x)dx

0 0

—3 y}Go(xft,y,T,a)(po(x)dx = 3 (Go<po)(y,t,T),
0

Tak camo (GPO)(y,.t) = *(Gj<po)(y.1).j = 1.2.

Tomy 3 gogaTHOCTI QyHKUith Gj(x,t,y,T,a), (x,t), (y,T) € Qo,j = 0,1,2, npu HeBig'em-
HIlA o oTpumyemo G;go > 0,/ = 0,1,2, a Toai, 3rigHo 3 npunyweHHam (F) (npn @ = G;<9m
y = 0,1,2), npaBa 4YacTuHa piBHAHHA (17) gogaTHa. Hacnigkom uyboro Ta Teopemu 3 i3 [13] €
HacTyrnHa Teopema.

Teopema 1. 3a npmnyuweHb (FO), (F1), (F) napa ¢yHKUiiA (u,a) € 9H € po3B'A3KOM 3adadi 1
ToAj i TiNbKM ToA4j, Ko gogaTHa HenepepBHa yHKLisg h(t) = {a(®)}~1 t € [0, T] epo3B'sa3Kom
piBHAHHSA (17), pyHKUiSA u(X, t) BU3HaueHa opmynoto (16).

Teopema 2. 3a npunyuweHb (FO), (FI), (F) po3s'asok (u,a) € LI+ 3agaui 1icHye: PyHKLLisA
u(x,t) BmsHaueHa hopmynot (16), a(t) = [h(t)]~1,Aeh(t) — po3B'A30K onepaTOPHOro piBHA-
HHA (17).

JoBeneHHsA. BpaxoByloum HaBefgeHi BuLLe MipKyBaHHS, NepeTBOPeHHSs, TeopeMy 1, aAnsa AoBe-
[eHHs1 iCHYBaHHSA po3B'sA3KY 3a4aui 3a/IMWAETbCA A0BECTU PO3B'A3HICTbL PiBHAHHA (17) y Knaci
[oaaTHUX HerepepBHUX GyHKLUit h(t), t € [0, T]. doBeaemo croyaTKy 0o po3B's3HICTb Y
Knaci

Mr —{he C[OM : [Wlldo1] ~ "}

LL e — 6GaHaxiB NpocTip, AK 3aMKHeHUIA NignpocTip 6aHaxoBoro npoctopy C[O, T] 3 HopMoto
N\M[OT] =
Bukopuctaemo npuHuun LWaynepa. Ha M r po3rnigaHemo onepartop

(Ph)(t) := —[(F,Go")(f)+ /_ElifyGy’\XOj N\B(HVN\  tE€ [0r].
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Y3arasibHeHi PYHKLiT B 06MeXeHiiA 06/1acTi MaloTb CKIHUEHHUIA MOPAAOK CUHTYSPHOCTI
[18]: icHytoTb Taki uini umcna kO, KN K2 Ta pyHKUL,iTi gok glk, g € Lx(0,/), wo

1 .
HY)'<p)) = k_ZOL! Bik(YKT)MPY)dy V<pGe[o/], | = 0,12 (18)

BukopucToBytouun 306parkeHHs (18) Ta ouiHkKM (14), (15), nepeKoHyeMocs, W0 4S8 A0BISIbHOI
¢ €D [01] dpyHKLiT

t kn 1 1
f amFomrGo<pyy.t AT = 2 T 8(*)[Fgoky)ir-)kGop)yt Ty e,
0 k=°0 0

K |
HY)AGIH(yY.1) = 2J 8jk(y)(-fy)kGi<P}y.Ddy, j = 1.2,

HenepepBHi Ha [0 T], i Npy UbLOMY NPaBUSIbHI OLLIHKU

t
[ EM(BY O, T)ri
0
i /
< colMic[o/1 -/ 1#(T)I \] o(y)|dy (t- 1)1 +VR(t -ty /21 at 19
) 0
K 1
+ OVR ZIVIIC‘—i[qJ] AT T NgokY)N\y]  (t- T)P/2—1aT <60" /2(tN/2 + YR),
k=1 0 6
I y), (G<p)yON\ < Qé}IMIC*[OIJ ' 1/ \gky)N\dy = b=\ j = 1,2;(20)
a TaKoxX

!
IEO), G4 DI < clkida] -f 13 gy

k i
+cr = KICH[G] - w Rt ~'~Br2+ t~13 f \gk{)\dy < bH[y/Rti-I-V2+ti~v , 7= 1,2,
k=1 [
1)
nJe bj, b* (/ = 0,1,2) — neBHi gopaTHi ctani. Toginpn h € m r, t € [0 T] ogepxyemo
N\PHON < NXOVRtP/2 +bOtP + 6, + br*| m[e3(0 '< aVr + b,
noe A = boTP/2/ inf i3}/ B = +6i +62T])/ inf 3(i) | 3a BnacTuBicTiO PYyHKL,iT
refo,r] te[0,T] T

aVr + Bnpu goBinbHUX gogaTHUX vYncnax A, B icHye Take Rq = Rq(A, B) > 0, wo gns Bcix
R > Rqg BMKOHYETbCA HepiBHICTb ANIR + B < R. Mu nokasanu, wo ana scix R > Rg, h € MR

WhNqT} < R>a>oTxe, P : Mr Mr.
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OnepaTtop P HenepepBHUIA Ha M r. CnpaBai, npy h\Nh2€ m r

Ne )(*)- Ne ) (O

T /
= —[*3(0]_1(*b(y), [ 9(T) J[Go(x,t,y,T,I/hi) - Go(x,t,y,T,I/h2)]<po(X)dxdT)
0 0
2 I
~D ROl N (My) [[Gj(x,t,y,I/h) -G Hx,t,y,I/h2)]<po(x)dx).
)=I 0

BukopucTtoBytoun 306paxkeHHs (18) y3arasibHeHUX (YHKLLiEA Ta B/1aCTUBOCTI CRPSXKEHUX
onepaTopiB I'piHa, ogepxxyemo, wo 3HadeHHs \(Ph\)(t) — (Ph2)()\ magi Bcix t € [0,T]
npu Maninmx 3HadeHHsax NaN\t) —h2(t) X 1€ [0, I].

MoaibHo oAepXXyeEMO, W0 onepaTop P KOMMaKTHMIEA Ha Mr: BuLe 6Y/10 BCTAHOBJIEHO PIBHO-
MipHY 06MexeHicTb MHOXUHN {(Ph)(t), t € [0, T]} npu h € Mr, ii ogHOCTal/iHa HENepepBHICTb
BUM/IMBAE 3 PiBHOMIPHOT 36KHOCTI iHTerpasiB y Bupasi (Ph)(t + Ai) —(Ph)(t) npu h € Mr,
AKLWO0 BMKopmucTaTu popmynun (18), ouiHkum (14) Ta Hacnigok 1i3 [13], 3a Aknm

N\Gi(x,t + At y, T,0) - Gi(x,t,y, T, 9] < Mt(x ty T,a\NAN7, (x,1),{y,T) € QO

ge 0 < 7 < 1 HeBig'eMHIi yHKUiT Mj(x,t,y,T,a) MaloTb Taki X OUIHKW, K G,(X,t,y, T,a),
i = 0,1,2 BignoBigHo i3 3amiHoOlO B Ha B —Y.
Byno nokasaHo HenepepBHICTb NpaBoi YacTuHU B (17) anda Beix t € [0, T]. TakoX i3 oLiHOK

(14) Ta gogaTHoCTI PyHKUitA  Gj(x, i, 7, T, 1/h), (Xx,t) € Qo,y € (0,1),0< T < t< TBAH
T

naveae, wo 3a ymoB (F) pyHkuii f g(r)(Fo, Gog0O)dr, (F-,G;"), j = 1,2, Ta —-P3(0 ogHoro
0
3Haky gns Beix t € [0 T], obngsa MHOXKHUKN Yy (17) BigMiHHI Big Hy/1A. 3BiAcu ogepXyemo,

wo (Ph)(t) >0pgnascixt € [0,T], h € m r. OTXe, BpaxoByUU PiBHAHHSA (17), oaep>KyemMo
[0AaTHICTb Moro po3B'a3Ky h(t). |

Teopema 3. 3a ymoBu (F1) po3B's30K (1,q) € 98+ 3agadi 1 eauHniAL.
HoBegerHs. Akwo (mi,iAi), (U2,a2) € 9'H— aABa po3B'A3KM 3adavi, v = W, —u2a = ai - a2 1o
W) - ax(vxx = a(iu2x  (x,t) € Q0 (22
v(0,t)=0, v(l,t) =0, t€ [0 T\ i7f=0 =0, xe[O0,l], (23)
a\ = aNA—a\2 = tfii'i —a2v2 —(@\—a2)v,

at®(Vi(x,0),FoC)) = -NO(-V(X.N,9"000) = ** Ca2(Dv2(x, D,o1,00)

= -~ Ca 2(vxx.n.90(x) = “c 10 7]
a, oTxe,

al(0(v(x,0,~(x)) =~ | p, ie[0,T] 0 e2)(0,/). (24)
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3a Teopemoto 3 i3 [13] 4na pyHKUIT v, SK po3B'A3KY nepLuoi Kpatiaosoi 3agavi (22), (23), npa-
BU/IbHE 300paXKeHHS
i
*1-,0/<K-)) = Y B(T)("(-,T1),(000)(-,i,T))iit V<peS)[0,/], t€ [0T]. (25)
0
MigcTaBnsaun pyHKLUito (25) BymoBy (24), oaep>Xyemo
t
Ai(0 J a(T)(mM2yy(-/T),(COPOY)(-N/T)) T =
0 ‘2
TO6TO

a0 -1 - (Mw(-/T),(GOYyO)(-,t, T)HrfT = 0, f€ [OI], (26)
0
e B MigiHTerpasibHOMY BMpasi € 3Ha4YeHHs y3arasibHeHoT hyHKL,iT WAA(-, T) Ha (Go<pO)(:,i,T)
ana gikcoBaHux i, T € [0 T].
3a Teopemoto 3 Ta Hacnigkom 2i3 [13] n2(i/, t) Ta u¥(y, T) — HenepepsHi y3arasibHeHi Py H-
KUiT 3MIHHOT T. K y3arasibHeHa hyHKLia B oomMexeHii 06nacTi QO0, uAv(y, T) Mae CKiH4eHHWIA
nopsAoK S Ta C—CUHIYNAPHOCTI. ToMy npaBusibHe 306paxkxeHHA Burnsgy (18)

(«2,(¥Y,T),<p(y)) = Z Lrk(y. T)(*-)kf(y)dy Mg € 2210/,

it=05 %
Oe rk € C(Qo), k = 0,1, ..p, 3BiAKM 940 IHTErpasIbHOro piBHAHHSA (26) K(t,T) = -
P f
(M-, T),(0)<pd)(-'i'T)) = tE f rk(y>T){jL)k(Gop0)(-,t,T)dy Ha nigcTaBi (14) mae
\Y 00

ouiHky |K({,T)] < C(t —T1)"/2-1, C — popgaTHa ctasla. Mu ogepxxanu, o gyHKLUis a(t) 3a-
[0BOMbHSE MiHiIlAHe ogHOpigHe iHTerpasibHe pPiBHSHHSA BosbTeppu Apyroro poay 3 iHTerpoB-
HUM S4poM, siKe 04HO3Ha4YHO po3B'a3He. OTxe, a(t) = 0, t € [0 T]. Togi 3 (25) ogep>xxyemo
v(ix,t) = 0, (X, t) e Qo- O

3ayBaXeHHs. 3 aoBedeHHS TeopeMu 2 BUMN/IMBAE iCHYBaHHSA po3B'a3ky 3agadi (1)-(5) i To-
ai, kKonn FO(x) = 0 Ha [01], anie xou oaHa 3 GyHKUiA F- € 2Y[0,/], ] = 1,2, HeTpuBia/ibHa Ta
Mae nopsaok cuHrynspHocTi S(Fj) > 1, ogHak y Bunagky s(F\) > 1 Ta perynspHux abo Tpu-
BiaslbHUX Fq, F2 y npunyweHHi (F1) Tpeba BBaxxatun F3 € C@/2[0 ] = {v € CO,TI\tP/2v €
C[o,I], inf ©vV2]iAi)] > 0}, ockinbkn Tenep 3amicTb (20) NpM j — 1 NOTPiGHO BUKOPUCTOBY-

BaTWu OLHKY (21).
3a npunyweHHa F3 € CA/2(0, T] TakoxX 04ep>XXYEMO EAMHICTb PO3B'SA3KY LET 3agadi.
3 AoBedeHHS TeopeMmn 2 6a4Mmo, LW,0 AocTaTHbO BBaxkaTn ¢on € Qf(0,/), pe m — max s(F,-).
j=012

4 PO3B'A3HICTb zapgaui 2

MiacTaBuMo hyHKLUito (16) (po3B'A30K NepLuoi KpatioBoil 3agadi (1)-(4)) B ymoBy (6). Maemo
| 2
/ (FO,GOfO)(t, T)g(T)dT = FA(t) - = (pi’ O)ypo)(t), te€ [0r]. 27
0 M
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Mwu ogep>Xanu MiHilAHe iHTerpasibHe piBHAHHSA BosbTeppu nepuworo poay, S4p0 SIKOro
Ko(t,T) = (Fo,Gofo)(trt), 3rigHo 3 (19), mae ouiHKy |Ko*,T)] < C(t - ©)~/2_1, C — popga-

2 N
THa cTasla. YmoBa F4(0) = X (F/,Gjcpo)(0) = (Fb y0) € HEOOXigHOK YMOBOK PO3B'A3HOCTI
1

piBHAHHA (27) y C[O, I']. Mogamo piBHAHHSA (27) y BUrnaai

A-BMO * f (FO,GO@E)(t, Tg(T)CiT = g4(t),

0
2
ae g4 = /v_B/2(i) * [EXE) - E (F;/ Gj<po)(t)}. Micns nepeTBOpeHb 04EPXKYEMO pPiBHO3HAYHe
/=1

piBHSAHHIO (27) NiHilAHe iHTerpasibHe PiBHAHHA BoribTeppy nepLuoro poay

t

J KX{t,Tg{T)dT = gA{t), (28)
0

aapo akoro Ki(i,t) = /i_"N2(i - ) * (FO, Go'poX* - T,T) HemnepepBHe Ta Mae, 3rigHo 3 (19),
OLLiIHKY
N < Cfi_B/2(i-1) */p/2(i-1)] = £/ (i-T1),
C - popaTHa cTana. MNpu HenepepBHiA AndepeHLLiLA0BHOCTI NMpaBoi YacTuHU g4(i) MaTumMemo
€VHUIA HenepepBHUIA PO3B'A30K PIBHAHHA (28). 13 ogep>kaHnX y po3gini 2 ouiHok (20) Bunam-
Bae, LU0
1/i—3/2(0 * (F/, Gyfo)(Ol < Pj = const >0, j = 1,2,

Tafi-B/t * (F/,G/po) € C*[0, T]. Togi 3a ymoBun /1_B/2* F4 € C![0 T] (9Ka BUKOHYETbLCA Mpwn
F € C1[0 T]) oaepXXyemMo po3B'A3HICTb piBHAHHA (28) y Kiaci HenepepBHUX PyHKLiA Ha [0, T].
Mwu goBenu HacTyMHY Teopemy.

Teopema 4. 3a npunyweHHa (F2) icHye po3B'aA30K (u,g) € L 3agavi 2: pyHKUia u 3agaHa
hopmynot (16), g(t) — po3B'A30K IHTErpasibHOro piBHAHHSA (27), piBHO3HAYHOI 0 PIBHAHHIO

r ~ 2

[ (-B1Y ~ 1) * (FO,G 00)(t - T, T~ (T)aT =/i-~/2(0*[f4 (0 -E (i>G/<Po)(H)/ fe [OI].
° =1
Teopema 5. Po3B'a30kK (u,g) € S 3aaa4i 2 eayHMIA

JoeefeHHa. Akwo (Hi,£i), (M2#2) € 91— agBa po3B'sA3KKM 3adadi,u = ui- u2, g = g\- gi, To

W) - a(t)vxx = FO(X) - (gi(i) - 92(f))/ (*/0 eQo, (29)
digi = °*  v\eo= ° 3°)
(V(x, 1), <po(*)) =0, te [0 T] (32)

Ta onsa PyHKLUT v, IK po3B'A3Ky nepLuoi KpaiioBoi 3agadi (29)—-(30), npaBubHE 300paXKeHHS

t

v,o) = f (P0,&0@)&T)(B1(T)-&(T))aT, Vpe 2>(Q0) (32
0
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MigcTaBnsa4un pyHkKUito (32) B ymoBy (31), 04ep>KyEMO

t
| (fO/ Go<Po) (i,r) (gi(T) - £2(T))4T = O.
(0]

Lle ooHopigHe NiHiLAHe iHTerpasibHe PiBHAHHA Bo/bTeppy NepLioro poay BiAHOCHO yHKL T
z = g\—g2- Mpwun goseaeHHI NnonepeaHbLOT TeopeMm Bysi0 NOKasaHo, W0 BOHO piBHO3HAaYHe fi-
HIIAHOMY O HOPIAHOMY IHTErpasibHOMYy PiBHAHHIO BonbTeppy NepLuoro poAay 3 HernepepBHUM
aapom, atomy z(t) = O, t € [0 T]. Toai 3 (32) ogepxxyemo v(x, t) = O, (X, t) € Qaq. O

3ayBaXkeHHs. Po3rnisHyTo 3adadvi B 04HOBUMIPHOMY MPOCTOPOBOMY BUMAaAKy. PesynbTaTtun
MNoWMpPOTLCA Ha BUNagoK Qo = Q x (0, T], ae Q — o6mexxeHa 06s1acTb BJRN, N >2.

References

[A] Anh V.V, Leonenko N.N. Spectral analysis offractional kinetic equations with random datas. J. Stat. Phys. 2001,
104 (5/6), 1349-1387.

[2] Caputo M. Linear model of dissipation whose Q is almost friequency independent, Il. Geofis. J. R. Astr. Soc. 1967,
13,529-539.

[B] Cheng J.,, Nakagawa J., Yamamoto M., Yamazaki T. Uniqueness in an inverse problem for a one-dimentional
fractional diffusion equation. Inverse problems 2009, 25,1-16.

[4] Djrbashian M.M. Integral transformations and representations of functions in complex domain. Nauka,
Moskow, 1999. (in Russian)

[B1 Duan Jun-Sheng. Time-and space-fractional partial differential equations. J. Math. Phys. 2005, 46 (1), 13504-13511.

[6] Eidelman S.D., lvasyshen S.D., Kochubei A.N. Analytic methods in the theory of differential and pseudo-
differential equations of parabolic type. Birkhauser Verlag, Basel-Boston-Berlin, 2004.

[7]1 El-Borai M. M. On the solvability ofan inversefractional abstract Cauchy problem. Intern. J. Research Rev. Appl.
Sci. 2010, 4, 411-415.

[8] Hatano Y., Nakagawa J., Wang Sh., Yamamoto M. Determination oforder infractional diffusion equation. J. Math.
Ind. 2013, 5A, 51-57.

[9] lvanchov M. Inverse problems for equations of parabolic type. In: Math. Studies, Monograph Ser., 10, VNTL
Publ., Lviv, 2003.

[10] Kochubei A.N. Fractional-order diffusion. Differential Equations 1990, 26,485-492.

[11] Kochubei A.N., Eidelman S.D. Equations of one-dimentional fractional-order diffusion. Reports NAS of Ukraine
2002, (12), 11-16. (in Ukrainian)

[12] Lopushanska H.P., Lopushanskyj A.O. Space-time fractional Cauchy problem in spaces of generalized functions.
Ukr. Math. J. 2013 64 (8), 1215-1230. doi:10.1007/sl1253-013-0711-z (translation of Ukr. Mat. Zhurn. 2012, 64
(8), 1067-1080. (in Ukrainian))

[13] Lopushanskyj A.O. Regularity of the solutions of the boundary value problems for diffusion-wave equation with
generalizedfunctions in right-hand sides. Carpathian Math. Publ. 2013,5 (2), 279-289. doi:10.15330/cmp.5.2.279-
289 (in Ukrainian)

[14] Luchko Yu. Boundary value problemfor the generalized time—fractional diffusion equation ofdistributed order. Fract.
Calc. Appl. Anal. 2009,12,409-122.

[15] Meerschaert M.M., Nane Erkan, Vallaisamy P. Fractional Cauchy problems on bounded domains. Ann. Probab.
2009, 37, 979-1007.



90

[16]

17

[18]
[19]

[20]

21

Nonywancekuii A.O., lonywanceka [.I.

Nakagawa Sakamoto K., Yamamoto M. Overview to mathematical analysis for fractional diffusion equation -
neu> mathematical aspects motivated by industrial collaboration. J. Math. Ind. 2010, 2A, 99-108.

Rundell W., Xu X., Zuo L. The determination of an unknown boundary condition in fractional diffusion equation.
Appl. Anal. 2012,1,1-16.

Shilov G.E. Mathimatical Analysis. Second special course. Nauka, Moscow, 1965. (in Russian)

Vladimirov V.S. Equations of Mathematical Physics. Marcel Dekker, New York, 1971. (translation of Nauka,
Moscow, 1967. (in Russian))

Voroshylov A.A., Kilbas A.A. Conditions of the existence of classical solution of the Cauchy problemfor diffusion-
wave equation with Caputo partial derivative. Dokl. Ak. Nauk 2007, 414 (4), 1-4. (in Russian)

Zhang Y., Xu X. Inverse source problemfor afractional diffusion equation. Inverse problems 2011, 27,1-12.

Hapitiuwwio 18.09.2013

Lopushanskyj A., Lopushanska H. Inverse boundary value problems for diffusion-wave equation with
generalizedfunctions in right-hand sides. Carpathian Math. Publ. 2014, 6 (1), 79-90.

We prove the unique solvability of the problem on determination of the solution u(x, t) of the
first boundary value problem for equation

- a(hAu = FO(x) my{t), (x,t) &€ (0,1) x (O, TI,

with fractional derivative ul of the order 3 € (0,2), generalized functions in initial conditions, and
also determination of unknown continuous coefficienta(t) > 0, t € [0, T] (or unknown continuous
function g{t)) under given the values (a(t)ux(-,t),<p0(:)) (0(-,i), <po(-)), respectively) of according
generalized function onto some test function <po(x).

Key words and phrases: fractional derivative, inverse boundary value problem, Green vector-
function, operator equation.
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HEHWS ¢ 0600LLEHHBIMU (YHKLMAMN BMpaBbIX YacTsax // KapnaTckune matem. ny6n. — 2014. — T.6, Nel.
— C. 79-90.

JloKasaHa ofHO3HauYHas pa3pelnmMocTb 3aaa4 06 ornpeaesieHUn peweHns u(X,t) nepeoii Kpae-
BOIA 334341 AN ypaBHEHUS

n™ - a(tuxx = FO(x) my(t), (x,t) € (0,/) x (0, T],

¢ Apo6bHOMA Npon3BoAHOMA u p nopsagka B € (0,2), 0606WeHHbIMN GYHKLUUAMWU B HaYasIbHbIX YC/10-
BMSIX, a TaKXXe HEM3BECTHOI0 HernpepbiBHOIo KoagdunumeHTa a(t) > 0,t € [0, T] (Mnm HensBecT-
HOLA HeNpepbIBHOM GyHKLUMU g(t)) Npu AONOMHUTE bHO 3afaHHbIX 3HadYeHusAxX (a(t)ux(x, i), <j?o(*))
((n(x, t), Wo(Xx))) cooTBeTCTBYIOLLEIA 0606LLEHHOMA (YHKLLMN HA HEKOTOPOIA OCHOBHOMA (hYHKL UK
90(X)-

KrioueBble crioBa U (hpasbl: Mpou3BogHas ApobHOro nopsgka, 0606ueHHas PyHKUMs, obpaTHas
KpaeBas 3afayva, BeKTop-hyHKUUA FpnHa, onepaTopHOe ypaBHEHUe.
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Nlykawenko M.I.

KiibuAa 3 HUJZIBMNOTETHUMWN AVNPEPEHUIOBAHHAMW IHOAEKCIB < 2

BcTaHOB/1EHO, W0 B HaniBNepBUHHOMY KiflbLii BCI AudepeHLitoBaHHA (BiAMNOBIAHO BHYTPILLHI An-
(hepeHUitoBaHHSA) HIZIBNOTEHTHI TOAi | Ti/IbKN ToAi, KoM BOHO AudepeHLitoto TpuBiasibHe (BignoBsia-
HO KOMyTaTuBHe). Pagnkan Jxeko6coHa KislbLs 3 HI/IbMOTEHTHUMM ANDEPEHLiIlOBaAaHHAMMN IHOEKCIB
< 2 MIiCTUTb BCi HIJIbMOTEHTHI e/1IEMEHTU KiNbLS.

Kntouosi croga i hpa3v: gudepeHLitoBaHHSA, HaMiBMepBUHHE KifbLgE.

MprvKapnaTCcbKMIA HalioHa/IbHUIA YHiBepcuTeT imeHi Bacuna CteaHnka, IBaHO-®PpaHKiBCbK, YKpaiHa
E-mail: bilochka.900mail.ru

1 BcrTyn

Hexain Hapani R — acouiaTuBHe KisbLe 3 oauHuleto 1 BigobpaxxeHHA d : R —» R Ha3mBae-
ThCA AudepeHLiloBaHHAM KisibUg R, AKLL0

d@a+b) = d@@) +d(b) Ta d(ab) = d(a)b + ad(b)

ons 6yab-akux a, b € R. MHOXUHY BCiX AudepeHuiloBaHb KiflbLa 6yaemMo no3HayaTm CUMMBO-
nom DerR. 3po3ymino, o Hy/1boBe BigobpaKeHHS

or 'ROor—~ €R

€ AndepeHUitoBaHHAM, To6To Or € DerR. MHoXMHa DerR — KinbLge J1i CTOCOBHO onepauiia
NOTOYKOBOI0o AgodaBaHHsA " + " Ta MOTOYKOBOr0 MHOXXEHHS J1i Akwo DerR = {Or},
TO KifbLe R 6yaemo HasuBaTu gmdepeHuiiiHo TpuBiasibHUM [1]. AKwWw,0 a, X € R, To NpaBuo

da(x) = ax —xa = [aX]

BM3Hayvae AndepeHLitoBaHHSA KisibUS R, siKe NpUIAHATO Ha3uMBaTU BHYTPILLIHIM AndepeHLu,ito-
BaHHSAM R, MOpPOa)KEHNM €/IEMEHTOM a.

Hwnska pobiT npmcBsveHa A0CAIMAKEHHIO Pi3HUX acMeKTIB HiSIbMOTEHTHOCTI, NOB'A3aHUX 3
andepeHuitoBaHHAMN (ayB. [4], [7]). Haragaemo, wo gugepeHuitoBaHHsa d € DerR Ha3uBae-
ThCA HINIbMNOTEHTHUM, AKWO dn — or ans AEAKOr0 A0AATHLOrO LA0ro umcna n. HalAmeHwe
Take M NPUIAHATO Ha3MBaTW IHOEKCOM HiJlbMOTEeHTHOCTI gndepeHuitoBaHHSA d.

Hamun BcTaHOB/1IEHO TakKi pe3ynbTaTu.

TeBepaXeHHsa 1. Hexalh R — KinbLe BifibHe Bifg 2-CKpPyTYy, BCi ANDeEPEHLLiIIOBaHHSA SKOr0 Hiflb-
MOTEHTHI IHAEKCY HINbMOTEHTHOCTI < 2. ToAj:

YK 512.4
2010 Mathematics Subject Classification: 16N60,16W25.

(C) NykaweHko M.IM., 2014
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(i) BCi A0ro HiSILNOTEHTHI e/leMeHTU MiCTATbLCA B pagukani OxxekoocoHa ] (R),
(A akuwo J(R) —O0, To R andepeHLiAHO TpuBiasibHE.

Haragaemo, W0 KinibLe R Ha3sMBaeTbCA MEPBUHHUM, SKLWO0 418 6yapb-sakmx a,b € R cnpas-
[KYETbBCA iIMMAiKauis
aRb=0=>p0=0a6ob=0.
Kifibue R HasMBaeTbCs HaniBNEPBUHHUM, SIKLL,0 BOHO HE MICTUTb XXOA4HOIr0 HEHY/IbOBOI0 HiSflb—
noTeHTHoro igeana [6]. Hexaihi N — pgopatHe uine vncno. Kinbue R HasMBaeTbCS Bi/IbHUM Bif
M-CKPYTY, AKLLO0 AJ19 KOXXHOIo X € R cnpaBO)XyeTbCs iMnsliKauis

nx —0=pbx= 0.

Teopema 1. Hexain R — HaniBnepBMHHe KinbLe. AKLL0 BCi AugepeHuiloBaHHSA (BignoBigHoO
BHYTPILWHI AndepeHLitoBaHHSA) KifibLA R HiZIbNOTEHTHI, TO R AndepeHLitAHO TpuBiasibHe (Bia-
noBigHO KOMyTaTMBHE).

Hagani B po6oTi: p — npocTe umcno; [A B] = {ab —ba\a € A,b € B} — B3aeMHMIA KoMy—
TaHT NiAMHOXUH A, B C R; C(R) — KOMyTaTOopHMIA igean Kinbug. IHWI no3HavyeHHS | hakTu
MOXHa 3HalATu B [5] i [6].

2 EnemenTapHi BnactusocTi

Nema 1. Hexath R — kinbue, d € DerR. Akuio d2 = OR/ 1o 2d(x)d(y) = 0 ans 6yapb—sKux
X,y € R.

HoseneHHA. CnipaBgi, ANs AoBiNbHUX X,y € R BCTaHOB/THOEMO

0= d2(xy) = d(d(x)y + xd(y)) - d2(x)y +d(x)d(y) +d(x)d(y) +xd2(y) = 2d(x)d(y).

Nema 2. Hexaih R — KinbLge, BCi AUdepeHLitoBaHHS AKOI0 HifIbMOTEHTHI iHAeKciB < 2,d,0 €
DerR Taa € R. Toai:

(i) 65 = —3ad,
(i) sKWo 2[R, R] = 0, Tod(R) C Z(R),
Gii) [ad@\ = 0,

(iv) d(e) = 0pgna 6ygb-sKoroigeMnoTeHTa e € R (a TOMY KOXKEH i4eMMOTEHT € LEeHTPa/IbHUM
bR),

@) koxeH R-nigmoaynb A i3 DerR — igean Kinbuga 1i DerR,
(vi) 0(Z(R))d(R) = O,
(vii) 3[R,d(R)] = O, [R,d(R)}2= 0 Ta3d([R,R\) = 0,

(viii) [d{R),d(R)}= O,
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(IX) aAKWwo R — KomyTaTuMBHE KisibLe, To (ad(a))2 = 0.
AosefieHHS. Hexala Bcioau HUXK4Ye X,0 € R.
() 3naxogunmo, W0
0= (d+3)2(x) = (d+23)(a(x) +3(x))
= d2(x) + (dS)(x) 4- (3a)(X) +32(X) = (Ad)(X) + (3A)(X),
T06TO 66 = —dd.

(i) 13 piBHoCcTEA

[x.d(@)]

xd(a) —d(a)x = dx(d(a)) = -d(dx(a)) - —d(xa —ax)
-d(x)a —xd(a) + d(a)x + ad(x)

BUM/IMBAE, LU0
2[x,d(@)] = 2(xd(a) —d(a)x) —ad(x) —d(x)a. @
Akwo2[A, R] = 0, to d(X) € Z(R).
(iii) Moknapgatounm B (1) X = a, oTpumMmyemo, o [ad@\ = O.
(w) Ockinbkn d(e) = d(e2) = d(e)e + ed(e), To ed(e)e = 0. 3acTocoByrum (iii), po6rmo
BUCHOBOK, LW,0 d(e) —O.
(v) Hexain ©€ A. Mo3zask [B,J] = 269, To
[0J}(R) C 20(0(R)) C 20(R) C 0O(R),
TO6TO
[6i] C R9 C .
(0i) Hexain c € Z(R). Togji koMmo3nwy,is
d(ct) = —-(ci)rf
KOCOCMMETPUYHA, a, 0TXe, A1 OyAb-AKOoro efieMeHTa X € R Maemo

a(0)d(x) +o(ad)(x) — -0(d3a)(X) = &(ad)(X).
AK Hacnigok,
d(c)0(x) = 0.
(vii) 3 ornagy Ha BnactuBicTb (ii),
—d(x)a -xd(a) +d(a)x +ad(x) - —d(xa - ax) = ~(ddx)(a) = (dxd)(a) = xd(a) - d(a)x,

a Tomy

2(xd(a) —d(a)x) = ad(x)—d(x)a. ()]
Mofi6bHUM ynHom ao (1), oTpUMyemMo
xd(a) —d(a)x —2(ad(x) —d(x)a). 3

Toai 3 (2) Ta (3) BUNMBAE, L0
3[a,d(x)}=0. )

Cymytouu (2) Ta (3) oTrpumyemo, wo 3[x,d(a)] —3[a,d(x)}, a 3Biacm 3d([x, a}) =0. 3a nemoto 1,
2[R, d(R)]2 —O, 3BiaKn Ha oCHOBI (4) 0OTPUMYEMO CTBEpPIXKYBaHe.

(viii) Cnpasgai,

0 = —(d2dx)(a) = d(dx(d(a))) = d(xd(a) —d(a)x)
= d(x)d(a) + xd2(a) —d2(a)x —d(a)d(x) — [d(x),d(a)].

(iX) Akwo R — KomyTaTMBHe KinbLe, To ad € DerR, i 3aMwaeTbCca 3acTOCyBaTU B/lacTu-

BiCTb (Vi). O
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3 JosepeHHs

Hacnipgok 1. Hexaii R — KisfbLie, BCi gndepeHLLitoBaHHSA SIKOT0 HiJ/IbMOTEHTHI iHAEKCIB Hislbro-
TEHTHOCTI < 2, Tad, 0 € DerR. Toai:

(i) akwo R BifbHe Big 2-CKpyTy, TO KoMMo3unuia ad € DerR,

(ii) akwo R BinbHe Big 3-ckpyTy, To d(R) C Z(R),d([R,R\) = 0 Ta rpyna oguHuub U(R)
HIJIbMNOTEHTHA CTYNeHs < 2.

JoeepaeHHs, (i) OcKinbku
Gd +04 = dl+ad +0da +01l= (d+06)2= 0€ DerR

Tadd - 00 = [0,0] € DerR, To 2dd € DerR, a TomMy 60 — AMtepeHLLitOBaHHS.
(i) Bunnveae 3 niemun 2 (vn) Ta Teopemu 3 [3] [

JoBeaeHHA TBepa)XeHHsA 1.

HoeepneHHst, (i) Hexalh x € R Tax2 = 0. Toai ans 6yab-sKoro efieMeHTa a € R maemo
0 = gR(a) = px(xa — ax) = x(xa - ax) — (xa - ax)Xx - X2a - xax — xax +ax2 - -2xax. (5)

3 orngaay Ha Te, Wo R BisibHe Big 2-CKpyTy, oTpuMyemo Xaxt = 0 gnsa 6yab-akorot € R, a Tomy
(xR)2 = 0. Lle o3Hauae, wo x € xR C J(R).
(i) Bunnveae 3 ornsgy Ha nemy 1 [

Hexaih Hapani F(R) — ue nepeTuH Bcix NepBUHHUX iaeaniB Kinbus R. Ak Bigomo (ams. [6]),
P(R) — Hinb-igean B R.

Nema 3 (avB. [6], §3.2, TBepakeHHS 2). B HaniBnepBMHHOMY KifibLji R MepBMHHMIA pagunKail
p (R) = O HynboBWiA.

Hacnipgok 2. Akw,o0 R — KinbLe, BCi BHYTPIWHI AN epeHLiloBaHHSA KO0 HiJIbNOTEHTHI, TO
C(R) C P(R) MJ(R)
JoseneHHs. AKLWO0 X € R Ta P — nepBuHHMIA igean B R, To
' =0

ona x = x+ P € R/P Ta geakoro ninioro gogaTtHoboro ymcna n. 3a Teopemoto 3 i3 [2], hakTop-
Kisibue R/P komyTaTtmeHe, a Tomy C(R) C P(R). O

Hacnipgok 3. AKwWo R — perynspHe KisibLe 3 HiNbMNOTEHTHUMMN AndepeHLuitoBaHHAMN (Biano-
BiAHO HINTLNOTEHTHUMUY BHYTPRILLHIMUW AndepeHLiloBaHHAMUW), TO R AndepeHLiiiHO TpuBia/ib-
He (Bi4MNOBIAHO KOMYyTaTUBHE).

JoBefieHHs. 3a HacNigKoMm 2,

C(R) C J(R)
— Hiflb—igean B R. OcKiflbKU pagnkasn [J)keKo6coHa He MICTUTb HETPUBIa/IbHUX iAEMIMOTEHTIB
T0 J(R) = 0. Togi R — KoMyTaTMBHE KijibLie. PellTa BUMNIMBaE 3 Orfisay Ha Hacnigok L [
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Hacnigok 4. HexaiA R — KinbLg, W0 € aHTUCUHTYISPHUM npaBuM R -Mogynem. AKLLLO BCi BHY-
TPiWHI AnhepeHLiloBaHHSA HIJIbNOTEHTHI iIHAEKCIB HINLMOTEHTHOCTI < 2, TO KifibLe R KOMYyTa-
TVIBHE.

JoBeneHHsA TeopemMmn 1. OcKifibkn 6yab-sike BHYTPILLHE AUdepeHLLiloBaHHSA HiJIbMOTEHTHE,
TO 415 KOXKHOro X € R 3HalAAETLCA Take goaaTHe uisie yncnio n = n(x), wo

3"(1) =0
4N Bcix a € R, To6TO
AN *]=().
n p\ésiB
3a Teopemoto 3i3 [Z], kinibue R KomyTaTmBHe. Toai 3 ornagy Ha nemy 2 (ix)
ad(a) = O

458 BciX a € R, W0 HeMOXXNmBo. OTXe, R — AudepeHLiiAHO TpuBiasibHE KislbLie. O

References

[1] Artemovych O.D. Differentially trivial and rigid rings offinite rank. Periodical Math. Hungarica 1998,36 (1), 1-16.
doi:10.1023/A:1004648818462

[21 Chuang C.-L., Lin J-S. On a conjecture of Herstein. J. Algebra 1989, 126 (1), 119-138. doi:10.1016/0021-
8693(89)90322-0

[3] Gupta N., Levin F. On the Lie ideals ofa ring. J. Aldebra 1983,81 (1), 225-231. doi:10.1016/0021-8693(83)90217-X

[4] Giambruno A., Herstein I.N. Derivations with nilpotent values. Rend. Circ. Mat. Palermo 1981, 30 (2), 199-206.
doi:10.1007/ BF02844306

[5] Herstein I.N. Noncommutative rings. John Wiley and Sons, 1968.
[6] Lambek J. Lectures on Rings and Modules. Blaisdell Publ. Com., Waltham Toronto London, 1966.

[7]1 Lanski C. Derivations with nilpotent values on Lie ideals. Proc. Amer. Math. Soc. 1990, 108 (1), 31-37.
doi: 10.1090/ S0002-9939-1990-0984803-4

HapiiAwwno 20.02.2014

Lukashenko M.P. Rings with nilpotent derivations of index < 2. Carpathian Math. Publ. 2014, 6 (1),
91-95.

We prove that a semiprime ring with nilpotent derivations (respectively inner derivations) is
differentially trivial (respectively commutative). The Jacobson radical }(R) of a ring R with nilpotent
derivations contains all its nilpotent elements.
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ANdHepeHUNPoBaHUAMM MHAEKCOB < 2 COAEPXKMUT BCE HULMOTEHTHbIE 3/71EMEHTbI KO/TbLa.
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OYKAWIB T.0.

ACUMNTOTUYHA CTOXACTUYHA CTIAKICTb CTOXACTUYHUX
OVNHAMIYHUNX CUCTEM BUMALKOBOT CTPYKTYPU 3 MOCTIVHUM
SAMISHEHHAM

BukopucTtaHo mMeTon hyHKLioHaniB fisnyHoBa-KpacoBCbKOro A1 A0CNIAXKEHHS acMMNOTOTUY-
HOT CTOXaCTUYHOT CTIAKOCTI B LLIJTOMY CTOXaCTUUYHUX ANGY3IAHNX AUHAMIYHUX CUCTEM BUNagKOBOT
CTPYKTYpW 3 NOCTIAHMM 3ani3HeHHAM, AKi nepebyBaloTb Mif BN/IMBOM 30BHILLHIX iMAY/IbCHUX 30Yy-
peHb TuNy faHura Mapkosa.

KntouoBi croBa i hpasn: meToq yHKLUioHaniB JianyHoBa-KpacoBCbKOro, AUHaMi4yHa cuctema Bu-
MaZiKoBOi CTPYKTYPW, 30BHILLHI MapKOBCbKi MepeMuKaHHs, aCMMNTOTUYHA CTOXacTUYHa CTILAKICTb B
uinomy.

YepHiBeLbKUIA HalioHaNIbHUIA YHiBEpCUTET iMeHi O pia ®eabkoBuya, YepHiBLi, YKpaiHa.
E-mail: t.lukashiv@ gmail.com

BCTYTI

CTiMKIiCTb CTOXaCTUYHUX AndepeHLUia/ibHUX PiBHAHb 3 MapKOBCbKMMMW MepeMUKaHHAMU
o6ropoptoBasniaca 6araTbMa aBTOpamMu, Hanpm* nag, 1.4. Kay, [5], €.9. Mapkos [10], K Mao [6],
N.10. Wabaxet [7], [11], M. MapiToH [8], I'.K. Bacak [1].

Y [aHiA po6oTi a4na AocnimKeHHS aCMMNTOTUYHOI CTOXacTUYHOT CTiLAKOCTI HOBOIO KJlacy
CTOXaCTUYHUX ANHAMIYHUX CUCTEM BUMAAKOBOI CTPYKTYpPU 3 MOCTIAHMM 3aMi3HEHHSM | 30B-
HILWHIMN MapKOBCbKMMUN NepeMUKaHHAMW BUKOPUCTaHO MeToauky [9], sika, B CBOLO 4epry, €
06'eAHaHHAM MeTOAMKU A0CIAXKEHHS CUCTEM BUMaAKOBOI CTPpYKTYpu 3a |1.A. Kauom [5] Ta me-
TOAMKN BpaxyBaHHS 30BHILLHIX MapKOBCbKMX nMepeMuKaHb 3a €.9. Mapkosum [10].

1 [llocTtaHoBka 3apgaui

Ha iAmoBipHicHomy 6asuci (Q,T,E = {0t ¢ T,t > 0},P) [4] posrnaHemo gndysiiiHe
cToXacTu4iHe andepeHuiasibHo-pi3HULUEBE piBHAHHA (COPP)

dx(t) = a(t™(t),x(t),x(t - r))dt +0(i,2(n,x (1. X (T - r)dw{t), (D
i3 30BHILLUHIMN MapKOBCbKUMM NepeMnKaHHAMM

Ax{tk) = x(tk) - x{tk-) = g(tk- ~ (tk-),ft,x (tk-)),

_ . )
tke S= {tn’l,m € N},

YAK 519.217; 519.718
2010 Mathematics Subject Classification: 60310, 60J27, 60H10, 68U20.
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i 3 MOYaTKOBMMW YMOBaMMU
Xt=@€D=D([i0O-r/to)/Rm),?(io) = YeY, = heEWw. (©)]

TyT £(i) — MapKOBCbKMIA NpoLec i3 3HAYEHHSIMW B METPUYHOMY MNpOoCcTOpi Y 3 NepexigHot
MoBiIpHicTiO P(s,y, t, A); (W, K > 0) — naHutor MapKoBa i3 3Ha4eHHAMW B METPUYHOMY MpocC-
Topi H 3 mepexigHo MAMOBIpHICTIO Ha A>omy Kpoui P*(/i,G); = X(t+s),—+ < s < 0
© € [io—f/io])/r > O; w(t) — ogHOBUMIPHUIA cTaHOAPTHUIA BiHepiB npouec [4]; D — npocTip
Ckopoxofa HenepepBHUX cnpaBa PYHKLiIA, L0 MalOTb JTIBOCTOPOHHI rpaHuui [12] 3 Hopmoto

IMI = sup IO\ €)
tO-r<e<t0

3ayBaxeHHsA 1. MNpocTip D He € NOBHUM BigHOCHO (4), ToMy 6yaemMo npauoBaTuy poswiunpe-
HoMy npocTopi Ckopoxoaa D, SkuiA MiCTUTb BCi rpaHuLi lyHAaMeHTasIbHUX NOCAig0BHOCTE
[12]. Hapgani D 6ygemo po3yMiTu SIK po3LmMpeHnia npocTip D.

MpunycTnUMo, WO BUMIPHI 3a CYKYMHICTIO 3MIHHUX Bifo6paxeHHa A : R+ X Y X RmXx
XRm —=Rm b :R+ XY XR"IXR” —Rnmg : R+XY XH X Rm —mRm 3340B0J/IbHAOTb
ymoBYy Jlinwmnus

I a(t,y, or,u0) - ~,v /Ppl/e2)X + \b(ty, U1,02) -b(t,y,rpb P2)\R
N\g(t'Y 'h>P3) —-g(t,y,h,ip3)\< L - R+ - 02X+ B - «bl|2) 5)
npnVi > 0,y € Y,h€ H, Yi, i € D, 1€ {1,2,3}, Ta ymoBy
N\a(ty,0,0)] + |b(i,y,0,0)] + \g{ty,h O\ = ¢ < oo ®)

BkasaHi ymoBM w040 a, big rapaHTyoTb iCHyBaHHS CU/IbHOIO po3BA3KY 3adadi (1)-(3) 3 To-
YHICTHO A0 CTOXaCTUYHOI eKBIiBa/IEHTHOCTI NMpu 6yab-akux to > 0,9 € D i 3agaHnX peaniszayisax
MapKoBcbKoro npouecy {/(i), i > io} € Y i naHutora MapkoBa (i, k > ko) [13,14].

2 [MosepgiHka TpaekToOpii

O6rosopmnmo Brisive npouecy {£(i),i > io} i naHutora MapkoBa (7*[], > K0) Ha TpaeKTopii
cuctemun (1)-(3).

BunaakoBi 3MiHM cTpYKTYpu cuctemMun (1) BUK/IMKAKOTBLCA 3MIHOK 3HAYeHHs napameTpa
£(i), SKNIA Ma€e HaCTYMHMIA 3MICT.

I. Hexain {(i) € Y — cyTO pO3pMBHUIA CK/ISIPHNEA MapKOBCLKUIA Mpouec, yMoBHa AMOBIp-
HICTb AKOro gonyckae posknag [3]

PLE(T +AD) € \BB+ABL/E(N =u @ B} = p(t,u,B)ABAL +o(AD),

P{{{r) = a,i < T< i+ AU/E(i) = a} = 1- //(i,a)Ai + o(Ai).
Il. CkanspHuia npouec £(i) — 04HOPIAHUNIA MapKOBCLKUIA MTaHUOr i3 CKIHYEHHUM YMC/IOM
ctaHiB Y = {¥yY\Y2 -.., YK} i Bigomnmm napameTtpamm q,j 3aymoBu Lf = £ L hj = 1,k Mpn
[o]
LbOMY YMOBHI IAIMOBIPHOCTI A0MYCKalOTb Po3K/iag,
P{E(T + Al) =v./E(N =y} = djijAt +o(AD),

P{E£(T) = Yi,t< T < t+AV/E(]) =y, } = 1- gAt +o(Ai).
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I"i. 3MiHa po3B'A3KYy X(t). ¥ MOMEHT T 3MiHU CTPYKTYpU cUCTeMU Y, —> Yy BIiAOyBaeTbCA
BUMagKoBa cTpnbkonofdidoHa 3miHa pa3zoBoro Bektopa X(t —0) = X, x{T) = T, 419 9Koro
3aaHa yMoBHa LWinbHicTb p,, (T, {), a came:

P{x(1) e [LL+al]l/&(i -0) = x} = pn(T,4/X)al + o(dz).

Po3rnsaHemo crnovaTKy neplly ocob/MBICTb, sika BUHUKAE Npu mModesitoBaHHI cuctemmn (1),
W0 3HaXo4MTbCs Nig BMIMBOM BHYTPIWHLOro (NapameTpuyHoro) 36ypeHHs £(i) [5] 3 nova-
TKOBUMU AaHuMK (3) (6e3 ypaxyBaHHS 30BHIiLLHIX MapKOBCLKNX NepeMuKaHb (2)).

MpunycTnmo, Ana cnNpoLleHHs, wo £(i) — NpocTMiA MapKOBCbKUIA NaHLOT 3i CKiIHYEHHUM
UYMC/IOM CTaHiB, TO6TO Y = {y\,yr,...,yk} (BUNagok Il), u,0 o3Hayvae Malxke KyCKOBY CTa/liCTb
BCix peanisauiia £(i), a nepexoan — nepemMmKaHHs cUCTeEMU — BiabyBalOTbCA Y BUMaAKOBI MO-
MEHTW Yyacy.

Topai Ha BUNagKoBoMmy iHTepBanli t € [t —s, T,), Ae &(i) = F-€ Y, pyx 6yae BigbyBatucs,
Ha niacTasi CAPP (1), pna f € [T - s, T) Bcuny cuctemu

dx(t) = a(t,yi,x(t),x(t - r)dt + b(t,yi,x(t),x(t - r))dw(t), @)

X(t-s) =x(0),6 € [T—s—r, T —s]; £(f-s) = vy,

[ani, Ko T — MOMeHT nepexody 3HaveHHs £(i —0) = y, 0o 3Ha4eHHA {(T) = y; P yi, o
Ha HacTynHoMy iHTepBani ctasnocTi {(T) —Yj cnig po3s'asyBatun CAPP (7) 3 yy 3aMicTb V,.

LM, BnacHe, i MOACHIOETLCS BM3HAYeHHS cnucTemu (1) K cucTeMU BUNaAKOBOT CTPYKTYPU.

HaiuikaBilummuy B 6iNbLUOCTI BUNAAKIB € HACTYMHI BapiaHTW MOBeAIHKU TPAaEKTOPIT CU/lb-
Horo po3B'a3ky CAPP (1) 3 noyaTKoBoK yMoBOtO (3).

Bl. ¥ MOMEHT cTpMOKonoAibHoT 3MiHM CTPYKTYpun £(i) hasoBuiA BekTop X(t) 3MIHIOETbLCA
HernepepBHO 3 IMOBIPHICTIO 1, TO6TO B MOMEHT T 3MiHA CTPYKTYPU CUCTEMU He BifOyBaeTbCs
X(T - 0) = x{1).

B2. ¥ moMeHT T > 0 cTpnOKonogibHoI 3MiHW CTPYKTYpU (ha30BUIA BEKTOP OAHO3HAYHO
BU3HAYAETbCA CTaHOM, B AKOMY 3HaxoAwsiack cucTemMa 6esnocepeHbLO Nepes, 3MiHOK CTPYKTY-
pu i nepexogom Z(t —0) = ytBI(T) = Y- yi-

B ubomy BUMagky npmpogHoO nNpunyctmnTu, wo X(t) = e4(x(t —0)), i ¢ j, ae yn € C(Rm),
npudomy fij{0) = 0.

B3. HalizarasibHILUMEA BUNaA0K BUHUKAE ToAi, KOMU A1 BUNAAKOBOr0 MOMEHTY T 3MiHU
CTPpYKTYpU cuctemu (1) y, —yj cnig 3agat yYMOBHUIA 3aKOH po3MoAisly No4YaTKOBOro CcTaHy
*(1) &€ X(t,w) ERM T € R+, w € Q ansg amiHeHol cTpyKTypn CAOPP (1):

P(X(T) € [z,z+dNX(T - 0) = x} = pt](r,z/x)dz + cr(dz),

ne Pn(t,z/x) 03Hayae YMOBHY MAMOBIpPHICTb BKa3aHOro M-BMMIPHOI0 po3roAisy.

LLloao 30BHILWHIX NepeMUKaHb (2), AKi BU3HavaloTbca NnaHuorom Mapkosa {ui, Kk > 0}, To
TX BpaxyBaHHS A03BOJISIE PO3r/ISAaTV CKIHYEHHI CTPUOKM TPaeKTOPIA po3B'sa3Ky cuctemn (1) B
nepeTuHI i3 BULLEBKa3aHNMM BUMaaKaMu.

3 AcuMnToTMYHA cToxXxacTuUuyHa CTIiMKICTb 3a MMOBIipHICTIO B LinoMYy

Mo3Haummo uepes Pjt((y,/i),r x G) nepexigHy MAMOBIpHicTb NaHutora Mapkosa (E(f(c), NnK
Ha/c-omMy Kpoui. BeiBwu iHaeken Py/I(M(Dt+i) € T, € G) = PA(y,/r),l x G), BBEAeMoO
DYHKL 0

p*((ynN?)/T x GxC) = P (x(",Kgp) € ETNM €G)
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npu Bcix tk € SU{fo}/ KE NU{O}/ o €0,y € Y,/i€HIi 6openeBux C C D, C Y, G C H,
ae x(tk, i/, i, ) — po3B'a3ok cuctemm (1), (2) 3 novaTkoBMMmM ymosamu (3).

O3HauveHHA 1. OnepaTop JianyHoBa (Ivk)(y, h, @) Ha NocnigoBHOCTI BUMIPHUX PYHKLiOHanNiB
vk(y,h, @) : Y XxXH xD —=R1k € N U{0} gna COPP (1) i3 30BHILLUHIMN MapKOBCbKMMUTEpPE-
MUKaHHAMM (2) BU3Ha4YaeMo piBHicTHo [3]

(Ivk)(y,h,<p) = J Pk(y,h,(p)(du xdzx dl)vk+\(u,z,l) —vk(y,h,g>).
YxHxD
O3Ha4veHHA 2. dyHKUioHaoM JlanyHoBa-KpacoBCbKOro 4sisi cMcTeMu BUNagKoBoi CTPYKTYpK
(1D-(3) HazBeMmO NocNiAOBHICTb TakKMX HeBig'eMHUX yHKLUIi A {vK(y, h, @), k > 0}, L0 BUKOHYIO-
TbCA YMOBWU:
1) MpKh S — +00

y(s) = inf Vk(y,h, ) — +00; ®)
fceN,yeY,heH,| |<p|I>s

2) npus —0
o(s) = sup vk(y,h,(p)  G;
keN,yeY,/iEH, Ipli<s
npuyomy v(s) i v(s) HenepepBHi i MOHOTOHHI.
O3HaueHHs 3. Cuctemy BUNaaKoBoi cTpykKTypu (1)-(3) HazBeMo:
— CTIAKOIO 32 AMOBIPHICTIO B LLi/IOMY, AKLLL0 N&a > 0, €2 > 0 MoXHa BKazaTu Take d > 0, Lo 3
HepiBHOCTI X0\ O BUMN/IMBAE HEPIBHICTb

Pl sup |MO/Y,h, 9\ > ¢, | < €2
tt>t0 J

npuecixy € Y,he H, ¢ €D ito> 0O
— acMMNTOTUYHO CTOXaCTUYHO CTIIAKOI B LLiIJIOMY, SIKLLLO BOHA CTilAKa 3a MMOBIpHICTIO, | Ans
AoBiNbHOro € > 0 icHye Take O\.> 0, W0

lim P h > e> =
_I_l_r*r(1]0 [sup N\X(ty,h, 9\ sJ 0
npu BCiX IIXFK< Ny €EY,hE€H, €D IiT> o> 0.

[Ana noganslunx BUKIa[0K BUKOPUCTOBYBAaTUMEMO OLHKY po3B'A3KY 3aaadi (1)—3) Ha iH-
TepBanax [tk tk+1), k > 0.

Nema 1. Mpwn BuKoHaHHI ymoB (5), (6) npu Bcix kK > 0 Ansa cunbHOro po3s'asky 3agadi Kowi
(1)-(3) mae micue HepiBHICTb

Ej sup [Ix(D)2j < 15(1 +4L)esL(1+HL(*+-i*)2me {x2(i*)} +2c2(tkHL - i*)) . (9

HoeepeHHs. Mpwn Beix | € [iktk+l), tk > 0/ BUKopMCTOBYOUN iHTErpasibHy hopMy 3anucy
po3B'sa3ky CAPP (1) [2,14], nerko 3anucatv HEPIBHICTb
t

[*(01 <!'*(**)! +¥ \a{x,y,x(X),x{T-n)-a{T,yM)\dT

t
8 \a(T,y,000\dT + J b(T,y,x(T),x(T-r))-b(T,y,0,0)dw(T) + 1J b(T,y,0,0)dw(T)
h h t.
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MigHecemMo 00 KBaApaTy MiBY i NpaBy YaCTUHU 04ep>XKaHoT HEPIBHOCTI, 06UNC/IMMO SUp Big,
04ep>XaHoro BMpasy, BUKOPUCTOBLLUN HepiBHICTb Kowi-ByHAKOBCLKOr0 i HEPIBHICTb 414 OLiH-
KU YMOBHOI0 MaTtemMaTuU4HOro crnofiBaHHsA Bif KBadpaTa cyrnpemyma iHTerpana BiHepa-ITo.
BpaxyBaBLwu (5), (6), ogep>Xmumo

sup XMzl < 5 ENRC{IKN\ +2c2(tk+l - tk)
tk<t<tkH J

+ (L(tk+H-tk)+ 4L 2{tk+1- tk)) -e] sup /]x(1)]2iitl
4 X Uk<K*k+\I" J

[ani, 3acTocoBytoUmn HepiBHICTb "poHyosna [14], nerko no6aunTu, wo
4 sup  XE12\< 5 IE ix 2(jo)} +2c2(tk+l — tk) PrU+AL[H2
Vhetfod ) 1 K }
Ana t = tkAd cunbHMA po3B'asok cuctemun (1)-(3), oueBNAHO, MOBUHEH 33J0BOJ/IbHATU He-
PiBHICTb
E{IX(fct) ]2} < s [e {x2(**+1-)}
+2E j g(tktl-, £(i*+1-), NM , x(tk+1-)) - g(tkHl-, £(i*+1-), VkH, 0) I2}

+2E { |o(ifc+1—£(Efc+H1—),7/fc+,0)[2V1 < 3 (1 +2L)e{ sup [x(H]21 + 2c7].
L A h<t<tM J ]

O6'egHYOUM OBi OCTaHHI HEPIBHOCTI, 04E€PXXUMO NOTPIOHY HePiBHICTb (9). O

Teopema 1. HexaiA:

1)0 < Iffc+1-ifcl <N 0>0,40>0;

2) BUKOHYeTbcAymoBa Jlinwnuys (5);

3) icHYIOTb Taki Mocig4oBHOCTI PyHKUioHaniB SianyHoBa-Kpacoscbkoro vk(y, h, @) i ak(y, h, @),
k > 0, wo Ha nigcTasi cuctemn (1)—(3) NpaBMIbHA HEPIBHICTb

(XRy:h<p) < -akyhp)- (10)
Toai CUbHUIA PO3B'A30K CUCTEMU BUMaAKoBOi CTPYKTYpuM (1), (3) i3 30BHILLHIMY NepeMunKaH-

HAMM TUNy NaHutora Mapkosa (2) acUMNTOTUYHO CTOXaCTMYHO CTIAKUIAB Li/IoMYy.

AosefeHHs. Mo3Haummo vepes UtkmiHiManibHy 0 —anrebpy, Bi4HOCHO KOT BUMIpHI £(i) npu BCix
t € [io, tK]i 7« TP n —k-Toai ymoBHE MaTeMaTU4YHE CNoAiBaHHA MOXHa 064MCINTU 3a P op-
myJoto [3]

E{Ok+itf(tk+i)flk+i,x (tk+i))/U tk}

— ¥k(y,h,(p)(du x dz x dl) mwk+\{u,z,l) (11)
=£
YxHxD ?{,:41(0/
PO\, <t<tk

TyT OJfcHEIfcH)/i7]fcH/X(ffcH)) o3Havae, W0 po3rnsgaaeTbes pyHKLUioHan JianyHoBa-Kpacos-
cbkoro vk(y,h, @) Ha iHTepBani [tk tk-+i).
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Y ubomMy BMNagKy 3a 03HauYeHHAM AUCKpeTHoro onepatopa JianyHoBa (Ivk)(y, h, @) 3 piB-
HocTi (11) ogep>xmmo, BpaxoBytoun (10), HepIBHICTb
E{vkH" (tk+I) N kL, x (tk+1))/Utk} = vktf(tk),tikx(tk)) + (IvK)(C(tk) N k/x(tK)) < V\\K\N
(12)
sIKa BUKOHYETbLCA M.H., SIK i BCi NoganbLui HEPIBHOCTI.
3 HepiBHOCTI (9) (3a HepiBHICTIO JIANyHoBa 411 MOMEHTIB [4] 3 icHyBaHHA Apyroro MOMeH-

YMOBHOI0 MaTeMaTU4YHOr o crodiBaHHA NiBoT YaCTUHW HepiBHOCTI (12).
Tenep, Ha ocHoBI (11), 3anNMLLIEMO ANCKPETHUIA onepaTop JianyHoBa (/z>fc)(E(ifc), Tk, x{tK))
B300BX po3B'a3KiB (1)—(3):
{IVvK)tf{tk),ilk,x{tk)) = b{vk+I(C(tk+1) " k+1,x(tk+1))/U tk} — vktf(tk) " k/x(tk))
<_«*(£(**)/»7*/*(**)) < O
Topai Nnpu K > 0 BUKOHYETbCS HEPIBHICTb
E{Ok+IWtk+1)*1k+I'X (h+1))/Utk} < vktf(tk)"k,x{tk))-

3a 03HavyeHHAM cynepmapTuHrana [4], nocnigosHicTb BUNaakosux sesiunH {uk™ (tk),  x(tk))}
npu k € N yTBOptoe cynepmapTuUHrasn sBigHocHo Ttk [10].

Jani, 3HaALLIOBLLUN MaTeMaTUYHe cnofdiBaHHS Bif 060X YacTUH HepiBHOCTI (13), i npocymy—
BaBLUM 3a KBig N > ko A0 N, oaepXnmo

EAUN+L(L{IN+1),nN+L X (tN+H))} - E{0,,(£(i,,),(7,,,*(i,,))}

N N (14)
= E{Ne kI (*k)>L'X(k))} < - E E{ak(C(tk),4k'X(tk))} < 0.
k=n k—n
Tomy mMaemo
pl sup\x(ty,h, P\ > e \= Pl sup sup \x{ty,h, o\> N\
N t>to J I nEN JO+,,_i<f<ifco+,,

r N

< 2\ sup \tkoH i,y, h, 9\ > et \ (15)
| «6N J

< P sup”O+, L(MN(NO+H, 1),?;fd0+, 1x(ifdd+, 1)) > O(er) L > 0.
I neN J

LitacHo, akwo sup |P] > s, To Ha ocHOBI (8) BUKOHYETbLCS HEPIBHICTb
K>KO0

supUfc(£(ffc), 7fc, *(ffc)) > inf ., vk(y,h,(p)=Vv(s).
k>ko Y,*eH,| KlI>s

Tenep CKOPUCTAEMOCH BiOMOIO HEPIBHICTIO A1 HEBIA'EMHUX CyrnepMapTUHIasliB Loaep-
Xumo, wo (15):

H\\g\\)

? { suP vko+n--itt(tkO+n-\),VKkO+ n-i,x(tkO+n-i)) >0 (g1)] < @) < Hei)
|

(16)
Ha ocHoBi HepiBHOCTI (15) HepiBHICTb (16) Aae MOX/IMBICTb rapaHTyBaTV BUKOHaHHS HepiB-
HOCTI

plz'_ sup \x(to,y,h, @)\ > &1 | < €2, > 0,e2> 0,
i tte >
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a ue o3Hauvae, wo cuctema (1)-(3) cTiliKa 3a MAIMOBIPHICTIO B LLiJTOMY.
3 HepiBHOCTI (14) BUNMBAKOTb OLiHKMN

E{PN+I(E(IN+1D),”7TN+1,*(>N+1))} < Vko(y,h,<p),

2 EH (£(M), Tx(tK)} < vhiy,h,(p), 17)
k=k0

npmBcix N > Ko,y € Y,h€H, ¢ €D.
Ha nigcTasi Toro, wo nocnigoBHictb {&*-} K > 0O, € pyHKLioHaNnamun JianyHoBa—KpacoB-
CbKOrO, ICHYIOTb TaKi HenepepBHi CTPOro MOHOTOHHI pyHKL T a(s) i a(s), wo

«(IMI) <wy,H,<?) <sA(lKl),

LAaYKEN, yeEY, he€H, ¢ €Da) =4a) =0.
TaknM UYMHOM, i3 36DXKHOCTI pagy y (17) BunamvBae 36XKHICTb pagy

i E{a{\x(tky,h,cp)\}
K=KO
anaVio> 0,y€Y,heH, o €D.

Topi B cnny HenepepBHOCTI A(S) i piBHOcTI A(0) = 0 maTumemo lI<i\_n(})\><(ﬂ<,y,h, O\ — 0.
3Bigcy BUM/IMBaE NpSAMYBaHHSA A0 HY/S 3a MAMOBIPHICTIO mocaigosHocTi U(Ix(i*-, y,h, ®N\) npn
K—¥oo gnaVio > 0,y €EY,h€H, ¢ €D.

OTXe, 3 BMacTUBOCTE (yHKLioHanNiB JlanyHoBa-KpacoBcbKoro [2, 10] po61MM0 BUCHOBOK,
W0 HeBig'eMHMIA cynepmapTuHran v * (tk), X(tk)) npu K — o0 NpAMYE A0 Hys 3a IMOBIp-
HICTIO Npu BeiX peasiszayisax npouecy &(i) = (i, w) i nocnigoHocTi {%}, K< T.

[arni, HeBiA'EMHUIA 06MEXEHNIA 3BEPXY CyNMepMapTUHIasl Ma€ rpaHuULLI0 3 iIMOBIpHICTO ogn-
Huus [4]. Togi, BukopmctToBytoun (9), oaepXmmo

lim P{sup\xitky,h, 9\ > €} = O,
npu BcixyeY, hEH, @ €E0iT > to> 0, L0 03Ha4Ya€e, aCUMNTOTUYHY CTOXaCTUYHY CTIMKICTb
B LiJI0OMY CUSIbHOI0 po3B'a3Ky cuctemu (1)—3). Teopema gosegeHa. O

AK Hacnigok TeopeMu 1, BUN/IMBaE TBEPLYKEHHS.

Teopema 2. Hexath:
1) BUKOHYOTbCS yMoBU 1), 2) Teopemn 1;
2) Ha nigcTasi cuctemn (1)-(3) ANnsa nocnigoBHoCcTI PyHKUioHanNiB JlanyHoBa-KpacoBCbKOro
{vk,k > 0} BMKoHyeTbcA HepiBHICTb (IVK)(y,h, @) < OpgnaMc> 0,y € Y,hE€H, @ € D.
Toai AnHaMivHa cmcTema BUNaaKoeol cTpyKTypu (1)—(3) cTilAka 3a AMOBIPHICTIO B LLi/IOMY.

BUCHOBKMU

3HaiAeHo AoCTaTHI YMOBU CTiAKOCTI 3a IMOBIPHICTIO B Li/IOMY, aCUMATOTUYHOI CTOXacTUY-
HOT CTIAKOCTI B LLi/IOMY CUIBHOIO PO3B'A3KY AUDY3IAHMUX CTOXaCTUYHUX AUHAMIYHUX CUCTEM
BUMaAKOBOI CTPYKTYPU 3 MOCTIAHMM 3ani3HEHHSIM | 30BHILLHIMW NepeMUKaHHAMW TUMy saH-
ulora MapkoBa.
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SALAYA KOW I AnA NAPABONIYHOTO PIBHAHHA HAL NONEM p-AAUYHNUX
YWCEN 3 IMNYNBCHUM BNNUBOM

Po3rnsnyTo 3agavy Kowi gna napabosiiyHoro piBHAHHA 3 iMNy/1IbCHUM BMJIMBOM, NobyaoBaHo i
pO3B'A30K Ta BMBUEHO B/IaCTUBOCTI PO3B'A3KY Hazj nosnem Q p.

Kntouosi cioBa i opasn: 3agada Kowi, maTpuuaHT, iMnysibcHa Ais.

YepHiBeLbKMIA HaLlioHaA/TbHWNIA YHiBepcuTeT iMeHi O pia ®eabkoBuua, YepHiBLi, YKpaiHa
E-mail: vmluchko@ gmail.com

Bctyn

Y 90-X poKax MUHYJI0r0 CTOMITTS Y MaTeEMaTUYHILA (i3nLi 3pic iHTepec 0 p-aguyHUX Yu-
cen. Y Teopii cynepctpyH (M. NpiHa, Ox. WBapua i E. BitTreHa [3] Ta 1.B. Bonosiva, 1.4. Ape-
h'eBol [1]), sKka anesntoe Ao haHTACTUUYHO MasInX BiacTaHelA, nopAaaKy H -33 cm, HeMae MPUYnH
BBaXKaTW, LLL0 3BMYAMHI NpeAcTaB/IEHHS MPO NPOCTip—4yac TaM MOXYTb 6yTW 3aCTOCOBaHI.

OOHIE 3 A/IbTEPHATUBHUX MOX/IMBOCTEIA 47151 ONUCAHHSA CTPYKTYPU NMPOCTOpy—-4acy € BU-
KOpUCTaHHSA noss Q p p—aguyHMX Yncen 3amicTb MHOXMHU R AitAcHnX Yrcen. Ha MOXnMBIicTb
BUKOPUCTaHHSA p—aNdHUX Ymcen y MaTeMaTUuHIA disnyi 6yno Bneplle BKasaHo y 1984 p. y
po6oTi [7] Bnagimipoa B.C. i BonoBiua I.B.

Y nipaui [6] nobyanoBaHa Teopis y3araibHeHUX (YHKLLiEA Ha4 NPoCcTOpPOM (PYHKLIA 3Qp B
C, sIKa 3aCTOCOBYETbCS A0 TUX 3afdad, L0 BUHUKAKOTb Y MaTeMaTU4HiA disnui. Teopia y 6a-
raTto YoMy aHasl0rivyHa BiANOBIAHIA Teopil Hag, MHOXMHO R, arne € NMeBHi cyTTeBI BigMiHHO-
cTi. OCHOBHY yBary npuainfeTbcs Teopil 3ropTKU, NnepeTBopeHHIO ®Pyp'e, aHasI0ry onepaTopa
PimaHa-/1iyBins, 064MNCNEHHIO iHTerpanis.

MapaboniyHi piBHAHHA Ha NosemM p—adnyHmX ymcen BuBvanuca y npaui A.H. Kouy6es [4],
B AKiLA MpU MNeBHUX MPUNYLEHHAX BiAHOCHO KoegillieHTiB, Nobya0BaHO i A0C/TiAXEHO DYH-
JaMeHTa/IbHUIA po3B'A30K 3aaadi Koli, goBeaeHi icHyBaHHS Ta €AMHICTb PO3B'A3KY Y Kslacax
3pocTarunx yHKLIA, 3HalAOeHI YMOBW HEBIA'€EMHOCTI (PyHAAMEHTa/IbHOI0 pPo3B'A3KY.

Ha paHuia MoMeHT ony6/1iKkoBaHO YMMasio rnpaub, NPUCBAYEHUX A0CAIAKEHHIO 3a4a4 3 iM-
MyLCHOK Ai€l0 ANs pisHUX KiaciB gugepeHLiaibHUX pPiBHAHb. HaiA6i/blu NOBHI Ta r/In6GoKi
[0CNigKeHHS Takmx 3aaad BuBYeHi A.M. CamoiisnieHKoM Ta O.M. lNepecTokoM. BiX MoHOrpa-
h i [5] mocnigKyoThbe 0CHOBHI NUTaHHA Teopil AndepeHLuiaibHUX PIBHAHb 3 iIMMY1LCHOK Aji-
€10. HaBefgeHa 3arasibHa XapaKTepucTmKa CUCTEM TaKUX pPiBHAHb, BKa3aHO MNoAibHICTb Ta Bia-
MiHHICTb 3a/a4y AaHoi Teopii i3 3agavyaMu 3BUYAAHNX AudepeHLUia/ibHUX piBHAHb. OCHOBHY
yBary B po60Ti NpnAainaeTbea A0CNiAXKEHHIO NEPIOANUYHMNX Ta Mabke NMepiognyHUX pPo3B'A3KiB
CUCTEM 3 IMMYJSIbCHOK Ai€l0, IHTerpa/ibHNX MHOXWUH PiBHSHb, L0 PO3rfs4aloTbes, NMUTaHHIO
CTILAKOCTI PO3B'A3KY, iMMNY/IbCHOMY KepyBaHHIO MpoLiecamMmu.

YAOK 517.95+512.625
2010 Mathematics Subject Classification: 39K99.
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1 OCHOBHI nousaTTsa P-NANUYHOIO ananisy

HaBegemo geski TBepMKeHHs p—aguyHoro aHanisy, sKi 6yayTb BUKOPUCTOBYBaTWUCS B MO-
Oanbliomy. [leTasnibHe iX BUKIa4eHHSA MiCTUTbeS Y [2, 6].

Hexaia p — mpocTe uuncrio, Ke Hagdani 6yae ikcoBaHMM. BBegemo Ha MHOXUHI Q HopMy
X\ 3a npasusioMm [Olp = 0, R = p-7, AKW,0 payuioHas/IbHe YNC/I0 X MogaHe y BUrnsgj

ge{T,n,y} C Z,T,n He AinatTbca Ha p. [ornoBHEHHs Q 3a p—agnyHOK HOPMOLIO YTBOPIOE MNosie
Qp p-agnyHMX yncen.

Hopma |- Ip Boogie HacTynHUMK BrlacTUBOCTAMU: YR = 0y ToMy BUMaaKy, Koam X = O
NN = W EWR; X+ YN < max (NN WN), nprdomy AKWo YR @ WR, To X+ YNy =
max ([xIp,lylp)- Takum YMHOM p-aguyHa HopMa HeapximeaoBa.

MeTpuka p(X,y) — X—YN nepeTBoptoe nosie Q py MOBHUIA cemnapabesibHUIA LiJIKOM He-
3B'A3HUIA JTIOK&/TbHO KOMMAaKTHUEA METPUYHUIA MpocTip. Ha Qp icHye (eguiHa, 3 TOYHIcTHO A0
MHOXHMKa) Mipa dX, iHBapiaHTHa BigHOCHO gogaBaHHA. Mpu uboMy, AKWo a € Qp,a ¢ O,
To d(xa) = \aNk Bygemo HopMyBaTU Mipy Tak, LW,0

/ dx=1
Mp<l1

MpocTip Qp € 06'eAHAHHAM 3/1iYEeHHOI CiM'I NONapHO HenepeTUHHUX MHOXWH

)
Qp = [ {x:¥yp=py,

vV— —0Q

Mpy LbOMY

\*\p= T
Beegemo y posrnsg knac 917 (7 > 0) KoMnsieKCHO3HavYHUX yHKUIA @(X) Ha Q p, AKi 3a40-
BOJIbHAOTb YMOBW:

D <] < c (i +Kip)7/Aec— poBinbHa gogaTHa KOHCTaHTa;
2) icHye Take HaTypasibHe umncno N = N(@), Wwo ans aoBinibHoro x € Qp

oX +X) = o(X), II< p—N:

PYHKLIA @, W0 3a00B0sIbHAE YMOBU 1), 2), Ha3MBaETbCA JIOKa/1bHO CTas10t0, a yuncsio N — ro-
Ka3HWKOM J1I0Ka/TbHOT CTa10CTi PYHKLUIT @. AKLL0 GYHKLIA @ 3a/1eXUTb TaKoX Bif napameTpa
t, To 6yaemo roBopuTu, WO @ € 3/17 piBHOMIPHO MO t, AKLWL0 KOHCTaHTa C i NoKasHUK N He
3a/1eXXnTb Big t.

dyHKUiA f(X) Ha3MBaeTbCcA SIOKasIbHO-iHTerpoBaHa Ha Q p,/ € L\(Qp, dx), AKLL0 415 A0BiSb-
Horo N € Z+

/ N()N\dX < oo

Y\p<PN
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MHOXMHY DiHITHUX DYHKLUiIA 3 Ao 6yaemo no3HavyaTu £). Hexaia X — HopMoBaHWIA agu-
TUBHMIA XapaKTep nona Qp, Toai X € Lio. MepeTBopeHHs ®yp'e dyHKUitA @ € Li(Qp,dx)
BU3HAYaeTbCA POPMY 0K

R = 0 = J X(@e0)6x, e QR-
Q,

O6epHeHe NepeTBOPEHHS:

F_1(P) 2 o(X) = J X(-&x)o{&)a&, x€Qp
Qp

Aakwo @ € L\(Qp,dx).
Mae micue hopmyna [1]

I /(I*1p)A(QX)ax = Q - iF} NR1Z / (p VXRO V V- X7 ©ON\N\p™) / O
\%p / V=0
ge £ N 01 NpunycKaeTbcAa 36DKHICTb pagy \ﬁgf(p—-v)p—-v—

OnepaTop D7 gndepeHuitoBaHHA nopsaaky 7 > 0 BU3HAYEHUIA Ha PYHKLISX @ € £ dop-
myJioto [6]

(D> @=rp H{ / —¥)~ Oy
] o 1_ @
+ NN T ~y)dy + a_P7

1_ rs—1

gerp(s) = \p-s — p-agn4HniA aHasor rama—-gyHKLii.

Y gpyromy iHTerpani npaBoi YacTuHM (2) gogamo i BigHimemo Yy 1 I1cp(X) Ta cKopucTae-
MOCS TUM, LLLO

/ iwyil ~ - E , / iyil - 10 = G.' 1)£ i'-'L-pi~™n

1YIp>1 1YIP=P1

Tomy

O7P ) = rpy x/ Mpr-10 ~Y) - Kdy

Qp
Taknm YmHoM, ornepaTop D7 BM3HaueHMIA Ha BCiX yHKLiAX @ € TAB 0 < B < y. AKWo ¢ € 2),
To NepeTBoOpeHHs Pyp'e PyHKLIT D7 gopiBHI0E \NENYYE) Y CeHCi y3arasibHEHUX PYHKLLiA.

2 OCHOBHMWIN PE3YNbTAT

Po3rnsHemo napa6oniyHe piBHAHHSA

+a (D*M) (*'x) = Z(F*)/ Xe Qp,i€ (10 T]. (€)
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PO3B'A30K SIKOro 6yAemo WwyKaTm npmn t @ Tj TakuiA, W0 3a40B0/IbHSE YMOBU
ut,O\E=R = WY, (4)
u(jj +0,x) —u{xj —0,x) = Bju(xj —0,x) +cij(x), j = 1s, ®)

ae {o,dj,f} ClUo, Bj— cTani, To< N\< ... < x5< T, scKiH4YeHHe, a>0, @ > 1, nigu(xjx 0, X)
6ygemo po3ymitn u(xj =0,x) = lim u(t, X).

AK i B eBKigOBOMY BUMaAKy, MEPLUMIA KPOK MNosiarae y nobyaoBi maTpmuaHTa 3agadi (3)-
(5). 1i po3B'A30K 6YAEMO LLUYKaTWU Y BUTSISA)

u{t,x) = F-\\V/{t,a)f

ne V(t,0) €po3B'a3KoM 3aaadi Kowi 3 iMmy/IbCHUM BMJIMBOM A/151 3BUYALAHOI0 gudepeHuianb-
HOI0 PiIBHAHHSA

dvdt®r +aXxXNv (I,(1) - 0 E€Qp, 6)
V(t,0-)\t=r0 = @{0), @)
V(xj+0,cr)-V(Xj-0,0) = BjV(t, - 0,0) + B;(a). (€3]

Moknagemo K(t,x,cr) = exp{—ajo]“ |(i —T1)}. Mobyayemo po3B's30K 3agaui (6)-(8). Ans
LbOro crovaTKy po3rssHemMo npomMmikok t € (to,tt]. Po3B'sA30K piBHAHHA (6) Ha gaHOMY MNpo-
MiDKKY BU3HA4YaeTbCA OPMY 100

t
V(t,ct = K(t,x0/cr)c+ j K(t - x,x0,a)f(x,a)dx.
y
3rigHo 3 No4aTKoBOK YMOBOH (7) OTpUMAEMO
t
V(t,a) = K(i,t100)9(0) +j K(t - X,x0,0)/(x,0)axX. €)
O
Ha npomixky t € (T1, TZ] po3B'A30K piBHAHHA (6) 3anuLleTbCA
t
V(t,a) =K(t,xi,v)c+ | K{t —x,x\,a)f(x,cr)dx.
m

3a40BOILHAIOYN iIMMYLCHY YMOBY (8), i3 BpaxyBaHHAM (9) 6yaemMo MaTu

c=(1 + 8! ~K(t1,10,0)p(0) +J K(XA- T, X0,0)/(X,0)ax\ ~+al(o),
\ % /
Toqj
V(t,ir) = K(t,Xicr)(1 + B1)K (t1,10,0) ¢ (o)
T
+J K(t,xi,a)(l + BYK(Ttt —X,X0,0)/(X,0)aX

L)
f

+/*(*- 1, Tyo)/ (T, cr)dr + K(i, Tt, o)at (v).
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MpoaoBXyUun NogibHi MipKyBaHHSA, 0OTPMMAEMO, W0 PO3B'A30K 3agadi Kowi Ha NpoMixkKKy
t € (rs_i,rs]ogHo3Ha4YHO BU3HAYaETLCA DOPMY 1010

Ti
S

V(t,<r)=M (t,T0/(M<pcr) + =~ [ Tj,0)/(t,0)aT

. 7=V-1 (10)

i K- t,t3/<D)/(t,0)dt + = M 2(t,Tj,a)a(a),
s i=i

Ae BUKOPUCTaHo TaKi NO3HAYEHHS:

1
M (t, 10,0) = K(i,TB,0) M a + BKK(TKTK 1,0),
k=s
Y+
= K(t, xBo) N (1 + B¥K(t*,t™_1,<7-)(1 + B;)K(T?- T,T;_1,0),
As=s
/+1
M 2{t,Tj,a) = K(t,Tscr) N (1 +B*K(Tb ™ ,<r).
k~s

3acTocoBytoum ob6epHeHe nepeTBopeHHsA ®yp'e ao (10), oTpMaemMo 306paKeHHS po3B'A3KY 3a-
paui (3)-(5):

s 7
u(t,x) = J 00(1,x-&oe{&)ag += j dTj £N\(1,T,x-&)/(T,§)ag
Qp =V Qp (n)
+J atj O(i,t,x-&/{t,)al+ = j G2(t,x - Hal{&)ag,
Ts Qp 7=1Qp

ne
G(t,T,x) = fx(-xa)K(t - T,TR0)d0, GO(t,x) = j x(-xcr)M(t,TQra)da,
QP QP

G\({T,X) = f XxX(-Xx0)M\(i,x,T],0)a0, G2(t,x) = f x{-xa)M 2{t,xj,a)da.
Qp Qp

Nema 1. Mae micLe HepiBHICTb
NGtXX)N\ < c(t - r) Mf—T1)« + pj . 12

AoBefieHHs. 13 306paxkeHHA pyHKLIT K(t,x,cr) BugHo, wo dpyHkuisa G(f, T, X) HenepepBHa no
X € Qp. OuiHuMmo Ti. BpaxoBytoum npeactaBieHHA PyHKLIT G(t, T, X), 0TpuMaemMo

IGETX)] < j exp{-a\a\p(t - T)}do.
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HexalA uine uncsio K Take, Wwo pk—-l < (t —T)« < pk Bubepemo n € Qp, w06 W —pk—1L Toai

1G@,T, 9l < J exp{-ppa*_1)[crlp¥er = J Bxp{-o\no\*}do
Qp Qp

= 1L exp{~ayNidp = pkp T expi~azoNd < c(t -1~
QP QP

(13)

Bukopuctosytouun gopmyny (1) npmn x ¢ O, oTpUMaemo
G(t,T,x) = (I ——) XIp1lE p~vexp{-a(t - T)p-av\a} - \XNrexp{-a(t - T)pa A}
v=0

Po3knaBLUM EKCMOHEHTU Y pA4, 3MIHUBLUM MOPSA0K CYMYBaHHS i MpoCyMyBaBLUM reoMeTpu-
YHY Mporpecito, oTpUMaemMo, Wwo s x @ O

2 (iV' 1—maT "
S(LTX)= Y[ T o BT @ =DM ., @
I.t= ‘ r
I3 (14) oTpymyemo, wWo A0 < t< T, W > (t—r) *

n mwm/ \T1 rr
N\GELTXN < Wyl E 1'|Ty((i ~ T)IxlIpa) < Wulg(i— T)M;I™* +
m=1 'm

C C

+4(t-T)mw = x M- i D wpr @
< X |p_a_1( -T) i‘, ’ ’jSv!(l —V"_l(l Ty < ci|x|p* 1(t-T).

I3 HepiBHOocTe (13) Ta (15) oTpumyemo (12). OitAcHo, AKWo XR > (t —T)«, To |x|pa 1<

X2 1/ iN —i 1

O*IP+v - T)0) CAKWOo K NN (i-1)«,To i1 XJp+ (t-r) =J > c(f-1)_ 1(l— T)“«

Jlema goBefeHa. |

HepiBHicTb (12) nokasye, W0 no 3MiHHIA X pyHKLia G (t,T,X) Hanexntb L\(Qp,dx). 13 30-

6pakeHHA GyHKUiT K(i,T,0) nerko no6auntu, wo pyHKUito G(t, T,X) MoXHa andepeHLito-
BaTW Mif, 3HaKoM iHTerpany. Po3rnisHemo noxigHy

RG = -a f pe—o" - T)do.
<

Nema 2. Mae micue HepiBHICTb

dG(t,T,X) \-a-1
dt <c((f- r)<<+ Ix[p)

Ae KOHCTaHTa He 3aV/1eXNTb BIA t, X

JoBeneHHA aHasoriyHe AoBeAeHHo nemuy 1
Akwo X ¢ O, To Benny (14) G(f,T,x +£) = GE,T,X), Elp < Kp- Tomy gna x ¢ O
BM3Ha4YeHa 3a A0noMorow gopmynn (2) hpyHKLUis

Gy, T,x) = (D*G)(f,T,x), 0< v < a
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3HatigemMo hyHKUit0o G7 Ta ouiHMMO Ti. BBeAeMO Take NO3HAYEHHS:

GMUETX)= | X(—ADexp (— —1)li/]p" dén.
|Wp<pm

BpaxoBytouu, wo X)) |= 1ans W < 1, 6aunmo, 10 3a 3MiHHOK X G € 950 3 NOKa3HMKOM
NOKas1bHOI cTas1ocTi T. 3BiAcU 0TPUMAEMO

[D'XGA))(t,I’,X) =r - A) J WI~X[A(I!T1X - Z)_AA!T1X) dz

P~
= / exp (@i —"]?7lpan I V- [X(-(X-On)-x(-xn)lag
\>1\p<Pm \EP>p -
,—H-y-1
= | exp - DN\ X(=xn)an £ ~ p Dx{dn) - gac.

1<p"
BHyTPIiLLHIA iHTerpan, 9K yHKL,iA N, € MepeTBopeHHS dyp'e y3arasibHeHOT PyHKUiT/_ 7 [6] —

1-7-1

perynsapusaygia @yHKUii r (_7y Tomy BiH gopiBHoe \J\ T06TO
(D?2G(m) (L,t.x) = 1 X(—=D\TNVexp (— —T)Mp) dn. (16)
\N\p<Pm

3rigHo 3 opmynoto (1) pyHKLIS Gtre haKTUUHO 3a/1eXUTb Anwe Big XN\ 3adikcyemo x ¢ 0,
TOA

lip>Mp
-G (m)(f, T,x) a{ = (DjG) (t,T.,x)

4115 m —y 00 3a Teopemoto Jlebera. Togi i3 hopmynnm (16) OTpUMYEMO
(DiG) (tT.x) = j X(xONMN\pexp (-a(i - 7)]77[') an, X ¢ O.

@

MNpaBunbLHa femMa.

Jlema 3. Mae micue HepiBHICTb

7-1

1(DjG) (i,T,x)I < c ((i-T)« + |zxp)
[ie C He 3a/1eXnTb Big, t, X.

3 hopmynun (16) Ta NepeTBOPEHHA Pyp'e OTPUMAEMO

J (DXG) (i,T,x)ax = 0.
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Po3rnsaHemo "TensoBuiA" noTeHLUian
t .
ut,Tx) = J 68| G(t-0,T x-y)f(0.y)dy,
T QP
pne/ € TIB, 0 < B < a. 3rigHo 3 MipKyBaHHAMW, AKi HaBedeHi B [4], nokasaHo, Wwo n € 99a i
ONA Hel npaBu/ibHa OLiHKaA

NUETXN < c(1 + N, xeQp,

e C He 3a/1eXuTb Big t, T,X.
AK i B eBK/1iA0BOMY BUMaAKy, MOXXHa NoKasaTu, L0

)
du(t, T,X) .1 dG(t -6,T,X-Y).
" = f(t,x) +J ae] ( dtT X-Y) Efi.y) -f{0,x)]dy
T Qp
t
+] #6000 J € _?j’:’x Ny

Qp

AKwo 0 < 7 < a, To noxigHi D7u 6epyTbcAa 6e3nocepefHbO; AKWO X 7 = a, TO

t
(Dau) (i,T,x) = | d9] GM (t-©6,t,x-y)[f(0,y) -f(0,x)\dy.
T

AHa0riYHMMM MipKyBaHHAMM, SIK Bemax 1,2,3, ans yHKUi 4 Go, G\ G2 0TpUMYEMO OLLiH-
[Go(i,a)] < c(t-TO) ((i-T0)« + |X|Ip) “ \

IGI(f, T.9] <c(t-1) ((t- D« + 3 “ N\ 2\ < c(t - 10) ((f - )« + [XIp) “ \

dGo(t,x) /. ' ~—o—L
dt <SCM(I-TOk + XX\
9G. . i _ -a- a-
WO (@i R coToc vy

[(D?Go) (XN < ¢ ((i-To)« + W)

1(D?Gi) (TN <c((*-T)« + PP 7 \ 1(D?G2) (fX)] < c ((i-Tt0)« + [X|p) o

Teopema. Hexaih @ € GAB, {sy}|=1 € 0NB,f € B<a l1+Bj®dO0j= 1s. Toaipo3B's30K
3agadi Kowi 3 imnynbcHoto gieto (3)-(5) icHye Ta eauHWEA, | nogaeTbesd popmy oo (11).

JoBeneHHA TeopeMmn aHanorivHe sk y [4]. NMosHaunmo

Ui(t,x)= f Go{t,x-&)e()dl{+x / Gz(t,x-{)aj({)dd,

Qp W
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W(t,x) = jdrjcit, T,x-0/(t,0)al += j dr f GHt, T,x - {)/(1,Q)ac.
T QP /=S-i Q=
Ans noTeHuianis, AKi BxogaTb y Bupasun gns ur(i, x), W (t, x), Ha ocHoBi fiem 1, 2,3 Tahop-

My gndepeHuitoBaHHSA, MepPeKoOHyeMOCs, Wo PYyHKLia u(t,X) HanexuTb kniacy OAB, 3a40B0/1b-
Hs€ piBHAHHA (3), noyaTKoBy (4) Ta imnynbchy (5) ymoBW.
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The Cauchy problem for a parabolic equation with the impulse action is considered. Its solution
is constructed and properties of the solution are studied above the field Q p.
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ASYMPTOTICS OF A FUNDAMENTAL SOLUTION SYSTEM FOR A
QUASIDIFFERENTIAL EQUATION WITH MEASURES ON THE SEMIAXIS

With the help of a conception of quasiderivatives asymptotic formulas for a fundamental solu-
tion system of a quasidifferential equation with measures on the semiaxis [0, 00) are constructed.
The obtained asymptotic formulas allow to investigate asymptotics of eigenvalues and eigenfunc-
tions of the corresponding boundary value problem.

Key words and phrases: quasidifferential equation, measure, distribution, quasiderivative, semi-
axis, asymptotics of solutions.
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Introduction

Linear differential operators generated by differential expressions with smooth coefficients
(including asymptotics of the eigenvalues and eigenfunctions) were studied quite comprehen-
sively in the literature (e.g., see [7]). There are numerous recent results that generalize these
operators to some extent. In particular, interesting results for functional-differential equations
oftheformi +Fy+pny = O, where Fisa linear operator mapping the Holder space C7[0,1],
7 < n—1, into the space Li [0,1], were obtained in the papers of the Kiev mathematicians [3,8].
The papers [5, 9, 15], as well as the present paper, aim at relaxing the conditions imposed on
the coefficients of differential expressions. A wide bibliography on the theory of differential
operators with singularities can be found in [1].

Real problems often lead to differential expressions that contain terms of the following

form {"p(xX)y* ~ and cannot be reduced to conventional differential expressions by «-fold

differentiation if the coefficient p(x) is not sufficiently smooth. Such expressions are said to be
guasidifferential. The introduction of quasiderivatives [10,11] is one of the oldest methods for
their analysis. (The quasiderivatives are the components of a vector reducing a quasidifferen-
tial equation to a system of first-order differential equations.)

In the paper [7], in particular, by using the investigation of the asymptotics of a fundamen-
tal solution system for a quasidifferential equation with integrable coefficients on the interval
[a b], the asymptotic behavior of eigenvalues and eigenfunctions of the corresponding differ-
ential operator was obtained. In the papers [2 7] the previous results were extended to the
semiaxis [0,00).

In the present paper, by using the method of quasiderivatives, we analyze the asymptotics
of a fundamental solution system for a quasidifferential equation with distributions in the
coefficients on the semiaxis [0 00). Our results generalize some of those in [2 5, 6, 7].

YOK 517.926.4
2010 Mathematics Subject Classification: 34E05.

© Makhnei O.V., 2014
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1 Formulation of the problem

Consider the quasidifferential expression

Lmn(y) — 2" )
x=07=0

where m and n arepositiveintegers, floo is a constant, Jjo = floi =0/ v (*)/ad(x) £7[0,00),
ajj(x) = b'-(X), by(zc) €EBV+[D,00), i = 1, n,; = I,m. HereBV+[0,00) isthe space of right
continuous functions of bounded variation on any interval [ab] C [0,00). The prime stands
for generalized differentiation, and hence the an are measures, i.e., zero-order distributions [4,
p. 160]. The functions au{x) and bufx) are assumed to be complex-valued.

The quasiderivatives of y{x) corresponding to the expression Lmn(y) are defined as the
functions given by the formulas

f yM=y*, k=0"T-=1, yM = ~ 30
J i=0

I yfeHc] = \an+k-1 - 3 aikY{r-i], k = ITm.

Let us pose the initial problem
Lmn(y) = "Y? (€
ylv-1l(a) = cv, V= I,n + m. )
It was proved in [12,14] that there exists a unique solution of the initial problem (1), (2); more-
over, the solution, together with quasiderivatives of order less than n —1, is absolutely contin-
uous, and other quasiderivatives of order less than n + m —1 have bounded variation on any
interval [ab] C [O,00).
We assume that o = 1; otherwise we can divide equation (1) by floo- For reduction we
enter denotation r —n +m. Set A = —pr; then equation (1) can be represented in the form

yM+/i, = - £ ©)
O<i<n
0<j<m
i+j>1
We split the entire complex p-plane into 2r sectors Sq, g —0,2r —1, where
Sq= {p :i/7r/r < argp < (q+ D7r/r}.

We shall denote the domains Sqby S.
By W\ Qk, ...,wr we denote the distinct r-th roots of —1. For each sector Sg, there exists a
numbering [7, p. 55] of W\, a2, ..., cor such that

Re(po>i) < Re(po;2) < ... < Re(]Ca>r), p € Sq. (@)
In [2] the asymptotics of a linearly independent system of solutions of the equation
/() + p2(x)y{n~2) + .- -+ Pn(x)y + pny = 0

with integrable coefficients on the semiaxis [0 00) is obtained for large values of the parame-
terp. In the present paper we obtain the analogous formulasfor the solutions ofequation (1)
with imposed conditions to the coefficients at the beginning of this section. These formulas
generalize some results of the paper [2].
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2 Main results

By using the vector y = (y,y”*,... . .y"—")T (where T stands for transposition), one can
reduce equation (1) to the system of first-order differential equations
y' = C'(x)y, ©)
where
0 1 0 0 0 0
0 0 1 0 0 0
~no —An-1,0 — 110 1 0 e 0
mAn| A-1,1 Ay —foi 1 - -0
An,m—1 - 0 . 1
AnmoT-A A-N—\T M m —s0T 0 Y

Aji —UQUQ (n@—21n,j —1, .

Obviously,
0\
0 L] 0] 0
AC =C -C -0) =
() (2) (x-0) —&bn\ -Abn O 0
-Ah... -\h n 0
Since [AC(x)]2 =0, it follows that system (5) is well posed [12].
The homogeneous equation
yf) +Pry =0 ©)

has the fundamental solution system ePMX, ePMX ePMX Vector equation (5) can be repre-
sented in the form y* =C[y + C2y such that the system y1= CJy is equivalent to equation
(6). Consequently, the matrix C[ contains the unities above the main diagonal, —pr in the left
below corner and zeros. If the right-hand side of relation (3) is treated as an "inhomogeneity",
then, by the Cauchy formula for the inhomogeneous equation (see [14, p. 61]),

X

y(x) = B(x,a)y(@) +j B(X.&) dC2(£) y(£), @)

a
where a > 0, B(x, ¢) is the fundamental matrix of the "homogeneous" systemy' = C’y; it has
the structure [13]

i KAXX.0) KW(x,£) K(Xx.&) N\
B{x, ()= Kir-l}mMm ) KMM(X,0)  KM(X,§)
VKL () K(~1\X,0) J

where K(X,{) is the Cauchy function of equation (6). The parentheses in (8) stand for the
ordinary derivatives with respect to the variable X, and the curly braces are used to denote
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quasiderivatives in the sense of the adjoint equation of (6); they are taken with respect to the
second variable and are defined by the formulas [14, p. 122]
zm =z, ZW = i=i73i. (9)

One can readily see that the Cauchy function for equation (6) has the form

N\
KX.Q) = =======mmm == e (10)

Indeed, it satisfies equation (6) with respect to x,(¢,{) = 0, v—0,r—2, K r ~ (&, ¢) =

1lsince E aY+ = 0,and E w] —-r (see [6, p. 55]).
=1 1 =1 3
By using relations (9) and (10), equality (8) can be represented in the form

( 1f ~gpw”x-i) i f -UIN
riti |1 m 2jtx ’ A 1=1
EZ M+ i(x0 m v %ok »
B(XaE) - _ ri=i ?=FE£*] P 2/]_.1 r
E a,2r-va-,(x-¢0 ... e £ A"r+ 1740 x-i) I £ oT1pwi(x-0
\ =1 7 7= D=l

By denoting y (1) = (ci, <2 ---/cr)T, from equation (7) we can obtain

-4 £ OyPwix0d)-...-0=1Z ePu{x-a
_Eifpl £ af-ieP (x-a) - ... — i E © Tpe.(X-0)
7= 1 j=i
. L A
. I/Elu£EWW ... —blE,Ufje"W )

+|
te E .. 1E
AN //1 /=1

~E «(9y(“"9m

E{\lgn(e) -TiiM 1T /' -4?2)
s=

E (o(?) - A)p0@<0U("2,(r) +02ADWMT)

E, (rtbsm(i) ~a0m(0«s (1)) y ("")(2) +HA0K)3/[E)

where the last column contains the null elements only in the first n —1 rows. Constants c;,/ =
1, r can be choose such that the system of Volterra-Stieltjes integro—quasidifferential equations
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nl—-n+V n r i
yM(*) = - l——£f [/ Z 0?+"*1P0~ Qa>0(Qv("-3,( Ne
1-1 ' s-1,, /=l
m l-n-p+v
+ e n = =
4, t/ | (11)
s—la 7=1
+ £ QYW (Ev? - yv=o0,r-1,
a /=*

holds. Indeed, from the equality

T N N e-PUieP"i* + ...+  Tiwlr or . e-hertov
rP rp’
= cre M x+ ...+ crePWrX

we obtain the system

-e pMa(ciur[pr 1+ ...+ Cr(Vi) = C\rpF_L

— PPWRERGSBEh 4 crgir) = oot

such that its determinant is nonzero for Jpo] >0, because it is a Vandermonde determinant.
In the following theorem, asymptotic formulas for the solutions of equation (3) are derived
on the basis of the analysis of the integro—quasidifferential equations (11).

Theorem 1. Under the above-mentioned conditions imposed on the coefficients, in the entire
domain S of the complex p-plane, the quasidifferential equation (3) has r linearly independent
solutions yk(x,b), K= 1, r, which satisfy the relations

YK (X'P) = pI'*ukekAX'p) (12)
fork=1,r,y= 0,r—1 X> a > 0, where the functions {"v(x,p) are bounded in the domain
a<x<oo,peSNY\N>hn>0.

The functions y'k\Xx,p) are continuous with respect to the set of variables (x,p) for x €
(0,00),p € S, Ipl > h > 0. These functions are regular (i.e., single-valued and analytic) with
respecttop € S\O\> h > 0.

With p € S we have

yp{x,p) = pveP*x WT+O (- asp 0o (13)

uniformly with respect to x € [0,00).

Proof. Suppose
1%, p) = pvePNRev(X,p), V= 0,r -1, 14
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for some fixed k,k = I, r.
Then we rewrite equations (11) in the form

P) Efsarrme xra0@p- v gnmes
i=1 r >=> pu
m l-n-p+v X
+ Xie— v 2 [ 2 o7—pr+HIN il )pnS5ePw - ~ ) ar )
»=1 s=1{ j=1
X
. N\
t fEa;pp#r—aoMie(p,< z nge)
| £ aym-pr+Herr-~flop(e)p"~zn(e)r »V=0r-1,
A
whence
zv(x,p) = £Ecicvyrr™ - -% i E wr+HH_Sem(?' X ("_?ilsOn )2"-s(™ N
7=1 rs=ii ;=1
f, p1'?
ie EEPTTewsr (X0 T 4N52-8( p ()
15
I
-E /'E < ptr 4410 (XN (@' "«oP(e)«50(?)p~5" - sm
8&1- 721
+ j ZT™ -prHIERN - X\Poi(x-va0p(é)in(Qal , V= 0,r—1.
i /=1
Set
Cj= ¢ for; = LA, (16)
co

m=c-i E [wl-+p'-vr-"7,-,(8)"0{0a

00

£ /,m —~m raVv I(()
+ L IP_I’

814 _ 17

-E lu"-rflp-V~2>-"h, .s(i)a0p(C)ari)di
>=K

00

+J 0l'-"HN 0> {r{Qao(§)i , /= k+1r,

for some fixed [ K—1,T.

Each Riman-Stieltjes integral in formulas (17) exists and converges via continuity and boun-
dedness of the functions pi-V K - ~Zn s(q pi-P-Vto-""z,, s(f), pI'r"* " " n) |
since Re(pa»fc) < Re(pa;;) , = K+ 1,r (it follows from inequalities (4)).
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Then system (15) can be written in the form

Z,(X,p) =E£Y t'/1 -T»-)-— 1t i t o({)V,(iNe
j=I s=la j=1
m .,1-p
Y E ~ - £ 0 mu),,n .i({)aa
i'-1 5=1 1 /=1
n | K
S LT ESTTIHEEA (A {4 (e (€)% (<<r
—I" :I
+ (£ “T P+M~ 11-x* - &IaAIMEI)AE
I M
o (19)
+ t it < v
a
p:l s=1n ;=fc+lI
[0.0)
-t11
s x /=£+1
00
,V=0,r- 1.
T y-fcH
Suppose that equation (3) has a solution suchthatq, = Oforv &, = 1. Let
yM =" « Zhl,
Kkyvsr ¢/P) — =1 19
_I"K - i)p2-s-P-v £ IVm~P+v+lePwi(x-i)/ ¢ > x,
{r M+i 1

k=1,r, ¥=0,r—1, s=0,n, p=0,m.

Then for the functions zkv(x,p) we obtain the system of integral equations

00

N\
Zkixp) = 4 - ~E f KOV3X.ZP)aD(Z)ZN-3(EP)AT

1 ’
A Y~1'J Kkpvs(%r & P)"k,n—sii> P)db$p ()

+PPI gqg

~ 23K K{xMp)ciQprcisQ)zk n-sNaPy N~ J iikpvope 77 Pyrop {Q e P

(20)
= 0,r-1,

We construct the functions Qkpvs(xr(>p) and gsp(x) (k = I,r, p = 0,2m, v
s = 0,n) as follows: Qkp\Vgx”",p) = Kkpvs(x,§,p) fors = On, p = Vm; Qkos(x,?,p) =
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-Kkp-m,vs(x*Mp) fors = 1,n, p = m+1,2m; QOSX,£,p) = -KKW(x",p)Jor s -1n;
Qvo{9%>('p) = Oforp = Ooom +I,m +2 |, 2m; gsp(x) = bsp(x) fors = \n, p = I,m;
&Op{x) - f *aop(t)dt for p = (Im;gsO(x) = f* asqt)dt for s = I,n;gsp(x) = f* aOp-m(t)aso(t)dt
fors = O,n, p = m+1,2m. Obviously, all g9(x) have bounded variation on any interval
[aB] C [0 00). Then system (20) can be represented in the compact form

2 2m n |m
Zkv{X/P) = n I QkpvsiX/{/P)Zk,n—s(E/P)"Ssp(£)- (21)
P p=0s=04&
Each function Qkpvs{x>(,p)A\ = I,r,v —Q,r —I, p = 0,2m, s —0, n, is left continuous for

all x, & € [0,00) and it is regular for all Y\> h > 0. There exists a constant C\.> 0 such that

> wm=PHAHEMW PWK(X-" < O\ (22)
/=1

k= 1nhV=0r—1,S=0n,p=0,2m, for E< because Re(pa;;) < Re(p”),j = 1,k since
(4). Similarly, there exists a constant C2 > 0 such that

- ||n|2—S—p-V] L S RANEQT poX0 < ¢ 23

K—1rV=0r—1s= 0,n p = 0,2m, for { > X, because Re(pWj) > Re(pa®),j = k+1,r,
since (4).
Let C = max{Ci,C2}. Since bounded variation of the functions g$(x), we can find a
number a > 0 such that
()

1 r 00 1

chlJ =hY8p< 7 s=0"" P=02m:
a

Then all conditions of theorems 1 and 2 from [5] are satisfied and by these theorems system
(21) has the bounded continuous solution zkv(x,p), X € [5,00), p € S, YN\> h > 0; moreover,
there are asymptotic formulas (13) for p — 00.

Let us show that there exists solution (12) of equation (3) that satisfies system (21). To
this end, it suffices to show that for all constants cv there exists solution (14) of equation (3)
satisfying system (18) for these values cv.

Equalities (16), (17) are a linear transformation from JJto C". Obviously, it suffices to show
that the determinant of the mapping (16), (17) is nonzero for sufficiently large Y\p € S. In
this case for any ¢- equations (16), (17) can be solved for G.

If the determinant of the mapping (16), (17) is zero for arbitrarily large \Y\p € S, then, for

these p, equations (16), (17) have nontrivial solutions with respectto g forc[ = ¢2= ... = ¢cr=
0. Then the corresponding function
zv{x,p) = p~ve~puiky/ M\X,p) (24
is a nontrivial solution of the system
I 2m ©
zv(x,p) = - X X Qkpvs(x”,p)zn-s&p)dgsptt),

Pp=o0s=01
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which can be obtained from (18) for A\= ¢2= ... —A\—0and designations (19). Let us show
that this is impossible. Let m(p) = max 2 (Xp)\, X > a, v = 0,r - 1 Using the inequalities
(22), (23), we obtain

00

C f C
NAxp\ < p Y ldgsPth)N\m(p) < T (p)w>

a
where Ci is some constant. The last inequality should hold for all p. But for large Y\ this

inequality is possible only if m(p) = 0; consequently, zv(x,p) — 0. This, together with (24),
implies thaty = 0 for v —O0.

It remains to prove a linear independence of the solutions yk(x,p). Todo this, calculate the
Wronskian of these functions for p —= oo

1 1 1 1

(r-1)
W(x,p) = 1mp..pr-lePr+—+anx X ™ ar _ Pr r2 W ®m oy
U\ = corl 0 O sf—1

Since the Vandermonde determinant of distinct numbers wx, w2, ..., w yis nonzero, we see that
the Wronskian is nonzero forall x € [g00), p £ S. O

Remark 1. Each of obtained solutions yk(x,p), k = 1,r, can be extend to theinterval [Qa),
constructing on it the solutions of equation (3) that satisfy the initial conditions v-il(a) =

YkN\a)'y - 0,r- 14 = Lr.

Remark 2. Ifh is so large that f \&p@Q\ < s=0,np 0,2m, in the designations of
0

theorem 1from this section, then in this theorem can be puta = 0.
For a example we consider the quasidifferential equation
yIV + (A1Y/)/ + (s20y)" + Wbiy" + (a2iyyY +azy + &Y= AY, (25)

where a2 (x),a02{x) € L2[0,00), an (X) = Bu (X), an{xX) = b[2(X), a2l(X)= B2l(x),a”x) =
b22(x), bu(x),bi2(x),b2i(x),b22(x) € BV+[0,00). The quasiderivatives for this equation are
defined by the formulas i/ll = y', y = y" + axY/ = {y" +«20y)' ~ «0iy" ~ «HY7- «21Y-
The conclusions of theorem 1 hold for equation (25).

The constructed asymptotic formulas for the linear independent system of the solutions of
the quasidifferential equation with measures on the semiaxis allow to investigate an asymp-
totic behavior of eigenvalues and eigenfunctions of the corresponding boundary value prob-
lem. The presence of distributions in the coefficients of a quasidifferential equation does not
affect these formulas.
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ON CONTINUITY OF HOMOMORPHISMS BETWEEN TOPOLOGICAL CLIFFORD
SEMIGROUPS

Generalizing an old result of Bowman we prove that a homomorphism / : X — Y between
topological Clifford semigroups is continuous if

e theband Ex = {X € X : xx = x} of X is a U-semilattice;
 the topological Clifford semigroup Y is ditopological;

« the restriction /| EX is continuous;

e for each subgroup H ¢ X the restriction f\H is continuous.

Key words and phrases: ditopological unosemigroup, Clifford semigroup, topological semilattice.
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Introduction

This paper was motivated by the following old result of Yeager [6] who generalized an
earlier result of Bowman [3].

Theorem 1. A homomorphism h : X —Y between compact topological Clifford semigroups
is continuous if and only if for any subgroup H C X and any subsemilattice E C X the
restrictions h\H and h\E are continuous.

In this paper we shall extend this result of Yeager beyond the class of compact topolog-
ical Clifford semigroups. Let us define a homomorphism h : X — Y between topological
semigroups to be EH-continuous if

« the restriction hxx to the set of idempotents of X is continuous;
« for every subgroup H C X the restriction h\H is continuous.

In terms of EH-continuity, Theorem 1 says that each EH-continuous homomorphism h :
X — Y between compact topological Clifford semigroups is continuous. For compact topo-
logical Clifford semigroup X with Lawson maximal semilattice Ex — {Xx € X : xx = x} this
result of Yeager was proved by Bowman [3] in 1971. Generalizing the Bowman's result, in The-
orem 3 we shall prove that each EH-continuous homomorphism h\. X -)Y from a topological
Clifford Lf-semigroup X to a ditopological Clifford semigroup Y is continuous. Topological U-
semigroups will be introduced and studied in Section 2. Section 1 presents some preliminaries.
Section 4 contains our main result and some its corollaries.

YK 512.53+515.12
2010 Mathematics Subject Classification: 22A 15, 06B30, 06F30, 22A26.

© Pastukhova l., 2014


http://www.journals.pu.if.ua/index.php/cmp

124 Pastukhova i.
1 Preliminaries

L1 Semgoq:s A semigroup is a non-empty set endowed with an associative binary opera-
tion. A semigroup S is said to be

« inverse if for every x € S there is a unique element x~I € S such that x = xx~Ix and
X 1 - X~1Ixx~1,

 Clifford if it is inverse and xx~I — x~1x for every X € S;

- asemilattice if it is commutative and every element x € S is an idempotent, thatis xx= x.

For a semigroup Sbhy Eg = {e € S : ee = e} we denote the set of idempotents of S and for
each idempotent e € Es let

He= {X€S:3y ESXy = e=yx, xe = X= ex, ye —y —ey}

denote the maximal subgroup of S containing e. If the semigroup S is inverse, then the maximal
group Hecan be written as He— {x € S : xx~I —e = x_1x}.

Each semilattice E carries the natural partial order < defined by x < y iff xy —yx = Xx. For
apointx € Eletix = {y € E:y < x} and *~x —{y € E : x < y) he the lower and upper cones
of x, respectively. By ffx we shall denote the interior of the upper cone t* in E.

A homomorphism between semigroups X, Y is a function h : X —* ¥ preserving the oper-
ation in the sense that h(x m) = h(x) mn(y) for all x,y € X. The uniqueness of the inverse
element in an inverse semigroup implies that each homomorphism h : X —¥ between in-
verse semigroups preserves the inversion in the sense that h(x_i) = h(x)~Ifor all x € X.
More information on inverse semigroups can be found in [5].

A topological semigroup is a semigroup S endowed with a topology making the semigroup
operation - : Sx S — S continuous. A topological inverse (Clifford) semigroup is an inverse
(Clifford) semigroup S endowed with a topology making the multiplication m S x S —=6 and
the inversion ()_1 : S — S continuous.

A topological semilattice E is Lawson if open subsemilattices form a base of the topology

of E.
1.2. Urmemgraps ad Lrﬂ'mmISlTB By a left unit operation on a semigroup S we UNCEY-
stand a unary operation A8 : S —mS such that A${x) s = x for all x € S. A left unosemigroup
is a semigroup S endowed with a left unit operation Ag : S — S. A left unosemigroup S is
called A-regular if for each x e Sthere is xX* € S such that As(x) = xx*min this case the element
\s{X) = xx* is an idempotent because A$(x) M$(x) —A(INgo* = xx* = A$(x)- So, for each
A-regular left unosemigroup Swe get A$(S) C Es-

By an unomorphism between left unosemigroups (X,Ax) and (Y,Ay) we understand a
semigroup homomorphism h : X — Y preserving the left unit operation in the sense that
ho Ax — Ay oh.

Left unosemigroups were introduced in [1]. By analogy we can define right unosemi-
groups, see [1]

Each inverse semigroup S endowed with the left unit operation As : S —m6, Ag : X —*XxX'],
carries a canonical structure of a A-regular left unosemigroup. If Sis Clifford, then the left unit
operation As isa homomorphism coinciding with the projection m : S —Es, T : X M- xXx~| =
X~Ix. If Sis a semilattice, then As coincides with the identity map of S.
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The uniqueness of the inverse element in an inverse semigroup implies that each homo-
morphism between inverse semigroups is a unomorphism of the corresponding left unosemi-
groups.

By a topological left unosemigroup we understand a topological semigroup S endowed with
a continuous left unit operation As : S —S.

Proposmonl If a topological left unosemigroup (S,AS) is A-regular, then for any idempotent
e € S and any pointx € S with e-Ag(x) — e the right shiftsx : He —= Hex, sx : z i=> zX, isa
homeomorphism.

Proof. Since (S, Ag) is A-regular, As(x) = xx* for some element x* € S. Consider the right shift
sX :S —¥S, v :zwun zx* and observe that for every element z of the maximal subgroup
He we get sx*0sx(z) = zxx* = (-A$(X) — ze wg(®) = ze = z. This implies that the
restriction sx*\Hex : Hex —+ Heis a continuous map, inverse to sx. So, sx : He => Hex is a
homeomorphism. O

13 DtQI)ngIC&l U‘[BGITIQ’G{B For two subsets J1, B of a semigroup S consider the subsets
BXA={y€S:3beEB3a€A by—a} and AXB= {xX€S:3a€A3bEB a= xb}

which can be thought as the results of left and right division of A by B in the semigroup S.

A topological left unosemigroup (S, As) is called a ditopological left unosemigroup if for each
X € X and neighborhood Ox C S there are neighborhoods C A3%(S) and Ux C S of the
points As () and X, respectively, such that

(WAS() X 1ix)n A j1(WAS(X) C Ox.

Ditopological left unosemigroups were introduced and studied in [1]. By analogy, ditopo-
logical right unosemigroups can be introduced; see [1]. By Theorem 4 of [1], each compact
topological left unosemigroup is ditopological.

A topological Clifford semigroup S is ditopological if it is ditopological as a topological
left unosemigroup (endowed with the canonical left unit operation As : X H» xx-1). By
[1], the class of ditopological Clifford semigroups contains all compact topological Clifford
semigroups, all topological groups, all topological semilattices and is closed under many op-
erations over topological Clifford semigroups (in particular, taking Clifford subsemigroups,
Tychonoff products, reduced products, semidirect products).

2 Topological left L Z-unosemigroups

In this section we introduce the notion of a left (i—-unosemigroup, which is crucial in the
proof of our main results.

Definition 1. A topological left unosemigroup (X, Ax) is called a left ii—unosemigroup if for
each point x € X and each neighborhood OXx(XY) C X of the element Ax(x) there is an open
neighborhood Ux C X ofx and an idempotente € O Ax(X) such thateAx(x) —eand eUx C Hex

In case S is a topological semilattice the notion of a left li—unosemigroup agrees with the
notion of a ti-semilattice.
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A topological semilattice S is called a U-semilattice if for each point x € S and its neighbor-
hood U C S there is an idempotenty € U such that x € ffi/. We recall that by fft/ we denote
the interior of the upper cone ty in S.

The definitions of a left U-unosemigroup and a U-semilattice imply the following charac-
terization:

Proposition 2. A topological semilattice E is a left U-unosemigroup if and only if it is a
U-semilattice.

The interplay between topological U-semilattices and other classes of topological semi-
lattices was studied in [2]. In particular, let us recall for future references that each locally
compact Lawson semilattice is a U-semilattice. The same is true for locally compact zero-
dimensional semilattices, as they are Lawson. Let us recall that a regular topological space X
is locally compact if every point has a compact neighborhood and zero-dimensional if closed-and-
open sets form a base of the topology of X.

2.1. Topological Clifford U-semigroups. Topological Clifford semigroups which are left U-
unosemigroups can be characterized as follows.

Proposition 3. A topological Clifford semigroup S is a left U-unosemigroup if and only if its
band Es — {x € S :xx = x} is a U-semilattice.

Proof. Assume first that S is a left U-unosemigroup. Given any idempotent e € Es and its
neighborhood U C Es, we need to find an idempotent € € U such thate € 8'. The set U
is open in Es and so U = W N Es for some open neighborhood W C S of e Since Sis a U-
unosemigroup, for the element eand the neighborhood W of the point ee~l = ewe can find an
open neighborhood C Sofeand an idempotent € € W such that e'e = € and e'WeC Hde
Without loss of generality we can assume that We C W and therefore Ue= WellEg is an open
neighborhood of ein Eg.

It remains to check that e € '{J€. For this observe that the inclusion e'We C He€implies that
elUe C (Hee)NEs = = €' and consequently e € Ue C \e. Thus e € L7 which means
that Es is a U-semilattice.

Now assume that the maximal semilattice Es of S is a U-semilattice. To show that S is a
topological left U-unosemigroup, take any point x € S and neighborhood Oxx-1 C S of the
idempotent n(x) = xx—~I|. Since Es is a U-semilattice, we can find an idempotent e € Oxx~
such that xx-1 € ife. Then Ux= m-1" ) is an open neighborhood of x.

It remains to show that eUx C Hex. First observe that for any element z € Hewe have
z = ze = zex~1Ix. It follows from

(zex—1)(zex~1)~1 = zex~Ixez—x—zez~l = e
that zex~l € Heand z = (zex—~1)x € Hex. Hence, HeC Hex

Finally, the inclusion n(eUx) = n(e)n(Ux) C {e}i[e = {e} implies that eUx C #-1(e) =
HeC Hex, which is the desired conclusion. |
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Having in mind the previous proposition we define a topological Clifford semigroup S
to be a topological Clifford U-semigroup if its maximal semilattice Eg is a Li-semilattice. This
happens if and only if S is a topological left U-unosemigroup.

3 The continuity of EH-continuous unomorphisms between topological left

unosemigroups

The following theorem is a key ingredient in the proof of Theorem 3, which is our main
result. This theorem can be considered as a generalization of Bowman's result [3] to topological
left unosemigroups.

Theorem 2. Any EH-continuous unomorphism h : X — ¥ from a A-regular topological left
U-unosemigroup (X, AX) into a ditopological left unosemigroup (¥, ay) is continuous.

Proof. Given any point x € X and an open neighborhood Oy C ¥ of the pointy = h(x) we
need to find a neighborhood Vx C X of x such that h(Vx) C Oy.

Since the left unosemigroup (Y, Ay) is ditopological, there are open neighborhoods
WwAayly) ¢ Ay(Y) and Uy C Y of the elements Ay(y) and vy, respectively, such that
(WAMY) X Uy) M Ay*N/a”y)) C oy. Taking into account that Ay(y) m € Uy, we can replace
WAMY) by a smaller neighborhood and additionally assume that WAy(y) -y ¢ Uy.

Since the unomorphism h preserves the left unit operation, we have I((AX(X)) = Ay (y). The
A-regularity of the left unit operation Ax implies that Ax(X) C Ex. By the continuity of the
restriction i\ (X), there is an open neighborhood wAx() C AXx(X) such that h(WAX*) C
WAY(Y):

Since X is a left li—-unosemigroup, for the point x and the neighborhood WAX(X) of Ax(X)
we can find an idempotent e € WAX(X) and an open neighborhood WV C X of x such that
BAX(X) = eand evx C Hex. Replacing W by a smaller neighborhood, if necessary, we can
additionally assume that Ax(vX) C WAX(<). In this case

Ay o h(VX) = hoAXx(vX) ¢ h{WAX(X)) c w Ay(v)

and h{ex) = h(e) -h(x) € h{WA{X)) m C WAWY) -y C Uy.

We claim that the restriction h\Hex is continuous. Indeed, by the A-regularity of the left
unit operation AY, there is an element x* € X such that Ax(x) = xx*. By Proposition 1 the
right shift s* : He — Hex, sx : z i-mmzX, is a homeomorphism with inverse s** : Hex —> He
sx* . z (> zx*. The EH-continuity of h guarantees that the restriction h\He is continuous and
so is the composition ho sx* : Hex —> Y. For every point z € Hex we can find an element
g € Hewith z = gx and observe that zx*x = gxx*x = §AX(A)A: = gx = z. So, h(z) =
h(zx*x) = h(zx*) mn(x) = h(zx*) -y, which implies that the restriction h\Hex is continuous
as the composition of the continuous map h o sx* and the continuous right shiftsy : Y —,
Sy :u 2 uy.

By the continuity of the map h\Hex, the set h~I (Uy) N Hex is an open neighborhood of the
point ex. Replacing the neighborhood VW by a smaller one, if necessary, we can assume that
eVx C h~I{Uy)nH ex. Thenh(evx) C ~/T" 1n ) ) C Uy.

To finish the proof of the continuity of h at X, it remains to check that h(Vx) ¢ Oy. For this
observe that for every v € W we get h(e) -h(v) = h(ev) € Uyand h(e) € h(WXx*) ¢ WAWY).
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Combined with the inclusion Ay o h{v) € Ay o h(Vx) C WA(Y) proved above, this yields
H”)e (WiM X uy)nAy\wirW)c o,

according to the choice of the neighborhoods WAy(y) and Uy. O

4 The continuity of EH-continuous homomorphisms between Clifford

U-SEMIGROUPS

Now we are in a position to prove the main result of the paper and state some its corollaries.
Let us recall that a topological Clifford semigroup X is called topological Clifford U-semigroup
if its band Ex is a U-semilattice.

Theorem 3. Each EH-continuous homomorphism h : X —mY from a topological Clifford
U-semigroup X to a ditopological Clifford semigroup Y is continuous.

Proof. By Proposition 3, the topological Clifford U-semigroup X endowed with a canonical left
unit operation A : X i=> xx-1 is a A-regular topological left U-unosemigroup. The homomor-
phism h, being a homomorphism between Clifford semigroups, preserves the operation of in-
version. It follows that h preserves the canonical unit operation on X and so isa unomorphism.
Thus, h : X — Y is a EH-continuous unomorphism and by Theorem 2, it is continuous. O

Since each locally compact Lawson semilattice is a U-semilattice (see Proposition 2.4(3)
of [2]), this Theorem implies

Corollary 1. For any topological Clifford semigroup X with locally compact Lawson maximal
semilattice Ex, every EH-continuous homomorphism h : X — Y to a ditopological Clifford
semigroup Y is continuous.

Since each locally compact zero-dimensional semilattice is Lawson (see Theorem 2.6 in [4]),
we obtain

Corollary 2. For any topological Clifford semigroup X with locally compact zero-dimensio-
nal maximal semilattice EX, every EH-continuous homomorphism h : X —Y¥ to a ditopologi-
cal Clifford semigroup Y is continuous.

Since each compact Hausdorff topological Clifford semigroup is ditopological (see Theo-
rem 4 in [1]), Corollary 1implies the following result of Bowman [3].

Corollary 3 (Bowman). Each EH-continuous homomorphism h : X -* ¥ from a compact
Hausdorff topological Clifford semigroup X with Lawson maximal semilattice X into a com-
pact Hausdorff topological Clifford semigroup Y is continuous.
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MacTyxoBa I. MNpo HenepepBHICTb FOMOMOPGI3MIB M iXXK TOMOMOFIYHUMU KiopAoBMMU HamiBrpynamm
// KapnaTcbki maTtem. ny6n. — 2014. — T.6, Nel. — C. 123-129.

Y3arasibHIOETbCA pe3ynbTaT, 0TpUMaHuia y cTaTTi [3], i AoBOAMTBECA HenepepBHICTL FOMoMopdi-
3my/ : X —Y MK TOMOAOriYHUMU KAiPopA0BMMM HaNiBrpynamm 3a yMoB:

e MHOXMHa £X = {X € X :xx = g} C X iAeMnoTeHTIB € ii —HaniBrpaTKoto;
e TomnosiorivyHa KsiopaoBa HamiBrpyna Y AiTonosoriyHa;

¢ 3BY)XeHHs /| EX HenepepBHe;

e 3BY)XeHHs /| H HenepepBHe Ana KoXHoOI nigrpynu H ¢ X.

Kntouosi croga i hpa3n:  giTomosioriyHa yHoHaniBrpyna, KaigopaoBa HamiBrpyna, TonosioriyHa
HanisrpaTka.

MacTyxoBa N. O HenpepbIBHOCTX FOMOMOP(N3MOB MeXAy TOM0SI0rMYecKUMN KNnghopaoBbIMA M0/1y-
rpynnamun // Kapnatckue matem. ny6a. — 2014. — T.6, Nel. — C. 123-129.

0O606uwaeTca pe3yqbTaT, NMosTlyyYeHHbIM B paboTe [3], 1 A0Ka3biBaeTCs HEMPEPbIBHOCTbL FOMOMOp-
dhursma/ : X —»Y mMexay TonosIorMyeckuMmn KAanggopaosbiMu NoayrpynnamMmm rnpu ycroBusx:

e MHOXecTBO ExX = {X€ X :n =i} C X ngemnoTeHTOoB AB/seTcA Li—-nonypewweTKoiA;
e Tonosoruyeckas kKnudhopaosa nonyrpynna Y gUTOMOSIOr nyecKas;

e cyeHue /] EX HenpepbIBHO;

» cyxeHune F\H HenpepbIBHO ANa Kaxxaoti noarpynnsl H C X.

KritoueBble crioBa U (hpasbl: AUTOMOSIOrMYecKas yHononyrpynna, Knuggopaosa nonyrpynna, To-
nosiorvyeckas rnosiypelueTka.
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Pylypiv V.M., Maliarchuk A.R.

ON SOME PROPERTIES OF KOROBOV POLYNOMIALS

We represent Korobov polynomials as paradeterminants of triangular matrices and prove some
of their properties.

Key words and phrases: Korobov polynomial, triangular matrix, paradeterminant, partition poly-
nomial.

Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine

Introduction

Korobov in [Z] introduces polynomials of a special form, which are discrete analogs of
Bernoulli polynomials. These polynomials are used to derive some interpolation formulas of
many variables and a discrete analog of the Euler summation formula [3]. Therefore, it is
topical to conduct further research of their properties.

1 Overview on triangular matrices and their paradeterminants

Definition 1 ([4]). A triangular table of numbers from some field K

<Ay, \
(2
A= 1)
\an\ an2 ... gann/ n

is called a triangular matrix, and the number n — its order.

Note, that in our understanding a triangular matrix is not a matrix in its usual sense, it is a
triangular but not rectangular table of numbers.

To every elements au, of the matrix (1) we correspond the (i —j + 1) elements aik, kK =
/,..., i, which are called the derived elements of the matrix, generated by the key element au,

The product of all derived elements generated by the element afj is denoted by ¢a.j; and is
called the factorial product of the key element afj, i.e.

{aij} — | \aik-
k=j

YAK 51114
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Definition 2. The paradeterminant and the parapermanent of the triangular matrix

( fill AN
1

A = Pz Nyl 774

V ani a-ni w=mm ann J
are, respectively, the functions
ddet(A) = £ (- I nn K «H
r=1 + s=1
n r

pper(A) = X > nW i+ — + pspi+—Hs-i+i}-

r=1pi+..+pr=«s=1
To every element sy of the triangular matrix (1) we correspond the triangular matrix with
this element in the bottom left corner, which is called a corner of the triangular matrix and
denoted by Rij{A). Itis obvious that the corner Rij(A) is the triangular matrix of the (/ — + 1)-
th order. The corner Rij(A) comprises only those elements ars of the triangular matrix (1), the
indexes of which satisfy the relations; » s~ r~ i

The parafunctions of triangular matrices can be decomposed by the elements of their last
row:

ddet (A) = = ()" +s{a,s} ddet (Rs_u ),
s=1

n

pper(A) = £ {ans}-pper(Rs_u ).

s=1
Proposition. The following is true:
Li
az o pi
pper(J/1):= an_i Y
0 An a2 «l
0 0 dfi  An—1
R\ +.. AT
2 A it . v
Aj 42A24—. +nAN=T
and
ni
A2 o
ddet (A) := A, 0 .. ai
0 A, S 14 Li )
0 0 cee «nl An—i Ai

- -1 aK A2+..+N A,
[ -y
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wherek= Al + Ar+ ...+ An.

For more detailed information on triangular matrices and their paradeterminants,

reader is referred to [4], [5].

2 Korobov polynomials and paradeterminants

In [2] the Korobov numbers Pnand polynomials Pn(X) are defined by the equalities

PO= I, (IPA +...+ ( PAp0=0, O I;
Ay GhRL e

Po(x)4/ Pn(x) = Po + B +pMH™ +pPn ML
We shall write the Korobov numbers as the paradeterminant of the triangular matrix.

Theorem 1. The following is true

[ 4

Pn = (-1)7 "
p-n p-n+1 P~1
n+1 n s 2

Proof. Let us divide the second equality (3) by (*), and we get the recurrence equality
Pn + AiPu-1 + NiPn-1 + - - - + I-IP] + anPo = O,

where

o.= IEZIili
' (" + 1)
The last equality, according to [1], has the solution

Pn= (-1)" a M1 . -

ar-1
1 M2

That is why, in virtue of the equality

g _ P—»
a, i /+1

the equality (4) is true.

the

©)

(4)

(5)

[

It should be noted that due to the connection between the paradeterminants of triangular
matrices and the parapermanents of some triangular matrices, the Korobov numbers can also

be written as the parapermanent of a triangular matrix.

By now there are several presentations of some algebraic objects as partition polynomials
(e.g., Waring's formula presenting power sums through elementary symmetric polynomials).
The following theorem obviously presents the Korobov numbers with the help of the partition

polynomials.
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Theorem 2. The following is true:

Kl e . P-1nv - 2r-n.-.(p - nr\
(6)
n=12,—

Proof. Considering the equality (5) and the identity (2), after some simplifications, we get the
presentation of the Korobov numbers as partition polynomials (6). O
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Mununis B.M., Mansapuyk A.P. Ipo Aeski BlacTUBOCTi MHoro4sieHiB Kopo6osa // KapnaTcbki MaTem.
ny6n. — 2014. — T.6, Nel. — C. 130-133.

CTaTTs npucBsiueHa MNpeAcTaB/IeHHIO MHorousleHiB Kopo6oBa y BUrNagi napageTepmiHaHTIB
TPUKYTHUX MaTpuvLb | BCTAHOB/IEHHIO AEAKNX TXHIX BfacTUBOCTEIA.

Kntouosi croga i pasn: MHoroudsieH Kopo6osa, TpMKYTHa MaTpuusa, napageTepmMiHaHT, MHOrO-
YsieH po3bUTTIB.

Mbinbinme B.M., Mansapuyk A.P. O HeKoTOpbIX CBOIACTBax MHoro4sieHoB Kopo6oBa // KapnaTckue ma-
TeM. ny6n. — 2014. — T.6, Nel. — C. 130-133.

3ameTKa MnocssileHa npe/cTas/ieHnio MHOro41eHoB Kopo6oBa B BoZie NapafeTepMnUHaHTOB Tpe-
YroNbHbIX MaTPUL, N YCTAHOB/IEHWIO HEKOTOPbLIX NX CBOMACTB.

KrioueBble c/oBa 1 (pa3bl:  MHoroysieH Kopo6oBa, TpeyrosibHas mMaTpuua, napageTepMUHaHT,
MHOFOY/1EeH pa3bneHNA.
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Stlyvka-Tylyshchak A.

THE HEAT EQUATION ON LINE WITH RANDOM RIGHT PART FROM ORLICZ
SPACE

In this paper the heat equation with random right part is examined. In particular, we give condi-
tions for existence with probability one of the solutions in the case when the right part is a random
field, sample continuous with probability one from the Orlicz space. Estimation for the distribution
of the supremum of solutions of such equations is found.

Key words and phrases: the heat equation, Orlicz space.
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Introduction

The Cauchy problem for the heat equation with random factors is a classical problem of
mathematical physics. Several researchers have investigated solutions of the heat equation
depending on various types with random conditions [1,7,10-12]. In this paper we consider
the Cauchy problem for the heat equation on line with random right part. We consider right
part as a class of random fields from the Orlicz spaces.

Similar problems for the parabolic type equations are considered in [2], for the hyperbolic
type equations are considered in [3,4,8,14,15].

The paper is organized as follows. Setion 1 contains necessary definitions and results of the
theory of the Orlicz space. In section 2 we consider heat equations with random right part. For
such problem conditions of existence with probability one of classical solution with random
right part from the Orlicz space are found. The estimation for distribution of supremum of
solution of this problem has been got in Section 3.

Using this results one can construct modeless, which approximate solutions of such equa-
tions with given accuracy and reliability in the uniform metric (see [9,13]).

1 Stochastic processes of the Orlicz space
Definition 1 ([3]). An even, continuous, convex function U (x), x € IRsuch that U(x) >0 for
X ® 0 is called a C-function.

Definition 2 ([5]). Wesay thata C-function U satisfies g—condition if there exit constants zo > 0O,
K> 0and A > 0such that the inequality

UX)U(y) < AU{kxy)
holds forall x > zoandy > zq.

YAK 519.21
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Definition 3 ( [B]). Suppose that (T,p) is a nonempty metric space and € > 0. Denote by
Np (t,€) the smallest number ofpoints in e-net for the set T with respect to the metric p. The

function (Np (t,€), € > 0) is called the massiveness of the set T with respect to the metric p.
1
Let {Q, B, P} be a probability space.

Definition 4 ([3]). The space Lu (M) of a random variables { (0) = ¢, ® € Q, is called the
Orlicz space generated by a C-function U (x) if, forany { € Lu (Q) there exists a constant T¢

such that EU < 00.

The Orlicz space Lu (Q) is a Banach space with the norm

Hsiu = inf{r>0:Eu (J~j <1j.

Definition 5 ([3]). A stochasticprocess X = {X (t),t € T} is said to be from the Orlicz space
Lu (Q) ifforall t € T the random variable X (t) belongs to Lu (Q).

Definition 6 ([3]). Let U(x) be a C-function such that U(x) is stronger than V(x) = x2 thatis
V(X) > cx2as X > Xg, ¢ > 0. The set of random variables { (EC = 0) from the space Lu (Q)
is called strongly Orlicz family of random variables if there exists a constant Cg, such that for
(i € Ai €/andforall A-€ R 1the following inequality holds (I is any finite set)

Definition 7 ([3]). A stochastic process X = {X (1),t€ '}, (X € Lu (Q)) is called a strongly
Orlicz process if the family of random variable X = {X (i) ,t € T} is a strongly Orlicz family.

Theorem 1 ([3]). Let A be a strongly Orlicz family of random variables. Then the linear closure
A of the family A in the space /*(Q) is a strongly Orlicz family.

Theorem 2 ([3]). Let X, = {X-(t),t€ T,i € /} be a family of strongly Orlicz stochastic pro-
cesses. Let (T, ©, y) is a measurable space. If

<Pk@®,i€l, k=1,.,.,00

is a family of measurable function in (T, ©,u) and the integral

lki = J <(0 Xi (0 Gp (O

T

is well defined in the mean square sense, then the family of random variables
AE = € l,k= l,00}

is a strongly Orlicz family.
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Theorem 3 ([15]). Let Rtbe the k—-dimensional space,
d(t,s) = max jifF—s,
I<i<k'®

T={0<ti<Tri=1,2,....k} X,, = {X,,{t),t € T}, n= 1,2,... be a sequence of stochastic
processes belonging to the Orlicz space Lu (Q), and let the function u satisfy the g-condition.
Assume that the process Xn{t) is separable and

sup sup [IX.() - Xrt(s)\< o (h),
d(t,s)<h n=1,00

where o = {cr(h),h > 0} is a monotone increasing continuous function such thata(h) —0 as

h —y0. We also assume that
=
(™))
]

where is the inverse function toa(u). If the processes X,,{t) converge in probability
to the process X(t) forallt € T, then X,,(t) converge in probability in the space C(T).

The following result contains for the existence of partial derivatives for stochastic processes
of Orlicz space.

Theorem 4 ([14]). Let T= {8, < xr< bu i = I,...,m}. &(X), X € T, be a separable random
fieldsuch fhat£(X) is a strongly Orlicz stochastic processes. Let Bago(X, Y) = E{(X)&(Y) and

assume that the partial derivatives BiOIO(X, Y) = e ?/), i=1,..., mand

= = Lo .

exist. Let there exista monotone increasing continuous increasing functions az(h) > 0,h > 0O,

that az(h) >m 0 ash -> 0 forz = (0,0,0,0), z = (i,0,20), i = 1,...,m andz = (ik,ik),
i=1,....mkKk=1,...,m Assume that
sup (BZX,X)+BZY,Y)-2BZX,Y))* <az(h). (1)
I*i-y>\éh
If
20i »(,,) ) IN\U)

for all z and for sufficiently small €, then with probability one the partial derivatives

3?2(X)  32(X)

) . iL,j=1,...,T.
axi dxfdx,
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2 The Cauchy problem for the heat equation with a random right part from

Orlicz space

We consider the Cauchy problem for the heat equation

bty 220 L ), @

-00O< x< 4o t> 0,

subject to the initial condition
u(x,0) = 0, -oo < x < +00. (@)

Let the function {(x, t) ={l(x,t), x € IRt > 0} isa random field sample continuity with
probability one from the Orlicz space such that E{(X, t) = 0, E({(X, t))2 < +00. Let us denote

B(x, t,y,s) = E{(X, t"(Y,s).

Let B(x, t, z, s) be a continuous function.
Problem with the nonrandom function &(x, t) is seenin [6]

Theorem 5 ([10]). Let the conditions f X/E(&2(X, t))dx < oo be satisfied and let
R

t +0
cy.) = L= resay FDBYver,  &n1) = =1 costyx) 2(x, 0éx,
v2nl win J

and
“+o0

u(x,t)= J cos(i/x)G(y,t)dy. ©)]

- 00

If the integrals

“+oo0 +00

J ¥Ysin(yx) G(y, t)dy, J yscos(yx)G(y/t)dy, s= 0, 2,

- 00 - 00

existand forall A > Oand T > 0 there exists a sequence a,, with an — oo for n — o0 such that
the sequence of integrals

G frtu
I ysin(yx)G{y,t)dy, J yscos(yx)G(y,t)dy, s=0, 2 6)
—bm —ifl

converges in probability, uniformly for Y\ < A, 0 < t < T, then the function u(x,t) is the
classical solution to the problem (3)-(4).

Indeed,

+oo0 +00

durtrt) = -2/ y2cos(yx)G(y,t)dy + -~= J cos(yx) g(y, t)dy = a2™* N+ (X, b).
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Lemma 1 ([11]). Leta function X(A, n) , J1 > 0and n > 0 be such that:

1) sup I X(N,UN\ < B;

0<M<o00,0<A<o00
2) XU, n) —X(An)] < CAJu —riforalln> 0, v> 0.

Let o(A), A > 0be a continuous increasing function such that @(A) > O0forall A > 0, and the
function is increasing for A > g, and for some constant vg > 0. Then

IX(Am) —X(A, u] < maX(C,ZB)_(pO\ +va)
w (JU=IT + oo0)

forallA> Oand v > 0.

Let

] N

uPJ(x,t)= J cos(yx)G(y,t)ydy, uam\x,t) = J ysin{yx)G{y,t)dy,
—iln ~an
<n

“ala xrO0 = j y2cos(yx)G(y,t)dy.

—&n

Theorem 6. Let{(x,t) be a random field, sample continuous with probability one from the
Orlicz space. Let

1) f y/E("(x,t))dx < oo;
R

2) the derivatives ’ k=0,..A, | +m —kKexist;
+00-|]~00 .
1
|1 dw 9 XK BKI'm) <o, k=0,..4 14+m=k
—C0 —oo
4) =>0,k=0,...4, l+m= K asXx 000rv —co;

5 sup TQ(U$(X,t) - nS(xbix)) < ak(h), fork = 0, 1, 2, where ak(h) is a monotone

increasing continuous function such that (h) —» 0 ash —y 0, moreover

ry~((-"-—+1) (-r*=———+1))du<oo, @
Jo+ VW - 1)(m /W -i)(«) ))

where (¢) is the inverse function to ak(e)

Then the function u(x, t), which is represented in the form (5), is a classical solution to the
problem (3)-(4).

Proof. This theorem follows from Theorem 3 and Theorem 5. (|
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Example 1. Assume that{(x), n(x) arestrongly Orlicz processes LU(Q). Letu(x) beafunction
such thatu(x) = Rforsome p > 2 and all p4 > 1. Then condition (7) of Theorem 6 holds
the function vk(h) = CkXNfor0 < o < 1 Indeed fore > 0

: ;W 0 h

i
3 1AC? oV f1
I < —  —f du<D — du
J yu? 2u?y N ougs
The latter integral converges under d >

Theorem 7. LetE(x, i) be strongly Orlicz processes Lu(Cl) where u(x) is a function such that
u(x) = Pforsomep > 2and all p4 > 1, sample continuous with probability one. Let

1) f v/E(2(x,n)dx < oo

R

2) the derivatives K—O0,.. A, | +m = kexist;

dx'dv

+00 +00 ™M

3) f f  dgym dxdx < B(k,I,m) < co, k=0,..A, | +m=KkK
4)0,ft= 0,...4, | +m = k, as X —t coor v —00;

5) / (e1£(*/O]2) 'dx <0; J (£]|%H]2 2<0i; / | LEN|2) * < 02for some
© >0, 0x>0 02>0.

Then the function u(x,t), which is represented in the form (5), is classical solution to the
problem (3)-(4).

Proof. It follows from the condition 1) (see Lemma 1 of [10]) that the integral Fourier transform

exists and

Zb@ :gﬁ_\i C0s (y *)ft,f t)dy.

It follows conditions 2)-4) (see Lemma 2 of [10]) that there exist with probability one integrals

J ysin(yx)G(y,t)dy, ] yscos(yx) G(y,t)dy, s=o0, 2.
—a —@

Then by Theorem 5 the integrals in (6) converge in probability to integrals

“+oo0 +00

J ysin(yx)G(y,0)dy, J yscos(yx)G(y.0dy, s= 0, 2
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for M<AO0O<t< T
According to Theorem 3 and Example 1, when the conditions in the probability space C(T)
required that the conditions

(e lu.,(*,() —n.,(xiti)]2)! <Ch*, (EJ«W (x,0-ui;Wi)J2v <cC,ft\

(e IMNY*—*) — uii’fxi.ii)!2) 1 < C2fcr

hold, where
Itn un
= / cos(ifx)G(y,t)dy, ugj(x,t)= | ysin(yx) G(y, tdy,
—K ~n
tn
u@(x.t) = J y2cos(yx)G(y.t)dy,
—an

then the integrals in integrals (6) converge in the probability space C(T).
Using the generalized Minkovski's inequality we obtain

vi1
(e Wa,,(x, t) - Ua,(XI,h)\2)

(In an

J cos{yx)G(y.tydy - | cos(yxi)G(y.t\)dy

un 2\
J [cos(yx) G(y, t) - cos(y*i) G(y, h)} dy
\
/ 2\2
J [(cos(yx) —cos(y™i))G(y,ii) + (G(y,t) - G(y,ti))cos(yx)}dy
O

< J  leos(yx) —cos(y*)l (1G(y.f)I2) 2+ (ENG{y.)) - G(y, ti)]2) " dy.

Using the inequality |sinx] < WXfor 0 < a < 1and arbitrary h, - X\<h we have
[cosyx) —cosiy*)] < 2 sin ¥ XXD < 21 ayaaha.

Consider
1 ( h 2\
y - 1 E J e (221 Ty, TiiT

s/bl
\ /

—

<- L j e=*Y(i.-T) (e]i/, N]2) " .
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i / +°° Z
(EI1E(y,T)p)! =-~=  E J cos(yx) £(x,D)ii:m
/
“+o0
(ELLIT)I2Y ‘<x<~bB-
Therefore
1 fl
ENG(Y,h\2y < N ] ©e~al» ~ TMT < i-02-1_|i_e-«Y'i
0 ay
Letti < t, then
(EIGiyO-Gfy,!1)!12)5
i n \V/
| e~a2a2"~T\(y, T)dT —J e-ay tl~=T(y,T)dz
V2n
\
/ 2\1
l .
_ _Si“;] \ ,'f|2y2(t'T) _ ((-&Vlfl'T) EA,T)('XT"‘ | e F@Q(' T)E(y,—r)riT
\ ,
\/12n Sy (- _evai-T1 EIEY, DI rir +j e—«VA)ELE(Y, T2V ).

Using Lemma 1, we obtain the estimate
~fl2y2(f-T) _  -ay(<l—r) r-«y(((r mn
<e ay~" max(l,a2)y2aX- ti\a < e &t T)max(l, a2)y2aha
Therefore

(EIG(.H) - G(y.f)I2)

~ 20 f/ 6 a1 » max(l/fl2)y2arfto2rfr+j e a2 y 702 (it

N0 h
= £-(max(l 1 e-aVfi +je~a2rd T
" )
= E (Tax(1,a2) A 1 g-eViij+j e-aY(t-T)dT I _

A2y2(1 —a)
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Then
(Ejua.(x,t) -Uan(xi,ty\2y
. © - \aha 1_ ,—<Vri +hamex(l,a2) na
In a2 " a2y2(1-oi)
t D o
+J e-aY{t-r)dT dy=~J 1-a& a 4.
a2y2—K
+h"TaX(iY)a2y22*|_a) - B-%"1+/ e-w -~r dy
o' 1 ha Framex(,a)
T - 2 Ak ha a2y2{1—a
0 -
t +00
-ay2(f—= N—a ha i _ g—ﬂyh
+ ). a2y2-a
h
ridT
Consider
ma ha + i
h o A ha max(|, a2)a2y2(| co)
. j yl 1_g-<3\/51dy
(K »
+ ~2 tnax(l,a2) 1.e IR W Le-av(t-TydT 1 4,
0 Vi )
21-o1,a
—-[—in + 0y max(l a2+ 3
Snce < ay2f\< a2y2T,
1
1 e~ azl 1 *¥1 4 <
m_ =m0 <y Of“ 1 Y
Using thet D<lwehe
i/ o* \
/iz=1jJ e dx \dy<j (t- h)dy <h< ft-T1-.

0 \ti y 0

azr
2a+ 1
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So we have
h < + m°x(1.°2)T + rl-«
Va+ 1 20c + 1
+o00
he
h=S ay2-a
e jie aY(t-1ax
+ hamax(l, a2 B B
(1:32) ol —ay * dy
+00 + 00
2= r_1_ : -e22t dy + !i! @a 2 I _ _
a2 J yz—a * a2y T ) if2d-«)
+H0/ t N\ n

(fe-W-VdT by =?-"/2+"Tax(1,/RI2+b.

+OO

o/ i \
B= 1 1 1@t

1 Vi
—+o0

< h@maxl 2 f

J 1/2(1 %

Therefore
p 1-* 1

h—l\/z i

Then for 0 < a < i, we have

(E\ua,(x,t) - «B.(*1,i1)]2) T < Ch*,

where

© /2i aT Tax(1,92) |

c= =
nU +I1 T 2a+1

+oo

dy s

+00

-@Tax(lﬂ
A2 \Y

| 2Tax(1,iR2) \"

A2

|2*/\
A

2\ 1
Dt

j

1
1-a

nb -

2Tax(1,a2)
+
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Consider

(e US(X,t)-uS(xvh) J

Uh N AN
J ysin{yx)G(y,t)dy- J ysm(yx\)G(y,t\)dy J
-an h J

AN

un

Jy [sin(yx) G(y, t) - sin(yxi)G(y, h)} dy

AN -in i
3 2\ 2
_ fE sin(yx) - sin(yxi))G(y/ii) + (G(y, t) - G(y, £i)) sin(yx)] dy
TN
<J y Isin(yx) -sin(yxi)| (E1G(y, £D12) 2+ (E|G(y.f) -G(y, t)|2) dy

- jD _|sin(yx) - sin(yxi)| (Y2EIG(y,iDI2) 2+ (y2E|G(y,i) - G(y.£i)|2) dy.

Since

|sin(yx) —sin(y™)] < 2 < 2l-a NN
(Y2EG\{y,h)RY < je-W b -T) (y2EW Xx)\ 2) kdr.

“+oo0

(Y2EJE(y,D]2) 2= -*= E J ycos(y*K(x,T)dx

+oo 2\ 2 +00

2\
1 £ 1 0&(x,T
\] s,in(yx)3 (. T) dx < | 1E (X.T)
— \/2n ax yijln :1]3 dx
Similarly,
<C,I\
where
_ 01 (2i=AT max(l,a2)T 2N 1 2max(l,a2)

LI mn Va+1 2a+1 a2 1—a a2
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Consider

2\ 2

/ R 2\ 1

I j y2cos(yx)G(y,t)dy - J y2cos(yx1)G(y/tl)dy

~

un 2\2
J ¥2[cos(yx) G(y, t) - cos(yxO G(y, fj)] dy

-l 2\ 2

J y2[(cos(yx) - cos(yxi))G(y,fi) + (G(y,i) - G(y, £i)) cos(yx)] dy
\ _m
< | Jcos(yx)-cos(y*i)| (Y4E|G(y.£i)2) 2+ (Y4E|G(y,i) —G(y,i0)]2) 2 dy.
—a@
i i
(YAE|G(Y,t)]2) ! < - j=J e-V ('.-4 (Y<E|r(y,T)]|2)"T.

/ +® 2\

(Y4E|?2(y,DI2) 5= + E J y2cos(yx) {(X,T)ax
4 7 \Y; %0
\Y/ /

( +0 - +00 /
e ,32’\,r)d 2\ d2€0 ,0 M7
yi2m Jco cos(yx) ax2 X . /o dx2
\ — / — o0 4
Then

«£?2(/0 - U2 (XI,h)2) < c2ha,
where

_ 02 (2i aT wax(1,22)T 2,01 21 a 1 2Tax(1,42)
I 2 - - A T r J l_|— -_—h

foro < a < 5.
According to Theorem 3, the conditions of Theorem 7 hold forO< a < i.

3 Estimates of the distribution of the supremum of a solution of the heat

equation

Theorem 8 ([11]). Let(T,p) be a compact metric space and N (u) the metric massiveness of the
space(T,p), thatis, the minimum number of closed balls ofradius U that cover (f,p). LetX =
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{X(i), t € T} be a separable stochastic process from the space LU(Q), and let the function U
satisfies the g—condition. Assume that there exists a monotone increasing continuous function

0 —<rf{h), 0 < h < sup p(t,s) such that
t,SET

sup  |IX() - X©)|llz < cr(h).
p(t,s)<h

If for some € £

J Xu (n (V_1D(u))) du < oo, ®)
0

where
i n. n < U@zQ;
Xu{n) j Cwuu(-r\m), n > ii(zo),

Cu = k(I +U(zq)) max(l, A), z0, k, A are constants from definition of C-functionand~ ~ (h)

is the inverse of a(h), then the random variable sup |X(i)] belongs to the space Lu(Q) with
teT
probability one and

w086

sup|X ()| ) < |IX(@io)llu + gdf;@/g Xu (N (a(_1)(M)) du = B0' )

where t0 € T, og — cr(supp(f0, i))/ 0 < O < 1 In addition, for all € > 0 the following
teT
inequality holds:

pjsup | X (OI>*}<(u(i-

Theorem 9. Letin conditions of Theorem 8

T={(x,t): x€ [AA], t€ [QT]}, p(x, xbt, tf) = max{]* - *i|], y- vyi|}.

Let oy
u(x,t)= j cos(yx) G(y, t)dy,
. -
where
t foo
G(y,t) = —L= -V201-téN,t)dt, ¢€&~,t) = -L= f cos &(x,T)ax,
(v, 9 \jln%[B Z( ) ) V2n_Jt» (yx) &(x,T)ax

be a separable stochastic process from the space Lu(Cl), and let the function U satisfies the
g-condition. Assume that there exists a monotone increasing continuous function ¢ = cr(h),

0 < h < sup p(x, X\ t, ix) such that
t,seT

sup T (u(x,t) - u(xi,tx)) < aft).
\X-Xi\<h
\t-h\<h
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If for some €

f Ui-D +1 — +13)du < 00,
Jo+ ' wc 1)(u)

where (7m”(/z) is the inverse of 17(h), then the random variable sup X )\ belongs to the

L)eT

space LU(Q) with the probability one and

sup NUXON < v | v
(x,t)eT

%)
- - A ~
T«ibi/ /> " (( *1 PV 1)) du = Bla to O)

where (xo,to) € T, w0 = a(supp(x0x,t0lt))/ 0 < © < 1 In addition, for all € > 0 the

teT

following inequality holds:

-1
sup NUXON> £ < [U
Ogt)ef B(XCVUD,CD)
Proof. This Theorem follows from Theorem 8 since
A 1 T
+
Er-1)(m) Tt

References

[11 Angulo J.M., Ruiz-Medina M.D., Ang V.V,, Grecksch W. Fractional diffusion andfractional heat equation. Adv.

[z

Bl

1

[

(&l

in Appl. Probab. 2000, 32 (4), 1077-1099. doi:10.1239/aap/1013540349

Beghin L., Kozachenko Yu., Orsingher E., Sakhno L. On the solution of linear odd-order heat-type equations with
random initial. J. Stat. Phys. 2007,127 (4), 721-739. doi:10.1007/s10955-007-9309-x

Barrasa de La Krus E., Kozachenko Yu.V. Boundary-value problems for equations of mathematical physics with
strictly Orlics random initial conditions. Random Oper. and Stoch. Equ. 1995, 3 (3), 201-220.

Bejsenbaev E., Kozachenko Yu.V. Uniform convergence in probability of random series, and solutions of boundary
value problems with random initial conditions. Teor. Imovir. Mat. Stat. 1979, 21,9-23. (in Russian)

Buldygin V.V., Kozachenko Yu.V. Metric Characterization of Random Variables and Random processes.
AMS, Providence, Rhode Island, 2000.

Markovich B.M. Equations of Mathematical Physics. Lviv Polytechnic Publishing House, Lviv, 2010. (in
Ukrainian)

Kozachenko Yu.V., Leonenko G.M. Extremal behavior of the heat random field. Extremes 2006, 8 (3), 191-205.
doi: 10.1007/ sl0687-006-7967-8

Kozachenko Yu.V., Slyvka G.l. Justification of the Fourier method for hyperbolic equations with random initial
conditions. Theory Probab. and Math. Statist. 2004, 69, 67-83. doi:10.1090/S0094-9000-05-00615-0 (translation
of Teor. Imovir. Mat. Stat. 2003, 69, 63-78. (in Russian))



148 Styvka-Tylyshchak A.

[(1 Kozachenko Yu.V., Slyvka G.I. Modelling a solution ofa hyperbolic equation with random initial conditions. Theory
Probab. Math. Statist. 2007, 74, 59-75. doi:10.1090/S0094-9000-07-00698-9 (translation of Teor. Imovir. Mat.
Stat. 2006, 74, 52-67 (in Russian))

[10] Kozachenko Yu.V., Slyvka-Tylyshchak A.l. The Cauchy problem for the heat equation with a random right side.
Random Oper. Stoch. Equ. 2014, 22 (1), 53-64. doi:10.1515/rose-2014-0006

[11] Kozachenko Yu.V., Veresh K.J. The heat equation with random initial conditionsfrom Orlicz space. Theory Probab.
Math. Statist. 2010, (80), 71-84. doi:10.1090/S0094-9000-2010-00795-2 (translation of Teor. Imovir. Mat. Stat.
2009, 80, 63-75 (in Ukrainian))

[12] Kozachenko Yu.V., Veresh K.J. Boundary-value problemsfor a nonhomogeneous parabolic equation with Orlicz right
side. Random Oper. Stoch. Equ. 2010,18 (2), 97-119. doi:10.1515/rose.2010.005

[23] Slyvka-Tylyshchak A.l. Simulation of vibrations ofa rectangular membrane with random initial conditions. Annales
Mathematicae et Informaticae 2012, 39, 325-338.

[14] Slyvka-Tylyshchak A.l. Justification of the Fourier method for equations of homogeneousstring vibration with ran-
dom initial conditions. Annales Univ. Sci. Budapest., Sect. Comp. 2012, 38,211-232.

[15] Slyvka G.l., Veresh K.J. Justifications of the Fourier methodfor hyperbolic equations withrandom initialsconditions
from Orlicz Spaces. Bull. Uzhgorod Univ. Ser. Math. Inform. 2008,16,174-183. (in Ukrainian)

Received 05.03.2014

CnuBka-Twunrauak I.1. PiBHAAHHSI Ten10MpoBiAHOCTI Ha MpsMiiA 3 BUMaZKOBO MPaBOKO YacTUHOK 3 Mpo-
cTopy Opniva // KapnaTtcbKi matem. ny6n. — 2014. — T.6, Nel. — C. 134-148.

B po60Ti po3rnagaerbes piBHAHHA TEM/1I0MpPoOBiAHOCTI Ha NPAMIA 3 BUNAAKOBOK MpaBoko YacTu-
HOl 3 mpocTopy Opriya. 3HalAoeHO YMOBM iCHYBaHHSA 3 AMOBIPHICTIO OAUMHULSA pO3B'A3KY 3aadi
Kowi Takoro piBHAHHA. OTPUMaHO OLiHKY A/15 po3MnoAifly cynpeMyMy po3B'sA3Ky AaHol 3adadi.

KntouoBi c/ioBa i hpasn: piBHAHHA TensionpoBigHOCTI, MpocTip Opniva.

CnuBka-Tunuuwak A./. YpaBHeHNe TeNs1I0NpoBOAHOCTM Ha MpsSIMOLA €O C/TyHalAHOIA MpaBoiA YacTblo ¢ Mpo-
cTpaHcTBa Opsinya M Kapnatckme matem. ny6s. — 2014. — T.6, Nel. — C. 134-148.

B pa6oTe paccmMaTpMBaeTCs ypaBHEHWe TernsionpoBOAHOCTU Ha MPSIMOIA CO C/ly4YaiiHORA NpaBoiA
yacTbto C MpocTpaHcTBa OpaiMya. HalAgeHbl YC0BUS CyLLLEeCTBOBAHMS C BEPOSTHOCTbIO eANHMLA pe-
WweHma 3aaaum Kolim ansa Takoro ypaBHeHUs. MoslydeHbl OLLEHKW A8 pacnpeesieHns cyrnpemyma
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THE NORMAL LIMIT DISTRIBUTION OF THE NORMALIZED NUMBER OF FALSE
SOLUTIONS OF ONE SYSTEM OF NONLINEAR RANDOM EQUATIONS OVER THE
FIELD GF(2)

The theorem on a normal limit distribution of the normalized number of false solutions of a
beforehand consistent system of nonlinear random equations over the field GF(2) is proved. The
results with the additional condition on the number of nonzero components both false solutions
and true solution of the solutions are obtained.
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Introduction

Let us consider a system of equations over the field GF(2) consisting of two elements
)
> a)tikxh mmxik = bi' a= 1'2....... N> M

K—1 1<ji<...<jk<n
that satisfies condition (A).
Condition (A):
1) coefficients af jk 1 <h < ...<jk<n, k= 1I,...,9q(n), q = 1,2,. ,N) are inde-

pendent random variables, P{a”j = 1} = 1—P{a” jk= 0} = pgk

2)elements bq (g = 1,2,..., N) are the result of the substitution of a fixed «—dimensional
(0,h)-vector x°, that has p(n) components equal to one, p(n) = X, in the left-hand side of the
system (1);

3) the function gg{n) is nonrandom, gq(n) € {2,3,..., «},q= 1,2,..., N.

Denote by M (x°,f(n)) the set of all «<-dimensional vectors x, which do not coincide with
;¢°. These vectors have the number P4 of nonzero components satisfying inequality 11 >/(«)/
f(n) € {0,1,2,...,«}.

Denote by vn the number of all solutions x,x € M (x°,f(n)) of the system (1) and we shall
name their false. Most attention was paid to finding conditions for the convergence of the
distribution of the random variable vn to a Poisson distribution as « -> oo in the previously
published papers (see review article [2]). We are interested in the conditions under which in
appropriate way normalized random variable vn has a normal limit (n —o0) distribution and
n—p(n) —yoo (« — oo), f(n) > 2. The case p(n) — oo (« —» o00) and /(«) = 0 is considered
in [5]. Put Ais a positive real number such that [A] = 2m m = n —N, [#is the sign of the
integer part.

YAK 519.21
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1 Formulation of the theorem

Theorem. Let the condition (A) holds, parameters n and N are changed so that

A 1 1 n=pPm)

v(1+0i +w) °~2/(n)Inn’ 2
m=v(n) > 2 a=an), o = w(n), a>exp{1+a-1}
A —* 00, (©)]
w NN\ —00 ®
asn —>oo;foran arbitraryq,q= 1,2,..., N, existanonempty set Tgsuch that for all sufficiently
large values ofn

Mc {2,.--,99(M3n(2,....e/(n)}, Tn™ 0, O< &< 1, €=const, (5)
< Pgt< &t = Ogt(n), t€ Tg,g= 1, .., N, (6)

In A / N N\
2+ Q+a+w)1ln2)/I-————— —hin | ]J 25t |-=1 —00). @

2 N\ ,=1 IET, /

Then the distribution function of the random variable tends (n —oo)to the standard
VA
normal distribution function.

2 Auxiliary statements

Let M(vn)r denotes r-factorial moment of a random variable v,,.

Proposition. If the condition (A) holds, then for integerr > 1

M gin)r = 2-YNS(n,r,Q), (8)
where

n-p(n) ( N\ 1

S(n,r;Q)= £ Z(M-pM)N\  (n-p(n)-s)iJr*!
s=0 Vv tel )
pf) / '

x 2 E@E) \{p(n) -s) Irvd Q
4 S \ €

A r sa(n) {
O_ql=_|“/| _I-i/EZIKui<—Z<«t<r tI:_:II. ﬂ_m r

the sum J] (") is taken overalli € | {j € J), where | —{i{ws...Uj : 1< UN<mmm< uv < r,
v=1l,...,r} (j={j{ui..,U}:1<w < -~ <uv<r v=1,.. ,r} such that

>2< = » (-b =»'b

‘€l \jej /
in accordance to (9), thenumbersi (i € 1),j (j € J) satisfy the relations

S o+)>vu=1,...,r, (10)
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E i+ p(n) - E u= \,...,I, (]])
€A ieh*}
E(*+;)> 1 1< d<u2<r; (12)

forl<M< ... < <r, ve{l,...,r}andt€ {1,..., n} theinequality

ri",..“4 > E (c;+c"), (i3)
Ger
hoids true, where I' = 7{lil... M} x /{lil... U} ;here
Hur—w} | ¥{@,..#8pun )} A M@ I'n] ! Hur,..,.w} —j ..o ud A Gp, L D

A (U, I, r) is a notation for the following set of restrictions: 1 < < .. <oy <roC€
uvkh, z=1,,., 0, =1,,.,v, P =1(mod2), 1 < YA< -+ < U, < V,UX.,.,HL 1
{ui,...,uv}, I =0,...,r=-v.

Remark. The explicit expression forl< < - <nv<rn,b7€ {l,...r}, f=
12 ...,00n),9=1,...,N,isgivenin [3]

The proof of the proposition is realized similarly to the proof of the theorem 1 from the
work [3], which holds true for /(«) =0.

Lemma 1. Let conditions (10) and (11) hold. Then the inequality
r};}>CAl” u= I!"'lrl (14)
holds true.

Proof. Using the equalities (2)—4) from the work [3], we obtain

r§;}= cf,+H>+cphn) - 2cpn 'u=1---"r> (is)

where Fu= £ i, ®du= p(n) - &*, &* = £ By virtue of (10) Fu+ ®* > 1. In order
ei{} ieh«)

to prove of Lemma 1 it is, therefore, sufficiently to find the estimation for in two cases:

Mm>0(F,>1)andO :>1 (Fu> 0).
Let ®* > 0. Then Fu > 1and taking into account (15)
rfvV - CFu+p(n) “ Ci(n) - Cl+p(n) - Cp(n) » Cf(n)~1" L= 1 me==T. (16)

Here, with the help of (11) and accepted designations, the fact Fu+p(n) —®* > f(n) has been
used.
Let now ®* > 1 Then Fu > 0and similarly to (16), we find

M,k - Cp(n) ~ Cp(n)-@®1 - Cp(n) ~ Cp(n)-1 — Cp(n)-1 - ~/(n)-1" Mn7)
Considering estimations (16) and (17), we can obtain (14). Lemma 1is proved. O
Lemma 2. Letconditions (11) and (12) hold. Then the inequality

¢ > CHHn)-V 1< W< »2<T,
holds.
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Proof. Using equalities (2)-(4) from the work [3], we find

+ CKr+p>! - 2Cir+p,,n, 1 <wni<nm2<r, (18)
r-2
where FHin2 > 12 WiNeu\..ui)'
1=0 MIEKU bu2
<M —<hi
r—2 , .
®i/bi”2=p(n) ~]JC X N\HKum-Hii * h w2f*i-m})
1=0 Wii{m\ur}
Kjljc—
r-2

—> HUvVi-Viy 1 - WL< u2< r-
1=0 ::u{%l%t[

We can write relation (18) in the following way:

Fi;"{ = CK1+P,, - CKM+PIY + Cr+., - (T4,249,,2 1< U < W< . (19)

Using definitions of Fu,on, (1 =, u2)and FM,,2, ® nivk, we can present (19) in the follov
ing way:

Mrz= Chtdd_ CBLHOLL/. +Ck24PI2“ Ck2+P.2<" 1- W< ul - r (20>

where
r-2 / . .,.A. *or=2 ' / o N\
Y —%:0 /<|"{%1,I/I2} ( H{«rm-pip)'v = zo ’\'i'i{«zl 1) e Li-Ui] A HuMi-Lii}) m
1<l oy B NZuN< <y
According to condition (12), the inequality ¢* + ¢* > 1 holds true. Let us find the estimation
p{«i/«Z} when ¢* > 0and j& > 1.
If relation y* > 0 holds, then from the equality (20), using lemma 7 from [3] and (11), we

can obtain N\*M} > Cr +dn2 - >C}N, 1<”™N <u2<m.

If inequality y* > 1 satisfies, it is similarly easy to receive an estimation r[“1W2* > CF +p -

Chuie@hi—t > Sl pNo 1 > Gy 1S Ml<mg <. o

3 Proof of the theorem

Let us show that under the conditions of the theorem we can use Lemma 2 from the work
[5] Let the random variable ¥ in the mentioned lemma have a Poisson distribution with pa-
rameter 2m, while the distribution of the random variable X coincides with the distribution of
the random variable vn;and put 7 = 1+ w.

Let us check up condition (35) of the mentioned Lemma 2 of the work [5], that is let us
show existence of the constant C such, that the estimation M(Y)r < C(A*)r satisfies for r <
(a + 7)A*, where A* = Mvn.

Using the equality (8) asr = 1, let us evaluate of the expectation of the random variable vn.
Further we note that conditions (3), (5)-(7) and Lemma 1 (as r = 1) provide the relation

/ N \

q=1+0 1E N 2<vl- M->00- w
\a=1ter, /
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By virtue of relation (21), the expectation of the random variable vn can be presented in the
following way:

n-p(n)
mv, = 2~n £ Ec;w e
i=0
( / N N\ /n-p(n) p(n) N\

00,

n-p(n) p(n)
where ¢0 = /-Z ¢ ,,-0(n) /Z CO(n) on the assumption of i+ j> 1,i+p(n) - j < f(n);
=0 ' =0

the sign >~ denotes the summation over parameter j, j —0, ..., p(n),and additional conditions
i+j>1i+b(n) — > f(n). Itis easy to show that inequality for a0

€« < exp{o(n)}, n -moo, (23)

satisfies. With the help of (22) and (23) we find

/
Mi/; =2 N(@n- 1- exp{o(n)}) f1+0 Ij] [Mav ) ' n-* 00* (24)
Vv ))

or according to the notations introduced above, we can write
A= [A(l +o(l)), n oo (25)

By virtue of (2), (7) and relations M (Y)r = 2nr, m = n—N, (27), we findthat condition (35) of
Lemma 2 from the work [5] holds true for C > 1

Let us proceed to verification of condition (38) (Lemma 2, [5]),according towhich, the

relation
p2A
max M{X)r{M{Y)r)-1-1 = —0, n —=0o,
I<r<(a+7)A * y/K*

satisfies for all r < (a + 7)A*.
To achieve this, we write equality (8) in the following way:

MWr =i E slIA|K r;Q)- (26)

where S (n,r; Q) differs from S(n,r; Q) sothatalliTa;, i € I, j € J, participating in the
notation S (n, r; Q) given by (9) take only such values that there exist precisely A of various sets

w« = {nfO,...,"}, 1 <"M)<---<4:)<r, ¢a€{l,2,...,r}, «=1,2,...,7A,
for each of which anumber fW € {2,...,/c} = [€/(m)] can be found such that

=0, @

and for the sets {#1,...,fy}, 1< ti < --- <6< T (= 1,..., I, satisfying the relation
{#,...,.0} ¢ wa, a= 1, 2,..., A, the estimate
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isvalid forallt€ {2,..., K}.
Let us show that

se>(n, r; Q) 2/

sup €= —>0, n-=moo. (29)
1< <AFTN* 2rNM (Y)r JIN*
Firstly, we state that the equality A = 0 can really be achieved.
Indeed, if foralli, i € I, and (or)j, j € J, at least one of two inequalities i > Korj > Kk,
holds, then, by virtue of (13), estimation (28) holds true for all sets 1< &<
< &< r,g=1,..., rmat € {2,... ,k}. In turn, equality i=k and(or) j= K cansati

for all i€l, and (or)j € J, since, taking into account condition (2) and equality (25), the
relation

2rk < max (n —p(n),p(n)) (30)
holds for r < (a + 7)A*. Thus, the equality A = 0 can really be reached.

N
Letu= (2r—1) >~ M 23yY. Then for A = O, using inequalities (6), (28) and relation
q=1teTq

n—0, n—00, (€1N

which follows from (7), product Q can be written as Q = 1+ ¢(nN)u+0 (M2), |¢m] < 1as
n —Yoo. Hence bythe polynomial theorem and equality (9)

>, r;Q) = 2m - ot - 02) (i +¢fnu +0(u2)) , =)
where
b=t L  S..)("F!
H=11<M 1<---<itH<r .‘1 :1)(. )-
addendums SEO) ) (n,rl),1<uw < mm< n, <r = 1,..., r,in the right-hand side of
(33) are %

SN MN\n'r;1)= E E (n-"(n" !((n-p(n)—s)!@elﬂ)

-1 (34)
Pin) ( 1
XE E ' Mn) sHTvy
IASCORGISINE
the signs >~ (X") are defined in the relation (9) with additional condition
> i+p(n)~ P I <f(ny ne {w,nz...,.nu,
iGi{U} leh*}
Z i+p(n)— ~ j>f(n), ue {1,2,....rI\{Mi,n2 ..., 11y},
Jehu]
and
r{y’;l..’\ >1, 1< < < Gu<r, u=1,..., 1 (35)
N\
02= 1+ E s'go) (n"r 1y 36"

g=1
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Sg* (n, r; 1) differs from S (n, r; 1) so that the numbers i € | and j € J in the right-hand side

of (9) are changing so that there exist precisely q of the expressions of the type r'”1  1for
each of which

..Ug= 0, 37
whereq= 12, 3,..., 2r—1
Let us estimate o\ Firstly, for that we evaluate v(n, r; 1). We notice that
NU1>—No p)
s(”...... . r ~SZ ("wr;)m 38>

since there is no restriction Xl i+p(n) - X j < f(n), n€ {u2 ..., uy}, in the right-hand
iel{y iehu)

side of the inequality. In turn the sum o (n, r; 1) can bewritten in the following way:

S(PY= 3 (o) (in-p)-9n, 2

iel

p(n) AT

X 2 L(p () {p(M)=-sY\YINN\
s'=0 N\ jef )

s'+s>1

with additional conditions E 1+p(n)— E [/ < f(n) and (35).

Denote by /1 (mi) the set of the elements l<um< s m<rl=0,1,2,...,r-1,
Vi £ {wi } The number of elements in the set A (uN equals 2r_1

A(m1)|=2'-1 (40
By virtue of (39) and (40), the sum (n, r; 1) can be given as
n. n-p{n)
SN\I)(n"ri)= Z Cn-p(n)
=0
/ - \PFin Ne)
X L_c? iE, A o zzoi(»)(zr— 1)5.
N ieNAUN)
where £ i - is the sum over all r € A(U\) such thate* = sb Er - is the sum over all i €
INA (W) such that E' = 52—
Relations (34)-(41) and the polynomial formula let us obtain the estimate for S0’ N, r; 1)
O (i) < 2r T ) 42

where the summation over parameter Si occurs on the interval 0 < Si < 2r~lk Upper restric-
tion for si in the last inequality follows from (13), (27) and the assumptioni € A ().
Since 0 < Si < 2r—~Jkand (30), the relation (42) can be rewritten in the following way:

.....
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from whence, with the help of the Stirling's formula, we can obtain

SO ) in, 1 1) < 2(-DC+2 1/ (Ht (Jr-1EH{n) +1)

(n - p(n))e\2-"A 1 <43)
2M=1[e/(«)] / A 2rrr(e/(n]
Substitution (43) in (33) gives
ox < (™M ~f}n e)2 E{n) 44
VvV E(«l VvV

In analogy to how it was estimated of do in ([6], inequality (46)), we receive the estimation
for <:
N 22r=2+{r-Dn+nf(n) / (n —p(n))p(n)e2\2£* n)

02N o PN P “5)

Taking into account (32), the fraction Sy{j®;P>can be givenasl-$T-->&+0(u), in view of
which the relation (29) can be rewritten in the following way:

(1ii +~  +0 (n)) ALQ pACe. 46>
Z Yy

1<r<(a®y)rs VR
Using conditions (2), (3), (7) and relations (24), (44),'(45), it is easy to show that
RA - R o) "2A
°27N7TF o 0 (47)
as n —» 00. Using (47), we obtain (46). From the relation (46) and equality M (Y)r = 2rm, (29)
follows.

By virtue of (26) and (29), in order to complete the checking of the condition (38) (Lemma 2,
[B]) it is necessary to establish that for 1 < r < (a + 7)A*

1 AN -1 \ Plk*
(E s r) p ~ ° "> *“. t48»
A N\A=\ ) >
Denote by MI /M i/ the setofalli, i € |1 /j, j € //, that do not belong to W /JW¥/,

a=1,...,A,andputM2=1\NXMM2= T\V\
Let z be the least integer number such that A < 22—1,1 < z < r. Then by Proposition 1
from the work[4], the number of elements of the set Mi /Mi/ does not exceed

IM1]<2r-2-1 /|Mi] <2r-z-\/. (49
A< 2Z—1 (50)
With the help of (50), we denote the S~ (n, r; Q) from the relation (48) by SJ&/_2)(rc, r; Q)-
Then r A
£* (n,r, Q) = X S\S-2)(n'r Q) 51>
A=1 A=1

exists under the relation (50). Taking into account (5) and (6), the estimation (28) gives the next
inequality for Q in the right-hand side of (51)

1Q1<2zNQi, 52
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where Q! = (I = ") Nexp |*)N?ZT) «}-
By virtue of (52), each addendum in the right-hand side of (51) admits the estimation

SA_2)(n, r; Q) < 2zZNs\% 2){n, r; 1)Qb (53)
Further, forall i € M2 (j € Mr)
0] <i<K(@0<j<K (54)
follows from (13) and (27). Using (49)-(54), we find
P2AA*-N\ 2'—i

yN+w 2 5@) (n,r, Q)
A A=1

ne

the right-hand side of which tends to zero for 1 < r < (@+ j)A* as n -> oo in view of (2), (3),
(24) and (31). Therefore, the relation (48) holds under restrictions (49) and (50).
Let

A=27-1 1< z<r, (55)
IMil <2r—z-1 |[Mil<2r—z-1 (56)
Accordingly to (51), we put
X]1S(A (n, r;Q)= £ Sj™in,rQ), 67
A=1 A=1

where s]*_i) (n* Q) coincides with S*AN\n, r; Q) under restrictions (55) and (56).
Taking into account conditions (5), (6) and relation (28), we obtain the next inequality for Q in
the right-hand side of (57)

|Q1<22NQ2 (58)
where Q2= expj @r-Ti]y-i)1}' With the help of (55)-(58), we find the inequality

e2A*N .- i 2'-1

2MNHM = (N'r'Q)

the right-hand side of which tends to zero for 1 < r < (@+ 7)A* as n —00 by virtue of (2), (3),
(24) and (31). Therefore, the relation (48) holds true under restrictions (55) and (56).

Next, letus checkthat if A = 22—1,1 <z < r,iz € {r,r—1}orr € {1,2}, then there exists
some a, a € {1,2,...,A} such that {a < 2. Indeed, when z = rorr € {1,2}, then, obviously,
there exists mentioned parameter a. For z — r — 1 the existence of the parameter a« such that
(o < 2 follows from the Remark 2 from the work [4]. Since, the inequality > 1 holds true
for values of the parameter a, a € {1,2,...,A} such that £&a <2 (by virtue of Lemmas 1, 2and
condition (5), then below the notation A = 2Z—1extendsforall {, 1< z<r—2,3 < r < oo,
and valuec € {1,2,...,A} such that {a > 3.
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Let restrictions

k>3, a=1,..., A, A=22—1, 1<z<r-2 3<r< 00 (60)
Mil= [Mi] =2rz-1 (61
hold true. Put
>~ s(A)(n>r'Q) = X s(r-\)(n' r Q) (62)
A=1 A=1

where s|y_i)(n/ r' Q) coincides with S"ANN, r; Q) under restrictions (60) and (61).

If (60) and (61) holds true, then according to Proposition 2 in [4] the set Mi(Mi) contains
no less than three elements an, € M\ (jmv € Mi), v = 1,3, such that for some a €{1,...,A}
(d€{1...... A})

NXnflminw\ =2, v= 1,3, Jovl (avUb7)] = 3, n € {a,d}, (63)

foranysa7,b7 € {77 v) :v —1/3},47 ¢ bn where tn(n,v) = {mv, asn=a; my, asn = ft},
v = 1,3.With the help of (20) of the work [4] and (63), for above mentioned n

rA>74m4  £€{2,...0}, (64

1tr — It

According to (23), established in [4], the right-hand side of (64) can be estimated as
7(«uM > 1 Ay. _ 2-, (<_ 1))Cj-22)+(3/-14)+5/4 (65)

under condition /* > f, where /* = Tin{;iA, 44, j* = max{;fli,;'bs}.
Analogy to (23) from the work [4], we can find

7t { Iz*(z r(rs ~ 1))M(i*/2)+(3i,/4)+5/4
under condition z* > f, where z* = Tin{rfarbi}, z* = max{z'fls ibJ .

Ifi* > > A/e/(n) satisfy, then inequalities z* > t,j* > t, t €{2,... 41}, obviously,
hold true for0 < e < 1and

rji? > £(20 _1(<P(«))2C[5" I(n)/4)_5/4, N-> 00, n € {a,da}

follows from (65) and (66), which contradicts the equality (27) under the sufficiently small
e>0andte {2,...4}.
Therefore, under restrictions (60) and (61) at least one element & € Mi (y* € Mi) satisfy
inequalities
z < \/ef(n) (;* < y/ef(n)). ©67)
Let us observe that the inequality (58) in the right-hand side of (62) holds true for parameter
Q, we find the estimation according to (60)-(62) and (67)

£2A*a* —2 2r—1 ruw //t=-92r+1

oNem t S{HNr.Q) <exp{-] (1 +0 (r2» 'M x*) +o(«) , (68)

the right-hand side of which tends to zero for 1 < r < (a + 7)J/17* as u —>ooby virtue of (2), (3),
(), (24) and (31).

If (60) and |Mi] = 2r-z - 1, |Mi] < 2r~—z- 1or |M] < 2r-z- 1, = 2r~z - 1 hold, then
in the same way, taking into account which, (59) and (68) was found, we obtain (48).
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Relations (26), (29) and (48) prove the condition (38) from the work [5], where the random
variable Y have a Poisson distribution with parameter 2m.
Therefore, conditions of the Lemma 2 in [5] checked up and with the help of this Lemma,
(2) and (25)
max Nf{vn > t} - P{Y > i}] 0 as n -* oo (69)

Oo<f<(l+a>)A *
We can write relation (69) in the following way:

— A Y - A*
max W —A > | 0, n 0. (70)
—VA7<l<u)y/\- yA* VYA*

where | = VA

By the virtue of (24), (25) and Theorem ([1], p.157), we find that the distribution of the ran-
dom variable i / VA / coincides with distribution of the random variable VA / X[Tkﬁl/
as n —oo.

Therefore, we can write the relation (70) in the following way:

max 0, n 0o (71)
~Na</<Wa
Finally we notice that the random variable ™ has the standard normal distribution as
\%
A —>00. Therefore, by virtue of C and (71), the random variable has the normal distribu-

tion with parameters (0,1) as A —00. The theorem is proved.

Example 1. Leta = 50 = L,u=2e=const,o<e< L,p(n) = %Tg= {2},n=1,.,.,N,
f(n) = ]I]r], oy = te Tgqq=1,.,.,N, satisfy. Parameters n, N, pqt are changed so that
2n—N _

14 1682 2(Ine)- and the condition (6) holds.

Then the conditions of the theorem hold true and the random variable ’\ﬁ , where A =

Ti 2(ing)2/ ~as anormal limit (n = oo) distribution.
Example 2. Leta = 5w = L,uv=2¢e¢= £p(n) = \Tg= {2}g=1,.,.,N,/(n) = 4,0y = O,
t€ Tgq=1,.,.,N, satisfy. Parameters n, N, pgt are changed so that 2n~N = ” log2

and condition (6) holds.
Then the conditions of the theorem hold true and the random variable ’\\%\-, where A =

M 1°82 8I1 has a normal limit (n —>00) distribution.
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Cno6oasaH C.4. HopmMasibHMIA FpaHUYHUEA po3rofisl HOPMOBAHOMO YMc/ia CTOPOHHIX PO3B'sI3KiB OAHIET cu-
CTeMU HeniHilAHNX BUMNaaKoBuMX PiBHAHbL Hag, roniem GF(2) // KapnaTcbki maTtem. nyén. — 2014. — T.6,
Nel. — C. 149-160.

JloBesieHa TeopeMa Npo HOPMasIbHUIA FPaHUYHWIA PO3MN0oA4isI HOPMOBAHOI0 YMC/1a CTOPOHHIX pPo3-
B'AA3KIiB Harepes CyMIiCHOI CUCTEeMM HeNiHIAHNX BUMaAKoBMX PiBHAHb Hag rnosiem GF(2). PesynbTatu
0TPMMaHO 3 A404aTKOBOK YMOBOK Ha KifIbKiCTb HEHY/IbOBUX KOMMOHEHT AK LMX po3B'A3KiB, TaK i
rnpaBAMBOIro po3B'A3KY.

Knto4oBi cfoBa i (hpasn: HeniHiAHI BUNagKoBi piBHAHHSA Hag nonem GF(2), rpaHUYHMIA HopMasib-
HWIA po3Mo4in, YMcsio po3B'A3KiIB.

Cno6oasH C.A. HopmasibHoe npeaesibHoe pacrpesesieHne HopMUPOBaHHONO YKMcs/1a MOCTOPOHHUX PeLLEHUIA
OAHOA CUCTEMbI HESIMHEMHbBIX C/TyYalAHbIX YpaBHEHMIA Hag, nonem GF(2) // KapnaTckme matem. my6s1.
— 2014. — T.6, Nel. — C. 149-160.

JoKasaHa Teopema 0 HOpMasibHOM MpeAesibHOM pacnpeesnieHU HOPMUPOBAHHOT 0 YMC/1a MOCTO-
POHHUX peLLeHMA 3apaHee COBMECTHOA CUCTEMbI HESIMHERAHBIX ClydYalAHbIX YpaBHEHUEA Hag, Nosiem
GF(2). PesynbTaTbl No/lyYeHbl C A0MNO/IHUTE IbHBIM YC/IOBMEM Ha KO/TIMUYECTBO HEHY/IEBbIX KOMIO-
HEeHT KaK 3TUX PeLLUeHWNiA, Tak U UICTUHHOIO peLleHus.

KrtoueBble crioBa U (hpasbl:  HesMHelAHble crlydaliHble ypaBHeHUst Hag, nonem GF(2), HopmanbHoe
npeaesibHoe pacrpeaeneHne, YNC/0 peLleHuiA.
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(®,7)-DUNKL LIPSCHITZ FUNCTIONS IN THE SPACE L2(R, X\ xdx)

Using a generalized Dunkl translation, we obtain an analog of Theorem 5.2 in Younis' paper [2]
for the Dunkl transform for functions satisfying the (8, 7)-Dunkl Lipschitz condition in the space
L2(IR, [xJ2a+1dx).

Key words and phrases: Dunkl operator, Dunkl transform, generalized Dunkl translation.
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Introduction and preliminaries

Younis Theorem 5.2 [Z] characterizes the set of functions in L2(R) satisfying the Cauchy
Lipschitz condition by means of an asymptotic estimate growth of the norm of their Fourier
transforms; namely, we have the following statement.

Theorem 1 ([2]). Letf € L2(R). Then the following are equivalent:

1) \N(x+ h)-f)N\\2 = O ( Ti*ry~J ash —0, 0< a < \B> 0,

2) NS NN (X)N<IX - ° asr +00/
where T stands for the Fourier transform off.

In this paper we obtain an analog of Theorem 1 for the Dunkl transform. For this purpose
we use a generalized Dunkl translation.

Assume that brA = L2(K, WXti+Hdx), a > - is the Hilbert space of measurable functions
/(f) on R with the norm

Hnz, = (/b /W I2»12*+la )

The Dunkl operator is a differential-difference operator D which satisfies the condition

D/IW - "W 4 - (« +;)/(T)~/(~x)-
Let joc(X) be a normalized Bessel function of the first kind, i.e.,

- (-1)" /r\21
M*> = r>))+|> L ;;Vrvn + v +1)(Z)

YOK 517.44
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The Dunkl kernel is defined by

ea(x) = ja{x) +ic/xprH(x),
where cft = (2a + 2)_1. The function y — ea(x) satisfies the equation Dy = iy with the initial

conditiony(0) = 1 In the limit case with a —

the Dunkl kernel coincides with the usual
exponential function etx

Lemma 1 ([1]). Forx € 1Rthe following inequalities are fulfilled
(i) MY\ < b

(i) \I-ea®\ < 2N\

(H) p—ea(x) 1> c with p4 > 1, where ¢ > 0 is a certain constant which depends only on a.

The Dunkl transform is the integral transform

/ T JOORACYNNZHAG.

The inverse Dunkl transform is defined by the formula
/ @~
T (A)ea(—N)\NANHOA.
-

The Dunkl transform satisfies the Parseval's equality (/ € b2n)

/1K, = (2*+1r(« + 1))-U]/] 12«

Consider the generalized Dunkl translation Tj, in L2a, defined by

Thf(x) = C (MNJQ fe(G(x,h, cp)he(x,h, @) sinZapagp+ ~ fo(G(x,h, <p))h°(x,h, ) sin2a (pdcp,

where

C= Tfft+21mn5 G(xh, @) =11 x2+h2—2N8\cos @, he(x,h, ¢) = 1 - sgn(xfc) cos @,
rs)r@+i) \%

he(x, h, @) = (x+b)he(x=h I  for {Xh) W (0,0), h°(x,h,<p) = 0 for (x,h) = (0,0),
G(X,n, @)

/<W = +/(-%)), AM =i(/W -/(-1)):
From [1] we have: if/ € L2A, then

(V X A) = e,(Ah)F(\). (1)
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M ain Result

In this section we give the main result of this paper. We need first to define {8,7)-Dunkl
Lipschitz class.

Definition. LetO < S< land 7 > 0. A functionf € L2a is said to be in the (3, y)-Dunkl
Lipschitz class, denoted by Lip (3, y, 2), if

(>00£)7
Theorem 2. Letf € L2A. Then the following conditions are equivalent

1 € 1ip{5, 7,2),
/N> 1/(A)P|N|2’+Hd = O asr — +00.

Proof. 1) =>- 2) Assume that/ € Lip(6,7,2). Then we have
v w -/()Ib =0 ( as/!-»0.
Vi‘togj)'/
Formula (1) and Parseval's equality give

1 1 a0 n
IHW (0 -/(")IIL = (2«—HI(a +1i))2 li — r<(AS)1I2]/(0MN)I12 P2+l

If N € [ A then M >1 and (iii) of Lemma 1implies that 1 < ~]1 - ea(,\\hil2. Then

1
Mif<n] < NS gl - mOBI A2 RdA
1
< o [L —e<(A/i) |2 |/(A) | 2 JA2ft+HrfA
< 1 sadi
c2
— 0
\(o§t1)27/

We obtain

/ 1/(A)] 2 |AI2ft+1rfA < C -TF—
J<|A|l<ar (loigr)2?*

where C is a positive constant. Now,

L NTNI\K\"'\. = T/ + / + / +...

A>T L-/r<|]Al<2r  ~2r<|A|<4r  Y4r<|A|<8r
< i-un (2r)-n (4r)~un
(lognz? (log2r)27 ' (log 4r)2)

< C-SN(] 42D (RHRH2 DR ) <Ce >

1/(A)12 |JA]2* +1iiA
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where Q = (1 - 2-15-1since 2~16 < 1.
Consequently

-25
L J W/\ +ldX:O{ ( N ) as r —a00.

2) =®- 1) Suppose now that

=0 asr-» —+co.

We write
+e@ n
/ |1-ea(A)21/(A) |2 N2+ A= 11+ 12/
where
l,= / IH-e~fl/W W 2> /| 2=/ |1-f,
MN\<w, N>

Firstly, we use the formulas N (\)\. < 1land
2< 4 I (ARIAI-A=0 ()

Set
3D N

4-M =1 LA )I2|A]2 +1</A,
Integrating by parts we obtain
[ A2[/V)2IN20+LGA = - A20'0060x = =X20(X) +2 { APA)aA
io Jo Jo

<Qr AA=25(10CA) - 246N = 0(x 2-25(\61X)-2%),
(0]

where Ci is a positive constant.
We use the formula (ii) of lemma 1

A ll-e tAAIplI/WpIlApP'+ 'dA o2/  AI/(AFIAI*+LA )+ o (- "2
o pI/WplAp ( I/(ATIA] ) ( —/I?\I)<%/(!0

(log J)27

and this ends the proof. |
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Yepkoscbkuii T.M.

PEFYNAPHIEMHOCTI HA METPU30OBHUX NPOCTOPAX

[oBeneHo, wo aAns (He 060B'A3KOBO KOMMAKTHOIN0) METPUYHOI0 NPOCTOPY: METPUKM Ha Mpo-
CTOpi EMHOCTEN y cTwui MpoxopoBa Ta 3apivyHOro € piBHUMU; MOBHOTA MPOCTOPY EMHOCTEIA PiBHO-
CWJIbHa A0 NOBHOTW BUXiAHOI0 npocTopy. MNokasaHo, W0 A1 EMHOCTEIA Ha METPU30BHUX MPoCcTopax
B/1aCTMBOCTI W —I/1aAKOCTI | T-r/1aAKocTi € PiBHOCM/TIBHUMU caMe Ha cenapabesibHUX NpocTopax, a Bfa-
CTUBOCTI 0 —r/13AKOCTI Ta perynspHoCcTi Wo[o0 AeskKoi (a Toai MK0XHOT) CyMiCHOT METPUKM — came
Ha KOMMNaKTHMX NpocTopax.

KrtouoBi c/oBa i hpasn: peryasipHa EMHICTb, W —I/1aAKiCTb, T-I/1aaKicTb, MeTpuka Maycaopda, nos-
HWIA METPUYHMIA NPOCTip, cenapabesibHMEA MpocTip.

MprkapnaTcbKUA HauioHaIbHUIA YHiBepcUTeT iMeHi Bacuns CTeaHmnka, IBaHO-®paHKiBCbK, YKpaiHa
E-mail: tymofiy.cher@gmail.com

BcTtyn

HeaanTuBHI Mipn (EMHOCTI) € NPUPOAHUM Yy3ara/ibHEHHSM agUTUBHUX Ta 3/1iYEHHO-aaNTUB—
HMX Mip. Bneplue 3anpoBagyxeHi LLoke [2], BOHW 3HAIALLIM YNC/IEHHI 3aCTOCYBaHHSA Yy MaTeMa-
TUUHIA Qi3nLi, Teopii onTUMI3aLi’ i 0C06/IMBO Y MaTEMATUYHIIA €KOHOMILLI | Teopil NpUIAHATTSA
piweHsb. MoAibHo A0 HEOAHO3HAYHOCTI NepeHeceHHs MOHATTS KOMMaKTHOCTI Ha HEMETPU30B—
Hi NpoCcTOpX, MAaEMO LLUNPOKY ramMmy 03HaudeHb HeaaUTUBHOI (TO6TO He 060B'A3KOBO aaNTUBHOI)
Mipn [5]. OCHOBHI BNacTUBOCTI, LW,0 YTBOPIOOTb 03HAYEHHS "rapHoi" aAuTUBHOI MipU, 30Kpe-
Ma, 30BHILLIHA Ta BHYTPILHA perynspHIiCTb, MOXHa CPopMyTIloBaTU Pi3HUMM cnocobamu, AKi
y npunyuweHHi (3ni4eHHOT) aaUTUBHOCTI € PIBHOCU/IbHUMM, 0A4HaK 6e3 Lib0oro npunyLLeHHs piB—
HOCW/TbHICTb BTPa4aEeThCs.

LA cTatTa npuceBaYyeHa pisHMM BapiaHTam BJIaCTUBOCTI 30BHIWWHBLOT perynspHocTi. 3api-
YyHUM Ta HukungopumHom [6] 6ys10 4ocnigkKeHo EMHOCTI Ha KOMMaKTHUX raycaophoBux npo-
CTopax i NoKasaHo, L0 30BHILUHA PEryNApHICTb piBHOCUbHA A0 BigoMol 41a 3Mi4YeHHO-aan—
TUBHMX Mip BAacTUBOCTI T-rnaakocTi [1]. HnkndgopunHom i Penosliem [4] 6yi0 BCTaHOB/1EHO,
W0 camMe 03HAaYeHHS EMHOCTI 3 BUKOPUCTAHHAM T-F/1aAKocTi 403B0/1S€ MaKCMMaslbHO MOLIU-
pUTM OTPUMaHi A1 KOMMaKTiB pe3ysibTaTu Ha TUXOHOBCbKI NpocTopu. BogHo4vac npupogHi
HeaaUTUBHI MipU Ha METPUUYHUX NPOCTOopax He 3aBXAU MalTb BaCTUBICTb T-r1a4KoCTi i Ha-
BiTb C/1ablly B/lacTUBICTb a;-Tr/1a4KoCTi.

MeToto uiel npawi € NOPIBHAHHSA Pi3HUX BMACTUBOCTEA TUMY 30BHILLUHbLOI PerysapHoOCTI Ha
METPUYHUX Ta MEeTPU30BHUX MPOCTOopax Ta 3'acyBaHHSA iX (He-)piBHOCU/LHOCTI 3as1eXKHO Bif,
B/1aCTMBOCTEA UUX MPOCTOPIB.

YAK 51512, 51751811
2010 Mathematics Subject Classification: 25C15,28E10.

(C) Yepkoscbknia T.M., 2014
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1 OCHOBHIi moHATTA iNo3HaueHHS

Muwemo A C X (BignosigHo A C X), AKLL0 A e 3aMKHeHo (Bi4MoBiAHO BiAKPUTOW) Mig-
ci op

MHOXWHOW Yy npocTopi X. Mo3Havaemo N = {1,2,3,... }, | = [0,1], R+ = [0 +o00). Komna-
KTOM Ha3MBaEMO KOMMaKTHUIA raycaophoBmiA NpocTip. Ha AitACHIA Npsamita Ta i nigMHOXNHax
po3rnsa[aemMo cTaHA4apTHY TOMOJIOrito.

A8 NigMHOXKNMHN F | TOUKM X METPUYHOro npocTtopy (X,d) no3Ha4vyaemo

d(x,F) = inf{d(x,y) ly € F}.
AKwo F 3amkHeHa y (X, d) Ta€ > 0, TO MHOXUNHN

Oe(F) = {x€ X Id(x,F) < € = {* € X Id(X,y) < eanda geskoroy € F}

De(F) = {xeX\d{x,F)*e}

€ BiANoBigHO BiAKPUTO i 3aMKHEHOI0, | Ha3MBalOTbCA BIAMOBIAHO BiAKPUTUM Ta 3aMKHEHUM
€-oKonamun F. 3ayBaXkMmMo, W0 0OCTaHHA MHOXMHa N1 HekoMmnakTHoro {X,d) Heo60B'A3K0OBO
36iraeTbC 3 MHOXXUHOIO

{x € X Id(x,y) » €ana geskoroy € F},

Xo4a MIiCTUTbL Ti, ane 36iraeTbca 3 nepetuHoMm f| O&/(F). 3okpema, Be(x0) = Oe({xo0}) i BE(x0) =
g'>¢g
Oe({*0}) — BigNoOBIAHO BigKpUTa Ta 3aMKHeHa Kysli 3 LEHTPOM B TouLi Xg € X pagiyca € > 0.
Uepe3 Exp X No3Ha4Y4aeEM0O MHOXMHY BCiX 3aMKHEHUX MiAMHOXWH TOMNOJ1I0riYHOro rnpocTopy
X, expX = ExpX \{0 }. Tononoria BieTopica [3] Ha expX — ue Halacnabwia 3 TOMosIoriiA,
W,040 AKUX BCI MHOXUHN

mbU2,...,Un)={FE€expX IFCiiiU{i2n -mUUnFMNU- 720 gnasecixi= 1,2,..., n}

ana n € N i Bigkputmx U\ Uz, ..., Un C X € BiaKpUTUmn.
AKWO0 X — MpocTip 3 06MeXXeHO MeTPUKOK d, TO Ha exp X po3rnagacemMo MeTpuky Mayc—

nopda du :
dH(F,G) = inf{fe > 0 IF C Of(G),G C Oe(F)}, F.,G € expX.

Bigomo, L0 Ans MeTpUyYHOro KomnakTa MeTpuka Faycaopda nopoa)kye Tonosiorito BieTo-
pica, a/le y HEKOMMNaKTHOMY BUMAZAKY Lie He 3aBXAWN Tak.

2 Knacu HeagUTUBHUX Mip HAa TUXOHOBCbBLKUX i METPUUHUX NMpocTopax

PerynsipHoto HeagnTuBHOK Mipoto [6] (pery1sapHO0 EMHICTIO) Ha TUXOHOBCbLKOMY MpoCTOpi
X HasmBaeMO (hYHKLiO ¢ : Exp X —» R+ 3 Takumm Tpboma BfacTmBocTAMU (Hmxk4e F, G -
3aMKHEHI NigMHOXWHU B X):

(1) c(0) = 0;
@) akwo F C G, Toc(F) » ¢c(G) (MOHOTOHHICTBb);

(3) akwo c(F) N a, ToiCHYe TaKa BigkpuTa MHOXMHa U D F, w0 ans KoOXHOT MHOKUHU G C U
BUKOHYETbCA €(G) < a (HamniBHEMNEPEPBHICTb 3ropy Yn 30BHILLHS PerynspHIicTb).
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AKWo, KpiMm TOro, BUKoHaHo c¢(X) = 1 (c(X) ™ 1), TO EMHICTb Ha3MBaETbLCA HOPMOBAHOIO
(BignoBigHO Cy6HOPMOBaHOL0).

AKW,0 ToNnos1orisa Ha NpocTopi X BU3HayYeHa MeTPUKOIO d, TO po3rs4aEemMo CU/bHILLY Bep-
cito BlacTmBocTi (3), AKY Ha3MBaEMO PerysIApHICTIO LWoA0 MeTpuKn d:

@) akwo c(F) ™ a, ToicHye Take € > 0, wo c(Oe(F)) < a

Cim'to MHOXMH (Fa), iHOEKCOBaHY efleMeHTaMM a 4YacTKOBO BMOpAAKOBaHOT MHOXWHWU
(A, ™), Ha3MBaeEMO MOHOTOHHO CMagHow, AKWo 3a, 3 € A, n” (B Bunveae Fa D PR

EMHICTb c(F) HasnMBaeTbCA W —/1BOKO0, AKLWL0 A1 KOXXHOT MOHOTOHHO CnagHoT NocnifoBHO-
cTi (F,,)neN, 3aMKHEHUX MHOXWH B X BUKOHYETbLCS PiBHICTb (Iifm c(F,) = c( (I;!Sj Fn).

EMHicTb c(F) HasMBaeTbCA T-MBOKOI0 [4], AKLL0 A8 KOXHOT MOHOTOHHO cnaaHoi crnpsmo-
BaHoCTI (Fa) 3aMKHEHUX MHOXWH B X icTUHHa piBHicTb infc(Fa) = c(f] Fa).

MHOXMHY BCiX EMHOCTEEA Ha X Mo3Hauyaemo M X. MHOH)KI/I HY BCiX pérynﬂpme woAo0 MeTpu-
ku d (BignoBigHO a;-rNaakux, T-rfagkux) EMHOCTEA Ha X no3Hadaemo MAX(BignoBigHo Mw X,
M TX). OueBMAHO, WO 418 METPUYHOro NpocTopy X BUKOHaHO MX b MAX D MwX D MTX.
ANa MeTpuyHOro KommnakTa X BCi Li MHOXWHW PiBHI, TOMY BXWUBaEMO As19 HUX crifibHe no-
3Ha4YeHHsa MX. MHOXWNHW BCiX CyOHOPMOBaHMX Ta HOPMOBaHUX EMHOCTEIA Ha X MO3HaA4YaeMOo
BignosigHo M X Ta MX, gogato4vn gns He 060B'A3KOBO KOMMNaKTHOro X iHaeken d, w i T gns
MiAMHOXMH 3 EMHOCTEIA 3 BigNoBiAHNMU B/1IaCTUBOCTSAMM.

Hapani BCi EMHOCTI BBaXXaeMo perynspHMmMn Ta cybHopmoBaHumMmM, 3Bigkuc(F) 1 gnsa
KOXXHOT po3rnagyBaHoi eMHOCTi ¢ i F C X. KoxHilA qyHKLiT ¢ Ha Exp X3isHayeHHsMU B |

ci
Bignosigae i1 nigrpadik

subc = {(F,a) €EexpX x I \a " c(F)}.

TeepmxeHHsA 2.1. Ao pyHKLis ¢ Ha Exp X mae BnactmeocTi (1), (2), To 419 MHOXUHN S =
subc:

1 So expX x {0};

2.3(F,a) ES,FCG CI X,a” B~ 0sunsmeae (G, B) € S.
C
MigMmHoXXMHa S C expX X | e rpaikoM €MHOCTI Ha TUXOHOBCbKOMY nipocTopi (X, T) (em-
HOCTI, perynsapHoi woao meTpukn d Ha X), AKLLO0 i Ti/IbKM AKLL,0 BOHa 3a40B0s1bHSE (1), (2) i €

3aMKHEHOK LW040 TONoMorii fobyTKy, Ae Ha exp X po3rnsanaaceTbea Tonosorisa BieTopica (Big-
nosigHo meTpuka Maycaopda).

3 MeTtpuku drta d

Hapani X — npocTip, Tononoris Ha sKoMy BM3Ha4YeHa MeTpuUKoto d.
Ansa emHocTeli C\ci € M dX no3Hauynmo

K\ c2) = inf{e » 01 gna KoxxHoI F € exp X :
d (0 £(F)) +& ~ c2(F),c2(0£(F)) +¢ ~ CI(F)}.
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Haragaemo, wo iHTerpasiv LWoke Ta CyreHo w,o40 eMHOCTI ¢ Ha X Big PyHKLIiT @ : X —R
3a 03HAYEHHAM pPiBHi

+00 [}

I @(X) dc(x) = ] c(x €x loo ~ apyda- J @- i ex 19 ~ a})ita
X

Ta

J o(X) Adc(x) = sup{c(F) n inf o(x) \F C X}.
X
Hexa/ Lip(X, d) — MHOXWHa BCiX HEPO3TANYOUMNX AIACHO3HAYHNX (DYHKLLIEA HA METPUYHO-
My npocTopi X. AKWo X — KOMNaKT, To 4119 AoBi/IbHNX C\NC € M X 3apidyHum [6] 3anpoBa-
[DKEHO Be/INUYNHY

j(ci,c2) = sup{] Y cp(x)dci{x) - J <p(>x)dc2(\ N € Lip(X,d)}.
X X

Bigomo, wo ansg meTpuyHoro komnakTta (X,d) ¢gyHKuii d Ta d, nepwa 3 sKux BBedeHa 3
BMKOPUCTAHHSAM 3aMKHYTUX €-0KOJTIB, @ Apyra — 3 BUKOPUCTAHHAM HEPO3TANYHUNX (YHKLLi LA,
€ MeTPUKaMU Ha MHOXWHI HOPMOBaHUX eMHOCTEA M X, fIKi BU3Ha4al0Tb Ty caMy KOMMaKTHY

Tononorito [6]
A\

Ana iHterpana CyreHo j @(X) J1dc(X) BXXnMBaemMo CKOpoueHHSs c¢(cp) i po3r/ISHEMO aHaslor
X

MEeTPUKM 3apivyHoro d, gns sKoro 36epiraeMo Te X Mo3HayYeHHs :

die\c2) = sup{ci(g£>) -c2(\ ¢ € Up(X,d)},
e c\ c2 € MdX.

Te, w0 d — MeTpUKa, BUNSIMBAE 3 HACTYMHOI TEOPEMMU.

Teopema 1. Ang noBinbHOro metpmyHoro npoctopy (X,d) pyHkuiid Tad Ha MdX x MdX €
pPiBHUMMN.

HoBepeHHsA. Hexaia d(c\,c2) N € ana c\,c2 € MdX, To6To
Ci(Oe(F))+en c2(F), c2(6£(F)) +& ” d(F)

Ona KoxXHoi F (CZj X. MoTpibHo goBecTu, Wo |ci(<p) - c2(p) |~ €419 poBiNbHOT ¢ € Lip(X, 1).

Hexaii x € Oe(F), Toai ana dyab-aKoro € > €icHye Take xo0 € F, wo d(x, x0) < €. Toai ans
¢ € Lip(X,d) maemo | —<pto)]  d(x,x0) < €. BpaxoByruu, LLLO A/19 KOXHOro € > 03

Toro, wo F C Oe(F), sunameae inf @(x) ~ inf (X)), oTpumyemo:
xeO c(F)

O~N inf cp(x0) — inf @(x) " €.

xeO £(F)

Tomy inf @) +€ » inf @(x), a npu € —¢+ 0 MaTnmemo:
xe O £(F)
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3 0CTaHHbLOI HEPIBHOCTI Ta (hopMynn METPUKM d OTPUMAEMO:

Ci(F) Ninf <p(xX) » (c2(0Ce(F)) +&) N ( inf @) +¢) = c2(0e(F)) A inf @(x)+e.
xeF xeOe(F) xeOt(F)

B3aBLUM 3 060X 6OKIB HEPIBHOCTI CynpemMyMmn, MaTUMMEMO:
sup{ci(F) Ninf (x) |F C X} ~ sup{c2(0Oeg(F)) A inf o@(x) |[FC X} +¢
xeF cl xeOeg(F) d
N osup{c2(F) A inf o(x) ' C X} +¢,
xeF' o]

TOOTO
\" \

Je(x) AdeN(X) N I (p(x)Adcz(x) +e.

AHasnoriyHo go o-[(@) < o02(p) + € MoXKHa oTpumMaTun HepiBHICTb c2(<p) N Ci(<p) + £ OTxe,
ki(<p) ~c2(A\ ~ g, a Tomy d(ci,c2) N & LUum goBegeHo, wo d(ci,c2) ~ d(ci,c2).

B iHLMIA 6iK: Hexala Tenep d(ci,c2) A & [doBegemo, wo dic\, c2) A & AnA KOXHOT PYyHKL,ii
@(X) € Lip(X,d) maemo:

\% \Y

M<jp) - c2(p] = J @) Adci(x) —1 o(x) N d2(X)

Hexatai pna F C X ci(F) > g, i Hexaln <p(X) = max{0,ci(F) - d(x,F)}. Toai o(x) " ci(F), a
cl

\%
i3 LUbOro Ta 3 03HayeHHs iHTerpasia CyreHo surimeae, W o CN\(() = f @o(x) Ndc\(xX) = Ci(F), a
X

\"
c2{p) = f () Adc2{x) ~ Ci(F). BpaxoBytouun Le pa3om i3 (*), oTpPUMYeEMO:
X
\Y% \%

J o(X) Ade2{) M | () AEN(X) —e > ONF) - e- A, A> 0.
X X
IcHye F' C X Take, wo c2(F') ~ ci(F) - e- A Ta " Ci(F) - e- A> 0 gna 6yab-aKoro
ci
A> 0.

Ockinbku F' C 0 £+a(F), To c2(0£+a(F)) ~ Ci(F) - e- A .Mpwn A-» 03rigHo perynsipHocTi
EMHOCTI OTPUMYEMO

(6 £(F))+ £ ~C 1(F).

Taknm unHom, akwo Ci(F) > € 10 2(0£(F)) + e Ci(F). Adkwo x Ci(F) ~ g 10 c2(0eg(F))
0" Ci(F) —e. AHas10rivyHoO Ha NiacTaBi CUMETPUYHOCTI METPUKM MOXKHA A0BECTU, L0

ci(6 &F)) +& "~ c2(F).

Linum pgoBegeHo, wo d(ci, c2) g, a Tomy dc\, c2) N d(ci, c2).
OTxe, d(ci,c2) = d(c\, c2). M
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Haragaemo, L0 rinepnpocTopoM BK/IKOUEHHS Ha METPUYHOMY MpocTopi X Ha3sMBaeEMO He-
MOPOXKHIO CiM'I0 T 3aMKHEHUX HEMOPOXHIX MIAMHOXUH X, TaKy, L0:

)T C exp X — 3aMKHeHa w040 MeTpuku Maycgopda;

2)akwo AC BEexpX,AEF, TOBET.

CyKyMHICTb rinepnpocTopiB BK/IKOYEHHA Ha X no3Havdaemo GX i po3rnisggaemMo K nignpo-
CTip MeTpunyHoro MpocTopy exp2X = exp(exp X) 3meTpukoro dfHH

Ha MHOXWHI M dX eMHOCTElA, perynspHuUx Wo40 MeTpuku d Ha X, po3rnagaemo MeTpuky
d, 03Ha4eHy BULLE.

Po3rnsHemo A0BiSIbHUIA FinepnpocTip BK/OYEHHSA J- € GX. BiH nopoa)Xye HOpMOBaHy €M-
HiCTb Ha X, perynspHy wonao d, 3a hopmysioto

FET,
FeF.

MopiBHSAEMO BiacTaHi Maycaopda MidXk rinepnpocTopaMmuy BK/IKOUEHHS | BiacTaHi MiXK nopoayke-
HUMW HUMW EMHOCTSAMMN.

TBepﬂ?ieHHFl 3.1. Ans goBinbHUX rinepnpocTopiB BK/oUYeHHA F\,T2 € GX i BignoBigHux
eMHocTel Oy, Cj2 BUKOHAHO PiBHICTb

Tin{"HHNe , F2)A} = d(cjrv cFl).

AoBefeHHsi. OCKifIbKM npu 3amiHi MeTpuku d Ha meTpuky d'[X,y) = min{d(x,y),l} BiacTaHb
d(cj*u gr2) He 3MiHIOeTbCA, a AHH(T\,"2) 3MiHIOETbLCA Ha NN\IN{GHH(T X, T2),1}, 6e3 obmexe-
HHS 3arasibHOCTI MOXEMO BBaXaTW, L0 MeTpuKa obMexeHa 3ropy oguVHULEND, | A0BOAUNTW,
Wo BiACTaHb MK ciM'AMM T\ Ta T2 Ta BiACTaHb MK MipamMu c?x i G-2, N06yA0BaHUMMN Ha
OCHOBI LI/X civelA, € piBHUMMK, To6To "HH(-"\J2) = d(CjrxCj:2). Ons uboro noTpibHoO noka-
33TV O/19 KOXKHOIo € < 1, Wo, aKWo riHH(-", 3+) g 10 d(CjXxCj2) N € Ta HaBMaku, SKLLO
d(chcjr2) M g 1o duH(T\,J-2) " &
Haragaemo, W0 MeTpMKN 3a4aHi hopmysiamm:

dHH{F\,F2) = i{e » O IVFi € P\3F2€ T2 : dHF\F2) " ¢,
VF2 € J 23Fi € T\ : dn(F\,F2) ~ &},

= mi{fe™ 0IVFE€expX :CjxF) N g-2(0£(F)) +¢,
cf2(F) » cjr(Oe(F)) + €}

3ayBakumo, Wwo npym ANE€ J-NRF2 € T2 dn(F\,F2) » & maemo, wo F2 ¢ 0 £(Fi), 3BiaKu
Oe(Fi) € T2

Hexaa dHH(Tb T2) N & OoBegemo, wo d(cjrxcjr2) ~ € Po3rnsiHemo AoBisibHY HEMOPOXHIO
3aMKHeHY MHOXMHY F C X. dkwo cjx(F) = 0, To6Tto F <€ T\, 10 Cjr*F) N g-2(0£(F)) +¢
IHakwe F € T\, Tomy O£(F) € | 2 3Bigkm G2(0£(F)) = 1, iTex 1= cTx(F) » Cj2{Ot(F)) +
€= 1+¢

AHanoriyHo otpumyemo ¢ j2(F) ~ ¢j-, (O&(F)) + € 4na KoXKHOT 3aMKHEHOT MiAMHOXUHK F C
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Ockinbku cM(Fi) = 1, To, BpaxoBytuun € < 1, maemo g-2(Oe(Fi)) > 0, To6TO O £(Fj) € I
OTXe, icCHye MHOXMNHa Fz = O£(FY) € Tr, *h(Fi,F2) ~ & AHnanoriyHo gna Pr € /r maemo
Fi = 0£(F2 € Ti, i Tex dH(F1/F2) ~ & OTxe, N g aTomy GHH(TA 1 2) =
d(c”,cjr2). O

OTXXe, NPOCTIip rinepnpocTopiB BK/OYEHHA MOXHa BBaXKaTW TOMOJIOMYHMM, a 3a YMOBU
d” 1— i MeTPpMYHUM NiANPOCTOPOM MPOCTOPY EMHOCTEIA.

Bigomo, wo, akuwo (X, d) — NoBHUIA METPUYHNIA NPOCTip 3 06MEXXEHOK METPUKOLD, TO MpPo-
CTip exp X, HaaifeHniA meTpukow Maycaopga, € noBHUM. Kpim Toro, nignpocTtip GX 3amMKHe-
HVIA Y MOBHOMY npocTopi exp2X = exp(exp X), TOMY TeX € MOBHUM.

AHaNoriyHo MOXXemMo A0BeCTU MOBHOTY MPOCTOPY CYOHOPMOBaHUX HEaOAUTUBHUX Mip, pe-
ryaspHMX Wo40 noBHOT MeTpuKM d Ha X. 3 gonomoro TeepakeHHs 2.1 HeBaXXKO NepeBipu-
TW, LLLO CYKYMHICTb NigrpadikiB Takux Mip € 3aMmkHeHoto y exp (exp X x 1). Ockinbku onsa ao-
Bi/IbHNX eMHocTel i C\Q € M dX BigcTaHb d(ci,c2) gaopiBHIOE BiacTaHi Maycaopda mMixk subci i
sub®, To0:

Teopema 2. AKuWL0 NpocTip X e noBHUM, To (M dX,d) noBHUIA.
Hapamo TakoxX npsime AoBefeHHS.

AoBefieHHs. Hexaia c\.c2, ..., cr, mmE M dX — dyHOamMeHTasibHa NOCc/1iA0BHICTL EMHOCTENA. Mpwn
noTpebi NepeiALwoBLUM A0 NigNoc/1iA0BHOCTI, MOXKEMO BBaXKaTW, LLLO

1 1 1
dE\C2) A =, dC2Cs) A 4" AMMICLH) A 2% —

Topi ana AoBifibHOI 3aMKHEHOT MHOXXUHU F C X BUKoHaHo ¢,(01(F)) +i ~ c/H(F), 3Bigkmn
)

ci{O%((O>2<(F))) + Z+ Z—l’\ ci+i(6x2{F)) +—F

BpaxoBytouu, L0 O)é (6 iZ(F)) CO. il(F), MaeMo:
1'=

Ci(0 .(F)) + IL 1? cm (sz.(F)) + i_e,o

Tomy uyumcsioa nocnigosHicts (¢, (0j (F)) + n),-emMm € He3poCTaluOoK i 06MEXEHOK 3HU3Y

Hynem. Mo3HauYMMO i FPpaHULLI0 Cq(F). HeBaXKKo nepeBipnTy, W0 PYHKLUIA Qe peryaspHoro
wo40 d EMHICTIO | rpaHULLED MocNiAoBHOCTI emMHocTet O\, ...,.cn — O

4 TlopiBHAHHSA KfaciB W— M T-rnagkux eMHocTeld Ha cenapabenbHUX Ta
HECEMAPABENBbHWX MPOCTOPAX

Teopema 3. 15 EMHOCTEIA HAa METPUYHOMY NpocTopi X BNaCTUBOCTI W —M/1aaKoCTi MAT-I/aa-
KOCTIi € eKBIB&/IEHTHUMU, SAKLLO0 i TiSIbKN AKLL0 X € cenapadesibHUM.

AosefieHHs. Hexaia X — cenapabesibHUIA NpocTip, TO6TO B HbOMY MICTUTbLCA He GifibLl HiXK 3/1i—
YeHHa BCOAW LiflbHa MHOXUHA A, ¢ — a;-r/agka eMHIcTb Ha X, J = (Fa) — cnagHa cnps-
MOBaHICTb 3aMKHEHUX MHOXWH B X, A€ a8 HAIEXXNTb AEAKiA MHOXWHI iHAEKCIB 3 BiAHOLIEHHAM

yacTkosoro nopsagky (I, ), lg= 1J Fa.
Ol€l
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MosHauynmo Q+ = (O; +o00) MQ i Noknagemo
Ajr = {(a,r) la€ Ar€ Q+,Br(a) MFa= 0 gna pgeskoroa € X} C Ax Q+.

Ana KoXHOT cKiHueHHOT nigMHoXnHU H C Ajr noknagemo F* = X\ 1J  Br(a). Us
(aneH

MHOXWMHa € 3aMKHEeHO10, | 4s1a 6yab—-aKknx cKiHueHX H C Ajr ta'H' C Ajr BUKOHaAHO PIiBHICTb

FHXMH = PHnN “n- Kpim Toro, gns koxHoro (a,r) € Ajr 3a nobygosot icHye Fa C F{@n}

TOMY 3a CNpPAMOBaHICTIO 1 Bropy A/ KOXHOoiI ckiHdeHHOI 'H C Ajr Tex icHye Fa C Fw. 3

iHworo 6oky, Fa= T F44 TomMy nepeTuH ycix P aopiBHIOE NepeTnHy Beix Fa, To6To Fq.
FyOF,,

OCKiNIbKN MHOXWMHa Ajr 3/1i4eHHa, Ti MOXXHa 306pasnTun K 06'egHaHHA NOCAiA0BHOCTI CKiH-
YeHHUX NigMHoXMH H\N. C 'H2 ¢ 'H+%C ..., 3BigKu

c(FO) = c{FHI N F{2n F3n...) = inf{c(FHI),c(Fn2),c(Fn3),...)} ~ inAfc(Fa),

W0 i03Hayae T-r/1aaKicTb EMHOCTI C.

Hexaln Tenep X HecenapabesibHWIA, ToAi icHye MHOXMHa Xo C X Taka, wo K01= w\ Ta
icHye umncsio € > 0, wo ans 6yapb—sakux X\Xr € Xo BUMKOHYETbCA A(XX,X2) ~ & Po3rnaHemo
EMHICTb, 3a4aHy QopmMyio0to:

;. PONFI<W,
o, X0\ >0.

Jdosenemo, wo c(F) € a;-rnagkKol EMHICTIO, a/le He € T-r/lagkoo. Hexan (Fn) — pgesika
cnagHa cnpAMoBaHiCTb 3aMKHEHUX MHOXWUH B X, 36i)kHa 0 Fg. Toai Fq = T F,. OcKifnlbkmn

n

AND FRD RD .. DFg To 3BN1acTMBOCTIi MOHOTOHHOCTiI EMHOCTI OTPUMYEMO HeEpPIBHICTb
c(Fi) » c(F2) » c(F3) » AN ¢(FO). MoTpibHO goBecTH, W0 'Jli_m c(F,,) = c(FO). Akwo Fi Taka,
YOO
wo |[XONF] > w, Toi [XO\FO|> w, aTomy lim c(F,,) = c(FO) = 0.
ft—Y00
Hexath IXo \ANNI " 0, X0 \R2|< w, X0 \F31" w, — Toai 4na 6yab—-siKoro HaTypasibHOro
umcna N maemo c(Fn) = 1. OcKiflbKKU

(XoONF1)U(XoN\NF2)U(Xo\F3)U... = U(Xo\F,,) = Xo\Fo,
n

TO Xo \Fg— 37i4eHHe 06'eAHaHHSA 3/1IYEHHUX YN CKIHUEHHUX MHOXWH, IKe TaK0X € He 6ilbLu
HIX 3/T1IYEHHOI0 MHOXUMHOK. Tomy c(Fo) = 1 OTxe c(F) € w —rnagkKoto EMHICTHO.
Tenep MNoKaXkemo, L0 A1 EMHOCTI C B/IaCTMBICTb T—-I/1aQK0CTi HE BUKOHYETbLCS. Hexala 27\° =

{BC Xo | W\ w} — cim'a BCIX He BiNbLW HIXK 3NIYEHHMX MIAMHOXNH MHOXMHN XO.
BnopaaKyeMO L0 MHOXMHY 3a 3p0CTaHHAM. 3aMKHeHi MHOXXUHU Fg = X0 \B yTBOpIOIOTb
cnagHy cnpsiMoBaHICTb, | A8 KOXHOT Fg emHicTb ¢(FB) piBHa 1, asnie NBe2x0Fg = 0, a Tomy
c(MBe20 Fg) = 0. 0OTxXe, c(F) He € T-rN1agKoo EMHICTIO. O

5 [MopiBHAHHSA KMaciB perynapHux, perynsipHux W oano MeTpuku Ta O —TANNLAKUX

eEMHOCTelW Ha METPUSOBHNMX NMpocCcTOpax

[Ana npocTtopy T-r/1gakmx eMHocTeiAn M TX Bigomo, Lo SKWo X — KOMNaKT, TO Kacu T-
rNaKux Ta peryaspHmMxX EMHOCTel Ha HbOMY CMiBMafalTb, asle y BUNaaKy HeKOMMNaKTHUX Mpo-
CTOpiB Ue He Tak. Ko)XHa T-r/agKa EMHICTb € perysiISspHol0, NpoTe 3BOPOTHE € XUOGHUM [4]. 3'5a-
CYEMO, UM 36iraeThCA MPOCTIP W —I/TQAKNX EMHOCTEM M wX 3 MPOCTOPOM PErysISpHUX EMHOCTEA
MX.
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Teopema 4. 415 METPU30BHOIO MPOCTOPY X HaCTYMHi TBepAKEHHS PIBHOCUSIbHI:
(1) X KOoMMakTHUA;

@) MwX = MX;

(3) Mdx

@ max

AoBeaeHHA. AKLWL0 X — KoMMakT, To kfac MX, MwoX Ta MTX 36iralotbcs, ToMy 3 MnepLuo-
ro TBepAXXEHHA BUMNJIMBaOTb TPU iHLWI. OYUeBNAHO, L0 3 YeTBEPTOro TBEPXKEHHSA BUMN/IVNBAE
TpeTe.

AKLLO XX METPU30BHUIA NPOCTip X HEKOMMAKTHWIA, TO TOMOJIONi0 HA HBOMY MOXHa BU3Ha-
UMTN HEOOMEXXEHOI MeTpukoto d. BignosigHo npocTip (X, d) He € LiSIKOM 0O6MEeXEHUM, i iCHY-
0Tb € > 01 nigMHOXMHA A — (X,, € X, n € N) Taka, wo d(xi, xj) * € 419 KOKHUX X, Xj € A.

PosrnaHemo dyHKuito, 3agany dopmynoto c(F) = max(l — inf d%X"F,0). 3po3ymino, wo

MwX onga nesakoiMmeTpuku d, cymicHOT 3 Tonosiorieto Ha X;

MwX ANnsa KOXXHOT MeTpMKK d, cyMmicHOT 3 Tonosiorieto Ha X.

0" c(F) M 1pna 6yab-sKoi 3aMKHeHoT F C X. Takox, akwo F, G € exp X, F C X, Toc(F) "

c(G). OoBegemo HaniBHenepepBHicTb 3ropu. Akwo c(F) < 4, To 1 — inf? < a, a Tomy

inf d(x,,F) —1—)¢ _
inNd(xn,F) > (1 —a) -£ MNo3HaumBWN O = — ——— Y———— |, OTPUMYEMO inf gééH,Os(F)) >
ne

(A —a) -g, aTomy c(Os(F)) < a OTxe, gaHa QYHKL,iA € perysispHo0 EMHICTHO.
Po3rnsHemo cnagHy nocnigoBHICTb MHOXMH Fn = {*, € AX " n\ OueBungHo, Wo gns

oyab-sikoron € N maemo c(F,) = 1, anec( fl F,) ~ ¢(0) = 0O, TobTO BNaCTUBICTb W—
neN
rN1aaKocTi He BUKOHaHo, i Mo X & MX.

Kpim TOro, y HEKOMNakTHOMY MeTpPU30BHOMY npocTopi X iCHye cragHa nocnifoBHICTb 3a-
MKHEHUX MHOXXMH F\p F2 D F3 D ... 3 NOpoXHiM nepeTnHoM. Hexaln meTpuka d cymicHa 3
Tonosiorieto Ha X. He 06MeXyuu 3ara/ibHOCTI, MOXXHA BBaXaTW, W0 TOYKA Xq HE HAJIEXUTb
[0 P\ Tokagemo ans KoXXHoi 3aMKHeHoi F C X:

0, F=0,
c(F) = .
min{l,sup{d(;co,x) |x € F}}, F ¢ O.

Topai c cybHopMoBaHa i perysnispHa w040 MmeTpuku d, ogHak BukoHaHo c(flneN Fn) = ¢(0) = 0,
inf,,e[Nc(Fn) ~ d(xo,Fi) > 0, Tomy Cc He € w -rfagkor, i MwX & MdX.

Lnm Big cynpoTUBHOIO NOKa3aHo, W0 3 4pyroro abo TpeTbLoro TBepAyKeHb BUMIMBaE nepLue
TBepMKEHHS, TO6TO MaeMO NOTPIOGHY PiIBHOCULHICTb. O

3po3ymino, Wwo piBHicTb MX = MdX 3a/1eXUTb Big BU60PY KOHKPETHOI CyMIiCHOT 3 Tono-
norieto Ha X MeTpnKK d, ogHaK:

Teopema 5. AKLL0 MHOXXWHA FPAHNYHUX TOYOK METPUYHOI0 NPOCTOPY X HE KOMMAaKTHa, TO Ha
X ICHYE€ perynisipHa EMHICTb, IKa He € PeryJsiipHOI0 LLL0A0 XO4HOT METPUKU, CYMICHOT 3 TOMO-
norieto Ha X. AKLW,0 X MHOXMHA FPaHUYHUX TOYOK METPUYHOI0 NPOCTOpPY X € KOMMaKTHOIO,
TO iCHY€E CyMicHa 3 TOMosIorieto Ha X METPUKaA, LLL0A0 AKOT € perysispHo0 KoXXHa perynspHa (y
TOMOSIOFiYHOMY CEHCIi) EMHICTb Ha X.

[oBeAeHHs1 HAaCTYMHOro A0MOMIKHOI0 TBEPAYKEHHSA € OUEBUAHUM.
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Nema 5.1. Hexain n € N — HeckiHYeHHO Masi MocNiA0BHOCTI AoAaTHIX uncen. Togi

iCHye Taka 6iekuisa @ : N —N, W0 nocnigoBHICTb a,,I> MiCTUTb AK 3aBrogHoO Masi e/IeEMEHTW.

[Ana aoBifibHOT 3aMKHEHOT MHOXXUMHUM A ¢ X 3aadamo pyHKUito Ca : Exp X —ml hopmyoto:

4151 KOKHOT 3aMmKHeHoT F C X. OQueBmngHoO, W0 Us QYHKLiA e perysisapHol eMHICTIO. BXxunBa-
€MO Mno3HayeHHA JIrdl/, ans noaprymMeHTHoOro iHgiMmymy cim'i yHkuUita (/,),ei 3i cnisibHOO
061aCcTIO BU3HaYeHHS. 3ayBaXXMMO, LLLO NOapryMeHTHUIA iIHPIiMYM peryriipHUX eEMHOCTel € pe-
rynAspHOI0 EMHICTIHO.

JoBeneHHA TeopeMUn. Hexaia MHOXMHA FpaHMYHMX TOYOK MPocTopy X HeKomnakTHa. ToAi ans
[O0Bi/TbHOT METPUKK d, CYMICHOT 3 TOMOJIOri€0 Ha X, MOXXHa 3HalATM NOCNiA0BHICTb FPpaHNYHUX
Touok (*n)neN npocTopy X 6€3 36i>KHUX NiANoc/iA0BHOCTEM | MoNapHO AM3'IOHKTHI 3aMKHEHI
Kyni Bg wono d3UEHTPaMM Yy UNX TOUKAX X,,. /151 KOXXHOro n € N nobyayemo nocniaoBHICTb
(@Nre{on,2,...} Kyab 3 LEHTPOM XM i CNagHMMKM 40 HY A pagiycamy Tak, wo6 B" _1N\B” ¢ 0 gna
BCix i € N.

Mo3HauMmMo ® MHOXMHY BCiX Giekuiia @ : N — N. [na KoxHoro ¢ € ¢ noksagemo
A — UieN &i *' T°Al 3i ckazaHOro BuLLe 3p03yMino, Wo MHOXUHA A ¢ 3aMKHeHa | hyHKLis
= 00AQ € perynsipHol0 EMHICTIO. 3ayBaXXUMO, L0 3HAYEHHS ¢ Bif A0Bi/IbHOT 3aMKHEHOI
MHOXMHN F C X piBHE HY/I0, AKLL0 iCHYE TakKa nepectaHoBKa @ : N — N, w0 F He nepeTunHae
XoaHy 3 Kynb B A INB*2\BW3\..., iHakwe c(F) = 1 3okpema, c(F) = 1, akwo F MictuTb
O0HY 3 TOUOK X,,.

MpunycTmnmo, Lo ¢ perysispHa Wwoao0 AesKoi cyMicHOoT 3 Tonosorieto Ha X meTpuku d'. 4ns
KOXHOI0 HaTypasibHOro n nocnifgoBHicTb aogaTHix umncen o' = sup{d'(x,xn) \Xx € B" r\
B”}, i € N, npsamye Ao Hyns. 3a 0CTaHHbOK J1IEMOK 3HAAAEMO TaKy nepecTtaHoBKy @ : N —*
N, W0 Ans BignoBigHO NepecTaB/IEHNX NOCiAOBHOCTEIA N giaroHasibHa nocnigoBHICTb

(a”nnebl MICTUTb AK 3aBrogHo Masli efiemeHTN. O6epemMo No oAHIIA ToULL Y3 KOXKHOT pi3HULL
BMx \Bt{n) i nosHaumumo ¥ = CI{t/,, |n € N}). 3a nobyaoBoto c(¥Y) = 0 < 1, i NOBUHHO
iCHyBaTW Take € > 0, L0 A/159 KOXXHOT HEMOPOXXHbOT 3aMKHEHOT MHOXUHU F C X 3dH(F, Y) » €
BurmBae c(F) < 1, To6T1o c(F) = 0. Ane icHye n € N, gnsa akoro d 'ix A"y A1) A o) < g
3BiaKN o189 MHOXKUHN F = Y U {X@(nN)} BogHouac dH(F, Y) < €ic(F) = 1— cynepeyHicTb.

OTxe, NnobyaoBaHa peryasipHa EMHICTb C HE € perysiIapHoO WoA0 XXoaHoi meTpukn d', cy-
MIiCHOT 3 TonoJsiorieto Ha X.

Hexaih Tenep MHOXWHa X0 FPaHUYHMX TOYOK MPOCTOPY X € KOMMaKTHOW, d — A0BiflbHa
MeTpUKa, CyMicHa 3 Tonosiorieto Ha X. dopmya

BM3HAYae MeTpUKY Ha X, TOMo/10rivHo eKBiBa/IeHTHY A0 d, asne 3 BflacTuBicTIo: AKWwo U — Bia-
KPUTUIA OKiN 3aMKHEHOT MHOXMHU F B X, To ans gesikoro € > 0 BuKoHaHo Oe(F) C U. 3Biacm
HeraHo BUMJIMBAE, LLL0 KOXKHa EMHICTb ¢ € M X € perynsipHoto woao d'. O
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MpukiHuesi sayBa>X eHHA

Y UjiiApo60Ti 3'AC0BaHO TiSIbKM YMOBMU 306iry pisHMX K/laciB peryasapHuUX Mip Ha METPUYHUX i
MeTpPU30BaHUX NpocTopax. ToMoAorivyHi BAaCTUBOCTI NPOCTOPIB TaKUX Mip 3 pO3r/ISHY TOO Me-
TPUKOKO (38 BUHATKOM BXe A0BeeHO0T MOBHOTU MPOCTOPY pPeryasgpHMX LWoa0 NOBHOT METPUKN
EMHOCTEIA) CTaHyTb MpeaMeTOM HacTYyMHUX Myb6siiKauiiA. 30KpeMa, Lii npocTopu 6yae BUBYEHO
3ac06amMm HeCKIHYEHHOBUMIPHOT TOMOJIOrii.
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Cherkovskyi T.M. Regular capacities on metrizable spaces. Carpathian Math. Publ. 2014, 6 (1), 166-176.

It is proved that for a (not necessarily compact) metric space: the metrics on the space of capac-
ities in the sense of Zarichnyi and Prokhorov are equal; completeness of the space of capacities is
equivalent to completeness of the original space. It is shown that for the capacities on metrizable
spaces the properties of w -smoothness and of T-smoothness are equivalent precisely on the sep-
arable spaces, and the properties of w -smoothness and of regularity w.r.t. some (then w.r.t. any)
admissible metric are equivalent precisely on the compact spaces.

Key words and phrases: regular capacity, w —smoothness, T-smoothness, Hausdorff metric, com-
plete metric space, separable space.

UepkoBCKUIA T.M. PerysnsipHble eMKOCTW Ha MeTpu3yeMbIX NpocTopaHcTBax // KapnaTckuve maTem.
ny6n. — 2014. — T.6, Nel. — C. 166-176.

[o0Ka3aHo, uTo AN (He 0693aTesIbHO KOMMaKTHOr0) MeTPMUYECKOoro NMpocTpaHCTBa: METPUKKN Ha
MpocTpaHCTBe eMKocTelA B cTusie MpoxopoBa M 3apMUHOro paBHbI; MO/IHOTA MPOCTPAHCTBA EMKO-
cTei/ paBHOCU/IbHA MOSTHOTE UCXOAHOM0 MPOCTpaHcTBa. MoKasaHo, YTo As18 eMKOCTeiAd Ha MeTpu3y-
€MbIX MPOCTPAHCTBAX CBOMACTBA W —M/1aAKOCTU U T-r/1afKOCTV PaBHOCUSIbHbI B TOYHOCTY Ha cenapa-
6€e/bHbIX MPOCTPaHCTBAxX, a CBOACTBA w —IM1aAKOCTU U PerysisspHOCTU O0THOCUTESIbHO HEKOTOPOMA (a
Torza v no6oiA) COBMECTUMOIA METPUKM — B TOUHOCTU Ha KOMMAKTHbIX MPOCTOPaHCTBaxX.

KrtoueBble ¢/10Ba U (hpasbl: perysisipHas eMKOCTb, & —I/1afKoCTb, T-TafKoCTb, MeTpMKa Xaycaop—
tha, nosiHoe MeTpUYECKoe NPOCTPaHCTBO, cernapabesibHoe NpPoCTPaHCTBO.



HaykoBuiA »xypHas
Kapnarcbki MaTtematuuHi IMy6énikauii
(cBigouTBO Mpo AepkaBHy peecTpavito KB Ne 14703-3674P)

Tom 6, Nel
2014

HB MHYC

794249

BignoBigaibHNIA 3a BUMYCK A.(h.—M.H. 3aropogHioK A.B.

Komn’ioTepHa npaBKa Ta MakeTyBaHHA MaTpa M.I.

Mignucaro go gpyky 30.06.2014 p. ®opmar 60x84/8
Manip odceTHnii. Apyk umdposuin. apHiTypa URW Palladio L, Pazo Math
YmoBu, apyk, apkyuwis 20,46 Haknag 100 npyMipHUKIB.

Apyk: NN Froninei O.M.
M. IBaHO-®paHKiBCbK, BY/. Manuubka, 128
Ten. 0342 58 04 32



